* Homework Solutions I

EE 640
Stochastic Systems

&HW6A

3.6 By definition, a Martingale is

E{X(t) IX(t)}=X(t,) tL<t,

For a Wiener process w(t), E{w(t)} =0

and for any value of t', 0 <t' <t

the moment w(t)-w(t’) is Gaussian with zero mean,

thus

E{w(ty)lw(ty)}= E{w(t)+w(ty)-w(t)|w(ty)}
= E{w(ty) Iw(ty) HE{w(ty)-w(ty) lw(ty)}
= E{w(t,)}+0

Zero mean and independent
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3.7

(@) P{X(2)=0} = n=2, m=0
P{X(2)=0} = P{in head 2 tosses}=1/2
(b) P[X(18)=0]X(6)=2]=P[2 tails in seven & eight
tosses]|=1/2(1/2)=1/4
(c) E{X(10)} = 0, since E{X(10)}=E{J;+...+Jo}
=E{J }+...E{J;0}=0
(d) E{X(10)|X(4)=4}=4 because it is a Mortingale
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3.8

S(n)= Zn: X(k), X(0)=0,
S(n)= Si(n =1+ X(n)
E{S(n)[S(n-D}=E{S(n-1)+ X(n)[S(n-1)}
=S(n-1)+E{X(n)|S(n-1)}
=S(n-1)+ E{);(n)}: S(n-1)+0=S(n-1)

Since X(n) and S(n-1) are independent
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3.13
(@) Z@t)=a+bX(t)+cY(t)
R, (7) = E{[a+DbX(t)+cY (t)][a+bX (t+7)+cY (t+7)]}
=a’+b’R, (z)+ C2Ryy (7)
(b) Z(t)=aX ()Y (t)
R, (r) = E{[aX (t)Y (t)][aX (t + 7)Y (t+7)]}
=a’R(z) R, (7)
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@ Yes
® Not even, no
© Yes
@@ Yes
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3.17

Ru()=expal ) S,(1)=r 2la 2a

A 1af o+ (2 Y

Rxx(r)=w S, (f)=—2—r ct(

f
€
10007 1000 1000/ ﬂj

Rxx(f):%e""[cosrﬂin Iz]

s.(f)=t 2 . 2 1 2 2

8 2 2 7? 2 2
1+47rz[f —i] 1+47rz[f +ij J 1+47rZ[f —ij 1+47z2(f +ij
27 2z 2z 2z
1/4(1+j) N 1/4@1-j)

= 2 2
l+47z2(f —ij l+47z2(f —ij
2z 2z
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3.19

S_(f)= i{RXX (0)+23 Ry (k) cos(ZﬂfkT)}; T-1

k=1

a) Sy (f) =[1+0]=1 Ry, (0)=1
b) Sy (F) = Ry (0) +23 - cos(2afkT) =1+ 23 e cos(2AKT)

k=1 k=1

C) Syy (f)=1+2(-1/2)cos(24f ) =1—cos(2f)
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3.23

S, (f)=10exp(-f */10000)

T T 2
) jm S, (f)df . £10exp(—f /10000)df

1

B —= == ==2 =50

2 max[S, (f)] 2 10 2 2(1/1000)‘/; i=
25, (f)df [ f210exp(—f?/10000)df

» [C o) [C 2 ) 27(312)1(2x107°)10

Brms= oy =" = 1072\/— =5000
[S () [10exp(-1?/10000)df 4

B, .. =/5000
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3.23

S ()

100

- S, (0)=100,
[1+ (24 /100)°]

2
Ry (7) = @e"m” [L+]1007]] R,y (0)= 2500

_Ru(® _ 2500 g
25,,(0)  2x100
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QL 1ty >3 == 3 EQX (0} =11,
N &

N N

var{< i, >n}=$zz E{X ()X ()) -2}

i1 j-1

Letl = j—i, then
E{X ()X (i+ 1)} s = Ry () — 1z =Cy (1)

Var{< i >} = ; icxx(l) 22<N i )Co 1)

i= i=1-N

Nz (1_|I|]Cxx (I)

1

iHW7

E{<Ru (k) >} = %ZN‘, E{X ()X (i +k)} =Ry (k)

Var{< Ry (K) > 3 =1 3 5 B X G+ X (DX () - R (0}

i-1j-1

Let Z (i) = X (i)X(i+k) Thus s, = Ry (k)
Var {< Ry (k) >, NE ZZ E{Z()Z(j)- w3 (K)}

i=1 j=1
similarly

Var {< Ry (k) >n}: :I Z (1_mjczz (i)

i=1-N

b) For ergodicity of the mean lim E{(x, ) }= sy

and I|m 1 Nzl[l—%ljcxx (=0

N=e NG




&HWSA
4.3

LTIVC
show: R,, (k) = Ry, (k) *h(