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1
Compressive Optical Imaging: Architectures and
Algorithms
Roummel F. Marcia, Rebecca M. Willett, and Zachary T. Harmany 1)

1.1
Introduction

Many traditional optical sensors are designed to collect directly interpretable and in-
tuitive measurements. For instance, a standard digital camera directly measures the
intensity of a scene at different spatial locations to form a pixel array. Recent advances
in the fields of image reconstruction, inverse problems, and compressive sensing (CS)
[1, 2] indicate, however, that substantial performance gains may be possible in many
contexts via less direct measurements combined with computational methods. In par-
ticular, CS allows for the extraction of high-resolution images from relatively small
focal plane arrays (FPAs). CS is described in detail in Chapter 23. The basic idea of
CS theory is that when the image of interest is very sparse or highly compressible in
some basis (i.e., most basis coefficients are small or zero-valued), relatively few well-
chosen observations suffice to reconstruct the most significant non-zero components.
In particular, judicious selection of the type of image transformation introduced by
measurement systems may dramatically improve our ability to extract high-quality im-
ages from a limited number of measurements. By designing optical sensors to collect
measurements of a scene according to CS theory, we can use sophisticated computa-
tional methods to infer critical scene structure and content.

These ideas are particularly relevant to imaging applications in which it is useful or
even crucial to keep the FPA of an optical system relatively small. For example, in low
light settings where sensitive detectors are costly, smaller FPAs translate directly to
less expensive systems. Smaller FPAs also make systems lighter weight and thus more
portable. In addition, imaging systems with fewer photodetectors consume less power
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and therefore require fewer battery charges. Finally, smaller cameras can fit into tighter
spaces for unobtrusive surveillance. An important goal in the design of many imaging
systems, then, is to extract as much information as possible from a small number of
detector array measurements.

While recent progress in the exploitation of CS theory is highly encouraging, there
are several key issues in the context of optical systems that must be addressed:

• In most real-world sensing systems, we face physical constraints on the nature of
the scene (i.e., photon intensity is always nonnegative) and the nature of the mea-
surements which can be collected in hardware (i.e., photons can be accumulated,
redirected, or filtered, but not “subtracted” in conventional settings).

• A typical CS assumption is that each measurement collected by a sensor is the pro-
jection of the image of interest onto a different random vector. It is not clear how
practical optical systems are best built within this context. In many settings, collect-
ing these projections would result in either a physically very large and cumbersome
system or significant noise when sequences of measurements are collected over a
limited amount of time.

• It typically is not possible to wait hours or even minutes for an iterative reconstruc-
tion routine to produce a single image; rather, algorithms must be able to operate
effectively under stringent time constraints and produce image estimates which
satisfy the above physical constraints.

In this chapter, we explore (a) the potential of several different physically realizable
optical systems based on CS principles and (b) associated fast numerical reconstruction
algorithms for overcoming the challenges described above. Specifically, for a fixed
size FPA, we describe how compressive measurements combined with sophisticated
optimization algorithms can significantly increase image quality and/or resolution.

Organization of chapter. The chapter is organized as follows. We describe the com-
pressive sensing problem and formulate it mathematically in Section 1.2. Section 1.3
describes architectures for compressive image acquisition. In particular, we focus on
coded aperture imaging and how CS theory can be used for constructing coded aperture
masks that can easily be implemented for improving image reconstruction resolution.
Section 1.4 discusses algorithms for recovering compressively sensed images while in-
corporating physical constraints inherent to optical imaging. In addition, we describe
a new recovery algorithm which can exploit structure in sparsity patterns. We present
experimental results and provide analysis in Section 1.5, discuss the impact of noise
and quantization errors in Section 1.6, and offer concluding remarks in Section 1.7.
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1.2
Compressive Sensing

To understand the intuition behind the CS framework, consider a
√
n×
√
n image G,

which can be written as a length-n column vector g and represented in terms of a basis
expansion with n coefficients:

g =

n∑
i=1

θiwi,

where wi is the ith basis vector and θi is the corresponding coefficient. In many set-
tings, the basisW , [w1, . . . ,wn] can be chosen so that only k � n coefficients have
significant magnitude, i.e., many of the θi’s are zero or very small for large classes of
images; we then say that θ , [θ1, . . . , θn]

t is sparse or compressible. In such cases, it
is clear that if we knew which k θi’s were significant, we would ideally just measure
these k coefficients directly, resulting in fewer measurements to obtain an accurate rep-
resentation of g. Of course, in general we do not know a priori which coefficients are
significant. The key insight of CS is that, with slightly more than k well-chosen mea-
surements, we can determine which θi’s are significant and accurately estimate their
values. Furthermore, fast algorithms which exploit the sparsity of θ make this recovery
computationally feasible. Sparsity has long been recognized as a highly useful metric
in a variety of inverse problems, but much of the underlying theoretical support was
lacking. However, more recent theoretical studies have provided strong justification for
the use of sparsity constraints and quantified the accuracy of sparse solutions to these
underdetermined systems [1, 3].

The problem of estimating the imageGtrue ∈ R
√
n×
√
n

+ , where n is the total number
of image pixels or voxels, can be formulated mathematically as an inverse problem,
where the data collected by an imaging or measurement system are represented as

y = Agtrue + n, (1.1)

where gtrue ∈ Rn+ is the image Gtrue stored as a length-n column vector of pixel
intensities, A ∈ Rm×n+ linearly projects the scene onto a m-dimensional set of obser-
vations, n ∈ Rm is noise associated with the physics of the sensor, and y ∈ Rm+ is
the observed data. (Typically n is assumed bounded or bounded with high probabil-
ity to ensure that y, which is proportional to photon intensities, is nonnegative.) CS
addresses the problem of solving for gtrue when the number of unknowns, n, is much
larger than the number of observations, m. In general, this is an ill-posed problem as
there are an infinite number of candidate solutions for gtrue; nevertheless, CS theory
provides a set of conditions that, if satisfied, assure an accurate estimation of gtrue.
We first presuppose that gtrue is sparse or compressible in a basis W . Then given
W , we require thatA in conjunction withW satisfies a technical condition called the
Restricted Isometry Property (RIP) [1]. More specifically, we say that AW satisfies
the RIP of order s if there exists a constant δs ∈ (0, 1) for which

(1− δs)‖θ‖22 ≤ ‖AWθ‖22 ≤ (1 + δs)‖θ‖22. (1.2)
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holds for all s-sparse θ ∈ Rn. In other words, the energy contained in the projected
image,AWθ, is close to the energy contained in the original image, θ. While the RIP
cannot be verified for an arbitrary given observation matrix and basis, it has been shown
that observation matrices A drawn independently from many probability distributions
satisfy the RIP of order s with high probability for any orthogonal basis W when
m ≥ Cs log(n/s) for some constant C [1]. Although generating CS matrices using
this procedure is simple in software, building physical systems to measure AWθ can
be notoriously difficult.

While the system of equations in (1.1) can be grossly underdetermined, CS theory
suggests that selecting the sparsest solution to this system of equations will yield a
highly accurate solution, subject to θtrue = W tgtrue being sufficiently sparse and A
satisfying the RIP of order 2k, where k is the sparsity of gtrue [1]. This problem can
be posed as the optimization problem

θest = argmin
θ

‖θ‖0 subject to ‖y −AWθ‖2 ≤ ε, (1.3a)

gest =Wθest (1.3b)

where the `0 quasinorm ‖ · ‖0 denotes the number of nonzero elements in the argument
and ε ≥ 0 is a bound on the noise. In general `0 minimization is NP-hard since it
is combinatorial in nature and its computational complexity grows exponentially with
the size of the image [4]. A common alternative is to relax this norm to the `1 norm
[2, 5, 6], and instead solve

θest = argmin
θ

‖θ‖1 subject to ‖y −AWθ‖2 ≤ ε, (1.4a)

gest =Wθest. (1.4b)

One of the key insights of CS is that in the noiseless case, i.e., when the bound ε is
set to zero, the solution to this relaxed problem is equivalent to the solution of the
intractable problem in (1.3) if the matrix product AW satisfies the RIP (1.2). We
discuss equivalent formulations of (1.4) and various ways of solving them in Sec. 1.4.

1.3
Architectures for Compressive Image Acquisition

Developing practical optical systems to exploit CS theory is a significant challenge
being explored by investigators in the signal processing, optics, astronomy, and coding
theory communities. In addition to implicitly placing hard constraints on the nature of
the measurements which can be collected, such as nonnegativity of both the projection
vectors and the measurements, practical CS imaging systems must also be robust and
reasonably sized. In [7], Neifeld and Ke describe three general optical architectures for
compressive imaging: (1) sequential, where measurements are taken one at a time, (2)
parallel, where multiple measurements taken simultaneously using a fixed mask, and
(3) photon-sharing, where beam-splitters and micromirror arrays are used to collect
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Fig. 1.1 A block diagram of the Rice single-pixel camera. Light from the scene to be imaged
is reflected off a digital micromirror device (DMD) array whose mirror pattern orientations are
generated (pseudo)randomly. Each pattern produces a single measurement. From a collection
of measurements, an estimate of the scene is constructed using compressive sensing (CS)
algorithms.

measurements. Here, we describe some optical hardware with these architectures that
have been recently considered in literature.

Rice single-pixel camera. The Rice single-pixel camera [8] is a camera architecture
that uses only a single detector element to image a scene. As shown in Fig. 1.1, a digital
micromirror array is used to represent a pseudo-random binary array, and the scene of
interest is then projected onto that array before the aggregate intensity of the projection
is measured with a single detector. Since the individual orientations of the mirrors in
the micromirror array can be altered very rapidly, a series of different pseudorandom
projections can be measured successively in relatively little time. The original image is
then reconstructed from the resulting observations using CS reconstruction techniques
such as those described in Section 1.4. One of the chief benefits of this architecture
is that any binary projection matrix can readily be implemented in this system, so that
existing CS theory can be directly applied to the measurements. While this “single-
pixel” imaging system demonstrates a successful implementation of CS principles, the
setup limits the temporal resolution of a dynamically changing scene. Although we can
rapidly collect many scenes sequentially at lower exposure, this increases the amount of
noise per measurement, thus diminishing its potential for video imaging applications.

Spectral imagers. In spectral imaging settings, a vector containing spectral infor-
mation about the materials being imaged is assigned to each spatial pixel location,
forming a three-dimensional data cube (i.e., two spatial dimensions and one spectral
dimension). However, tradeoffs between spectral and spatial resolution limit the per-
formance of modern spectral imagers, especially in photon-limited settings where the
small number of photons must be apportioned between the voxels in the data cube, re-
sulting in low signal-to-noise ratio per voxel. In [9], investigators propose innovative,
real-time spectral imagers, where each pixel measurement is the coded projection of the
spectrum in the corresponding spatial location in the data cube. This was implemented
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using two dispersive elements separated by binary-coded masks. In numerical exper-
iments, a 256 × 256 × 15 spectral image was accurately recovered from a 256 × 256

observation using an appropriate reconstruction approach. In related work, objects
are illuminated by light sources with tunable spectra using spatial light modulators to
facilitate compressive spectral image acquisition [10].

Task-specific information compressive imagers. Compressive optical architectures
have been considered for target detection systems which use knowledge of the target’s
features to reduce the number of measurements required from a more conventional
snapshot camera. In particular, investigators in [11] note that effective target detection
can be performed using a relatively small subset of coefficients of principal compo-
nents, independent components, generalized matched-filters, or generalized Fisher dis-
criminant representations; as a result, directly measuring these coefficients can be more
efficient than collecting direct pixel-wise observations of the entire scene and then com-
puting these coefficients in software. The authors further describe ways to optimize the
amount of photon energy allotted to each representation element (e.g., each principal
component measured) in order to maximize target detection performance. While the
proposed architectures are finely tuned to specific target detection tasks and cannot be
used for some general purpose imaging tasks, they nevertheless carefully consider the
role of physical constraints introduced by optical elements and photon noise.

Coded aperture imagers. Investigators in [12] and [13] propose practical implemen-
tations of CS ideas using coded apertures, demonstrating that if the coded apertures
are designed using a pseudorandom construction, then the resulting observation model
satisfies the RIP. This approach is described in detail in the next section. This parallel
architecture is highly suitable for practical and implementable compressive imaging
since it provides a snapshot image (i.e., all m measurements are collected simultane-
ously) and does not require complex, and potentially large, imaging apparatuses.

1.3.1
Coded Apertures

Coded apertures were first developed to increase the amount of light hitting a detec-
tor in an optical system without sacrificing resolution (by, say, increasing the diameter
of an opening in a pinhole camera). The basic idea is to use a mask, i.e., an opaque
rectangular plate with a specified pattern of openings, that allows significantly brighter
observations with higher signal-to-noise ratio than those from conventional pinhole
cameras [14]. These masks encode the image before detection, and the original image
is recovered from the distorted observation in post-processing using an appropriate re-
construction algorithm. The mask pattern introduces a more complicated point spread
function than that associated with a pinhole aperture, and this pattern is exploited to
reconstruct high-quality image estimates (see Fig. 1.2). These multiplexing techniques
are particularly popular in astronomical [15] and medical [16] applications because of
their efficacy at wavelengths where lenses cannot be used, but recent work has also
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demonstrated their utility for collecting both high resolution images and object depth
information simultaneously [17].

Seminal work in coded aperture imaging includes the development of masks based
on Hadamard transform optics [18] and pseudorandom phase masks [19]. Modi-
fied Uniformly Redundant Arrays (MURAs) [20] are generally accepted as optimal
mask patterns for coded aperture imaging. These mask patterns (which we denote
by HMURA) are binary, square patterns, whose grid size matches the spatial reso-
lution of the FPA and whose sidelength is a prime integer number of grid cells. Each
mask pattern is specifically designed to have a complementary patternHrecon such that
HMURA ∗Hrecon is a single peak with flat side-lobes (i.e., a Kronecker δ function).

In practice, the resolution of a detector array dictates the properties of the mask
pattern and hence resolution at whichGtrue can be reconstructed. We model this effect
asGtrue being downsampled to the resolution of the detector array and then convolved
with the mask pattern HMURA, which has the same resolution as the FPA and the
downsampledGtrue, i.e.,

Y = (D(Gtrue)) ∗HMURA +N , (1.5)

where ∗ denotes convolution,N corresponds to noise associated with the physics of the
sensor, and D(Gtrue) is the downsampling of the scene, which consists of partitioning
Gtrue into m uniformly sized blocks and measuring the total intensity in each block.
(Recall m is the size of the detector array and hence the size of Y .) This is sometimes
referred to as integration downsampling.

Because of the construction HMURA and Hrecon, D(Gtrue) can be reconstructed
using

Gest = Y ∗Hrecon.

However, the resulting resolution is often lower than what is necessary to capture some
of the desired details in the image. Clearly, the estimates from MURA reconstruc-
tion are limited by the spatial resolution of the photo-detector. Thus, high resolution
reconstructions cannot generally be obtained from low-resolution MURA-coded ob-
servations. It can be shown that this mask design and reconstruction result in minimal
reconstruction errors at the FPA resolution and subject to the constraint that linear,
convolution-based reconstruction methods would be used.

1.3.2
Compressive Coded Apertures

A recent study by the authors [12] addresses the accurate reconstruction of a high
resolution static image which has a sparse representation in some basis from a single
low resolution observation using compressive coded aperture imaging. In this study,
we designed a coded aperture imaging mask such that the corresponding observation
matrix ACCA satisfies the RIP. Here, the measurement matrix ACCA associated with
compressive coded apertures (CCA) can be modeled as

ACCAgtrue = vect(D(Gtrue ∗HCCA)), (1.6)
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Fig. 1.2 An illustration of aperture imaging. An image Gtrue obtained through a pinhole camera
(top) results in dark observations due to the low amount of light allowed through the opening.
The aperture can be enlarged (middle) to obtain brighter observations, but this yields blurry
observations due to edge effects. Coded apertures, such as MURA patterns HMURA (bottom),
allow substantially more light. The observation Y is the convolution between a downsampling
of the true image (represented by D(Gtrue)) and HMURA. Although the observation has
little resemblance to the original image, a highly accurate estimate Gest can be obtained in a
post-processing step involving convolution with a decoding pattern Hrecon.

where HCCA is the coding mask, and vect(·) is an operator that converts an image
into a column vector. Here the coding mask,HCCA, is the size and resolution at which
Gtrue will be reconstructed, rather than the size and resolution of the FPA as we had
withHMURA. Thus in (1.6), we model the measurements as the scene being convolved
with the coded mask and then downsampled. In contrast, MURA masks are designed
for optimal performance on a downsampled version of the scene, as in (1.5).

The coded aperture masks are designed so that ACCA satisfies the RIP of order 2k
as described in (1.2) with high probability when m ≥ Ck3 log(n/k) for some constant
C [12, 21]. Note that this is somewhat weaker than what can be achieved with a
randomly generated sensing matrix which satisfies (1.2) with high probability when
m ≥ Ck log(n/k) for some constant C. The extra factor of k2 comes from the fact
that the m projections sensed using a coded aperture framework are dependent on one
another. Stronger results based on a more complex coded aperture architecture were
shown recently in [22]. Specifically, if m ≥ C(k log(n) + log3(k)) for some constant
C, then gtrue can be accurately recovered with high probability. In general, however,
to achieve a given level of accuracy, one would need more coded aperture observations
than observations from, say, the Rice single-pixel camera. This drawback, however,
is mitigated by the fact that coded apertures yield compact and easily implementable
snapshot optical designs and relatively little measurement noise for a fixed observation
time window.

The convolution of HCCA with an image Gtrue as in (1.6) can be represented as
the application of the Fourier transform to Gtrue and HCCA, followed by element-
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Fig. 1.3 The matrix F−1CHF in (c) is block-circulant with circulant blocks. Enforcing sym-
metry, i.e., requiring the diagonal blocks (a) to be symmetric and opposing non-diagonal blocks
(e.g., those denoted by (b) and (d)) to be transposes of each other, produces a transfer function

Ĥ
CCA

that is symmetric about its center, which translates to a real-valued point spread function,
and, consequently, a physically realizable coded aperture pattern HCCA.

wise matrix multiplication and application of the inverse Fourier transform. In matrix
notation, this series of linear operations can be expressed as

vect(HCCA ∗Gtrue) = F−1CHF gtrue,

where F is the two-dimensional Fourier transform matrix andCH is the diagonal ma-
trix whose diagonal elements correspond to the transfer function Ĥ

CCA
, F(HCCA).

The matrix product F−1CHF is block-circulant and each block is in turn circulant
(see Fig. 1.3). Block-circulant matrices, whose entries are drawn from an appropriate
probability distribution, are known to be CS matrices. Based upon recent theoretical
work on Toeplitz- and circulant-structured matrices for CS, the proposed masks are
fast and memory-efficient to generate [12, 21, 22]. In addition, the diagonalizability of
block-circulant matrices with circulant blocks by the discrete Fourier transform leads to
fast matrix-vector products that are necessary for efficient reconstruction algorithms.
The incorporation of the integration downsampling operator D does not prevent the
RIP from being satisfied; a key element of the proof that the RIP is satisfied is a bound
on the number of rows of ACCA which are statistically independent. Since the down-
sampling operator effectively sums rows of a block circulant matrix, downsampling
causes the bound on the number of dependent matrix rows to be multiplied by the
downsampling factor. Enforcing symmetry on F−1CHF (see Fig. 1.3) is equivalent
to assuring that the transfer function matrix Ĥ

CCA
is symmetric about its center, so

that the resulting coding mask patternHCCA , F−1(Ĥ
CCA

) will be necessarily real
[12]. Contrasting mask patterns for MURA coded aperture imaging vs. compressive
coded aperture imaging are displayed in Fig. 1.4.

1.4
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(a) (b)

Fig. 1.4 Coded aperture patterns. Here, the white blocks represent the openings in the mask
pattern. (a) The 17 × 17 Modified Uniform Redundant Array (MURA) mask pattern HMURA.
The length of the side of the MURA pattern must be a prime number. (b) An example of a 16×16
compressive coded aperture (CCA) mask pattern HCCA. The pattern is not quite random – note
the symmetry of the CCA pattern about the (9, 9) element.

Algorithms for Restoring Compressively Sensed Images

The `1-minimization problem (1.4a) is frequently posed in Lagrangian form:

θest = argmin
θ

1

2
‖y −AWθ‖22 + τ‖θ‖1, (1.7)

for some regularization parameter τ > 0. This formulation is known as the basis pur-
suit denoising problem (BPDP) [2], and it has been shown that this `2-`1 minimization
problem will yield a highly accurate solution of the true underlying image gtrue for
an appropriate choice of the regularization parameter [3]. In this section, we describe
some current methods for solving the relaxed problem (1.7) and its equivalent formu-
lations.

1.4.1
Current Algorithms for Solving the CS Minimization Problem

In order to apply gradient-based methods to solve (1.7), its objective function must be
made differentiable since the `1 norm is not differentiable at 0. In [23], the BPDP is
transformed to

minimize
u,θ

1

2
‖y −Aθ‖22 + τ

n∑
i=1

ui subject to −ui ≤ θi ≤ ui, i = 1, · · · , n,

and an interior-point method is applied to obtain the solution. In this approach, iterates
are defined in the strict interior of the feasible set, and a logarithmic barrier function
is imposed for the bound constraints to prevent the iterates from nearing the boundary
of the feasible set prematurely (thus avoiding potentially very small steps along search
directions).
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An alternative (and often faster) approach to solving (1.7) is the Gradient Projection
for Sparse Reconstruction (GPSR) algorithm [24]. In this method, the variable θ is
split into its positive and negative components to make the objective function in (1.7)
differentiable. However, this introduces bound constraints on the new variables. GPSR
solves this bound constraint optimization problem using a gradient descent method
(called gradient projection) that ensures that the iterates remain feasible by projecting
(via simple thresholding) onto the feasible region

The Sparse Reconstruction by Separable Approximation (SpaRSA) algorithm [25]
reduces (1.7) to a series of alternating steps: (a) approximating the objective function
with a regularized quadratic objective, and (b) performing regularized least squares
image denoising. This framework allows users to take advantage of the plethora of fast
and effective image denoising methods available. More specifically, the SpaRSA ap-
proach defines estimates {θj} of θtrue by solving a sequence of quadratic subproblems
that approximate (1.7). If φ(θ) = 1

2
‖y − AWθ‖22 in (1.7), then these subproblems

are unconstrained quadratic minimization problems of the form

θj+1 = argmin
θ

φ(θj) + (θ − θj)t∇φ(θj) + αj
2
‖θ − θj‖22 + τ‖θ‖1, (1.8)

where the first three terms in the objective function correspond to the Taylor expansion
of φ(θ) at the current iterate θj and where the second derivative of φ(θ) is approxi-
mated by a multiple of the identity matrix, namely, ∇2φ(θj) ≈ αjI , where αj is de-
fined as in [24, 25]. This approach is particularly fast and effective for RIP-satisfying
CS matrices since the near-isometry condition implies that ATA ≈ αI. The subprob-
lem (1.8) can be viewed as a denoising subproblem, which, by construction, may have
an analytic solution that can easily be calculated. Therefore, the estimates {θj} can
be computed quickly. We will see this approach of solving an inverse problem by
means of a sequence of denoising problems in the subsequent section where we detail
how we can adapt these algorithms to the estimation of a light intensity, an inherently
nonnegative quantity.

Other methods solve different formulations of the CS minimization problem. A
formulation of the CS minimization problem is least absolute shrinkage and selection
operator (LASSO) formulation [5] given by

θest = argmin
θ

1

2
‖y −AWθ‖22 subject to ‖θ‖1 ≤ τ.

In some instances, a penalty different from the `1 term is used. The Bregman iterative
regularization method [26] uses a total variation functional τ

∫
|∇g| for computing

penalties. Finally, we mention (but do not detail for lack of space) two families of
algorithms for finding sparse representations: iterative shrinkage/thresholding (IST)
algorithms [25] and orthogonal matching pursuits (OMP) [27]. IST methods iteratively
map the objective function to a simpler optimization problem which can be solved by
shrinking or thresholding small values in the current estimate of θ. OMP methods start
with θest = 0 and greedily choose elements of θest to have non-zero magnitude by
iteratively processing residual errors between y andAθest.

1.4.2
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Algorithms for Nonnegativity Constrained `2-`1 CS Minimization

In optical imaging, we often estimate light intensity, which a priori is nonnegative.
Thus it is necessary that the reconstruction gest = Wθest is nonnegative, which in-
volves adding constraints to the CS optimization problem (1.7), i.e.,

θest = argmin
θ

1

2
‖y −AWθ‖22 + τ‖θ‖1, subject to Wθ ≥ 0. (1.9)

The addition of the nonnegativity constraint in (1.9) makes the problem more challeng-
ing than the conventional CS minimization problem, and has only been addressed in
CS literature recently in the context of photon-limited compressive sensing [28, 29].
Here, we discuss an approach similar to those in [25, 29] to address the nonnegativity
constraints in the `2-`1 CS minimization problem.

Let φ(θ) = 1
2
‖y −AWθ‖22 be the quadratic term in (1.9). As in the SpaRSA al-

gorithm, the minimization problem (1.9) can be solved using a sequence of quadratic
approximation subproblems that are easier to solve. The resulting minimization sub-
problem is given by

θj+1 = argmin
θ

(θ − θj)t∇φ(θj) + αj
2
‖θ − θj‖22 + τ‖θ‖1, subject to Wθ ≥ 0,

which is similar to the SpaRSA subproblem (1.8) but with the additional nonnegativity
constraint onWθ. This nonnegative denoising subproblem can be written equivalently
and more compactly as

θj+1 = argmin
θ

1

2
‖sj − θ‖22 +

τ

αj
‖θ‖1, subject to Wθ ≥ 0. (1.10)

where sj = θj − 1
αj
∇φ(θj). Because the `1 norm is non-differentiable, a change of

variables must be applied to (1.10) to use gradient-based methods. By letting θ = u−v
where u,v ≥ 0 , we can write (1.10) as

(uj+1,vj+1) = argmin
(u,v)

1

2
‖sj − (u− v)‖22 +

τ

αk
1
t(u+ v) (1.11)

subject to u ≥ 0, v ≥ 0, W (u− v) ≥ 0

where 1 is a vector of ones. The next iterate θj+1 is then defined as θj+1 =

uj+1 − vj+1. Because the constraints on (1.11) are nonnegativity bounds not only
on the variables u and v but also on W (u − v), solving (1.11) is not straightfor-
ward. However, the dual formulation of this minimization problem, i.e., solving for
the Lagrange multipliers associated with (1.11), has simple box constraints and can
be easily solved iteratively. Using convex optimization theory, we can show that the
primal solution, θj+1, can be obtained from the optimal Lagrange multipliers. We re-
fer the reader to [29] for algorithmic details. In our numerical experiments below, we
solve these subproblems approximately (i.e., with a limited number of iterations) as
relatively good estimates of each primal iterate θj tend to be produced with only few
inner iterations.
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1.4.3
Model-Based Sparsity

While the majority of the CS literature has focused on the case where the scene of in-
terest admits a sparse representation in some basis or dictionary, more recent develop-
ments have used more sophisticated models of scenes which incorporate key structure
into the sparsity models. The basic idea has been used previously in the context of
image denoising and compression. For example, it is well-known that image denoising
can be accomplished via wavelet coefficient-wise thresholding. However, more refined
thresholding methods exploit the fact that significant wavelet coefficients tend to clus-
ter near one another within scales and arise at similar locations between scales; this
approach can yield significant improvements in accuracy [30].

CS reconstruction methods have recently been developed based upon similar prin-
ciples to improve reconstruction results [31]. For instance, as we noted above, (1.10)
amounts to an image denoising operation conducted during each loop of the recon-
struction algorithm. Thus a variety of denoising methods can be used. Unfortunately,
some of these models result in non-convex optimization problems for which finding the
globally optimal reconstruction is not computationally tractable – though locally opti-
mal reconstructions are often very good. Nevertheless, theoretical work in [31] shows
that incorporating sparsity models can reduce the number of measurements needed to
achieve a desired accuracy level. In the case where the image of interest is known to
be smooth or piecewise smooth (i.e., it is compressible in a wavelet basis), we can
formulate a penalty function which is a useful alternative to the `1 norm of the wavelet
coefficient vector. In particular, we can build on the framework of recursive dyadic
partitions (RDP), which are described in detail in [32]. In particular, partition-based
methods calculate image estimates by determining the ideal partition of the domain
of observations and by fitting a model (e.g., a constant) to each cell in the optimal
partition. This gives our estimators the capability of spatially varying the resolution
to automatically increase the smoothing in very regular regions of the image and to
preserve detailed structure in less regular regions.

An image Gtrue, an RDP P , and an image approximation, G(P ), are displayed in
Fig. 1.5. RDP-based image estimates are computed using a very simple framework for
penalized least squares estimation, wherein the penalization is based on the complexity
of the underlying partition (i.e., the number of cells in the partition). The goal here is
to find the partition which minimizes the penalized squared error function. Let sj =

gj − 1
αj
∇φ(gj) where φ(g) = 1

2
‖y −Ag‖22, and set

P j+1 = argmin
P∈P

‖g(P )− sj‖22 + pen(P ) subject to g(P ) ≥ 0

gj+1 = g(P j+1)

where P is a collection of all possible RDPs of the image domain and g(P ) =

vect(G(P )). A search over partitions can be computed quickly using a dynamic pro-
gram. The model coefficients for each partition cell are chosen via nonnegative least
squares. enforcing nonnegativity constraints is trivial and can be accomplished very
quickly.
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(a) (b) (c)

Fig. 1.5 Recursive dyadic partition of an image. (a) Original image Gtrue. (b) RDP P , with
larger partition cells corresponding to regions of more homogeneous intensity. (c) Piecewise
constant approximation G(P ) to original image, with constant pieces corresponding to RDP
cells.

1.4.4
Compensating for Nonnegative Sensing Matrices

Generative models for random projection matrices used in CS often involve drawing
elements independently from a zero-mean probability distribution [1, 3, 21], and like-
wise a zero-mean distribution is used to generate the coded aperture masks described
in Sec.1.3.1. However, a coded aperture mask with a zero mean is not physically re-
alizable in optical systems. We generate our physically realizable mask by taking our
randomly generated, zero-mean mask pattern and shifting it so that all mask elements
are in the range [0, 1/m], where m is the dimension of the observation [12]. This
shifting ensures that the coded aperture corresponds to a valid (i.e., nonnegative and
intensity preserving) probability transition matrix which describes the distribution of
photon propagation through the optical system.

This shifting, while necessary to accurately model real-world optical systems, nega-
tively impacts the performance of the proposed `2-`1 reconstruction algorithm for the
following reason. If we generate a non-realizable zero-mean mask (H0) with elements
in the range [−1/2m, 1/2m] and simulate measurements of the form

y0 = A0gtrue , vect(D(Gtrue ∗H0)), (1.12)

then the corresponding observation matrixA0 will satisfy the RIP with high probability
and gtrue can be accurately estimated from y0 using `2-`1 minimization. In contrast, if
we rescaleH0 to be in the range [0, 1/m] and denote thisH , then we have a practical
and realizable coded aperture mask. However, observations of the form

y = Agtrue , vect(D(Gtrue ∗H))

lead to an objective function whose second derivative is no longer accurately approxi-
mated by a scalar multiple of the identity matrix, thereby mitigating the effectiveness
of methods that exploit this property. This problem is addressed in [12], where it is
shown that the zero-mean observation y0 can be estimated by shifting each measure-
ment in y. Let CA is the sum of each column of A and µ ,

∑m
i=1 yi/CA; note
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y0 ≈ y − (µ/2m)1m×1. We can then solve

θest = argmin
θ

1

2
‖y0 −A0Wθ‖22 + pen(θ) subject to Wθ + µ1 ≥ 0 (1.13)

where pen(θ) is either the `1 or the model-based sparsity penalty. The estimate for
gest is then given by gest = Wθest + µ1. We note that the algorithms described in
Sec. 1.4.2 and 1.4.3 can be modified to solve (1.13) in a straightforward manner.

1.5
Experimental Results

The utility of optical system designs based on CS theory for improving the resolution
of optical systems is demonstrated via a simulation study in this section. In particular,
we consider several different optical mechanisms which could be used to image Saturn
and its rings using a “ground truth” image displayed in Fig. 1.5(a); this image was
originally obtained by the Cassini Orbiter [33] and was cropped and downsampled to
size 256 × 256 for our numerical experiments. The pixel intensities range from 0 to
4.53. We add white Gaussian noise to the projected measurementsAgtrue to model the
sensor noise associated with the focal plane array. In the pinhole and coded aperture
experiments, we acquire m measurements over a total time T sec. We assume that
this averaged noise has standard deviation σ = 10−5. The single-pixel camera collects
measurements sequentially, and consequently, it has at most T/m sec to obtain each of
the m measurements. Thus, the noise variance associated with the single-pixel camera
model must be scaled appropriately, though this disadvantage is offset by the fact that
the single-pixel camera can implement arbitrary random projects and hence satisfy the
RIP for smaller FPA dimension m.

Fig. 1.6(a) shows the result of observing the scene with a pinhole camera and an
FPA of size 128× 128. This image is clearly lower in resolution than the original (i.e.,
it is an image with 128 × 128 pixels, upsampled here via nearest neighbor interpola-
tion for visualization and computing errors). It also exhibits noise artifacts due to the
relatively low light intensity reaching the camera detectors relative to the noise level.
The root-mean-squared (RMS) error of this image, ‖gest−gtrue‖2/‖gtrue‖2, is 0.117.
Conventional coded aperture techniques, such as the MURA methods described above,
can be used to improve the noise performance of a camera. This is demonstrated in
Fig. 1.6(b), where the MURA code has a fill factor of 50% and the reconstruction has
an RMS error of 0.071. However, these conventional coded aperture systems cannot
resolve details smaller than the pixel size of the FPA. Note the pixelization of Saturn’s
moon (Mimas), rings, and edges in the MURA reconstruction.

Next, we describe the improvements gained by taking compressive measurements.
First, we simulate the image acquisition process in the single-pixel camera by taking
random projections of the image and then solve the corresponding CS minimization
problem. The reconstruction for the single-pixel camera is shown in Fig. 1.6(c). We
note the improved resolution of Mimas and Saturn’s rings. For brevity, we only show
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the reconstruction from the RDP-based method we proposed, which significantly out-
performed the other methods we discussed.

We also observe that the compressive coded aperture techniques described in this
chapter can lead to further gains. For instance, Fig. 1.6(d) shows the reconstructed
256 × 256 image computed via GPSR [24] (using the Haar wavelet basis) from CCA
data collected on a 128× 128 FPA with a 50% fill factor coding mask; the RMS error
here is 0.067. (While a variety of different convergence criteria have been successfully
employed for the reconstruction algorithms, in this section we simply display the result
after 100 iterations. A more detailed perspective on RMS error decay across iterations
or computation time is described in [29]; that work considers a Poisson noise model
but otherwise equivalent reconstruction methods to the ones considered here.) We note
that this result has over 4200 negatively-valued pixels. Additional gains are possible
by incorporating positivity constraints, as shown in Fig. 1.6(e), where the RMS error
is 0.049 and none of the pixels have negative values.

Finally, including structure in sparsity models during the reconstruction process via
RDPs yields additional improvements. Using RDP-based denoising within our opti-
mization framework yields an RMS error of 0.041 and zero pixels with negative values.
However, a cycle-spun version of RDP-based denoising further improves performance,
as shown in Fig. 1.6(f), where the RMS error is 0.032, a 73% improvement over the
pinhole camera result, 55% improvement over the MURA result, and a 50% improve-
ment over the single-pixel camera result. In addition, Fig. 1.6 shows that compressive
coded apertures significantly improve our ability to resolve fine features, such as the
side-view of Saturn’s rings, its moon, and bands in the planet’s atmosphere. We note
that the `2-`1 CS minimization with nonnegativity constraints and the partition-based
approaches (Figs. 1.6(e) and (f)) were initialized using the GPSR result thresholded to
satisfy the nonnegativity constraints.

One other advantage that compressive coded apertures have over the Rice single-
pixel camera is the computational time necessary to perform reconstruction. Because
the observation matrices associated with CCA involve Fourier transforms and diago-
nal matrices, matrix-vector products are very fast and memory efficient. In contrast,
the numerical methods associated with the Rice single-pixel camera are significantly
slower and more memory intensive due to the dense, unstructured projection matrix.

1.6
Noise and Quantization

While CS is particularly useful when the FPA needs to be kept compact, it should
be noted that CS is more sensitive to measurement errors and noise than more direct
imaging techniques. The experiments conducted in this chapter simulated very high
signal-to-noise ratio (SNR) settings and showed that CS methods can help resolve high
resolution features in images. However, in low SNR settings CS reconstructions can
exhibit significant artifacts that may even cause more distortion than the low-resolution
artifacts associated with conventional coded aperture techniques such as MURA.
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(a) (b) (c)

(d) (e) (f)

Fig. 1.6 Simulation results comparing different image acquisition and reconstruction strategies.
(a) Observations from a pinhole aperture, upsampled using nearest-neighbor interpolation; RMS
error = 0.117. (b) Reconstruction from a MURA coded aperture camera system, upsampled
using nearest-neighbor interpolation; RMS error = 0.071. (c) Translationally invariant RDP-base
reconstruction from a single-pixel camera system; RMS error = 0.064. (d) `2-`1 reconstruction
from a CCA camera system; RMS error = 0.067. (e) `2-`1 (with nonnegativity constraint) recon-
struction from a CCA Camera system; RMS error = 0.049. (f) Translationally invariant RDP-based
reconstruction; RMS error = 0.032. Note the higher resolution in the reconstructions (d)-(f) from a
CCA camera system and how performance can be further improved using cycle-spun RDP-based
reconstruction methods.

The coded aperture work discussed earlier is focused on developing a coded aper-
ture system with a fill factor of 50%; i.e., 50% of the positions in the coded mask
were opaque, and the remainder allowed light through to the detector. In low-light set-
tings, this high fill factor is desirable because it allows a significant proportion of the
light through to the detector and “wastes” very few photons. This approach is particu-
larly effective when the scene is sparse in the canonical or pixel basis (e.g., faint stars
against a dark sky). However, when the scene is sparse in some other basis, such as a
wavelet basis, and not sparse in the pixel basis, a large fill factor can cause significant
noise challenges. These challenges are described from a theoretical perspective in [28].
Intuitively, consider that when the fill factor is close to 50%, most of the coded aper-
ture measurements will have the same average intensity plus a small fluctuation, and
the photon noise level will scale with this average intensity. As a result, in low light
settings the noise will overwhelm the small fluctuations which are critical to accurate
reconstruction unless the scene is sparse in the pixel basis and the average intensity
per pixel is low. These challenges can be mitigated somewhat by using smaller fill
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factors, but in general limit the utility of any linear optical CS architecture for very
low-intensity images which are not sparse in the canonical basis [28].

Similar observations are made in [34], which presents a direct comparison of the
noise robustness of CS in contrast to conventional imaging techniques both in terms
of bounds on how reconstruction error decays with the number of measurements and
in a simulation setup; the authors conclude that for most real-world images, CS yields
the biggest gains in high signal-to-noise ratio (SNR) settings. These observations are
particularly relevant when considering the bit-depth of focal plane arrays, which cor-
responds to measurement quantization errors. Future efforts in designing optical CS
systems must carefully consider the amount of noise anticipated in the measurements
to find the optimal tradeoff between the focal plane array size and image quality. (For
a description of image quality assessment techniques see Ch. 19.)

1.7
Conclusions

This chapter describes several recent efforts aimed at the exploitation of important
theoretical results from compressive sensing (CS) in practical optical imaging systems.
One of the main tenets of CS is that relatively few well-chosen observations can be
used to form a sparse image using sophisticated image reconstruction algorithms. This
suggests that it may be possible to build cameras with much smaller focal plane arrays
than are conventionally required for high-resolution imaging. However, the application
of these ideas in practical settings poses several challenges.

First, directly implementing CS theory by collecting a series of independent pseudo-
random projections of a scene requires either (a) a very large physical system or (b)
observations collected sequentially over time. This latter approach is successfully
used, for instance, in the Rice Single Pixel Camera. Alternative snapshot architec-
tures (which capture all observations simultaneously) with a compact form factor in-
clude coded aperture techniques. These approaches impose structure upon the pseudo-
random projections, most notably by limiting their independence. As a result, the num-
ber of measurements required to accurately recover an image is higher with snapshot
coded aperture systems.

A second key challenge relates to the nonnegativity of image intensities and mea-
surements which can be collected by linear optical systems. Much of the theoretical
literature on CS allows for negative measurements and does not consider nonnegativ-
ity during the reconstruction process. In this chapter we have shown that (a) explic-
itly incorporating nonnegativity constraints can improve reconstruction accuracy and
(b) pre-processing observations to account for nonnegative sensing matrices improves
reconstruction performance because of central assumptions underlying some fast CS
algorithms. However, one important open question is whether novel approaches based
on nonlinear optics can successfully circumvent these positivity constraints to improve
performance.
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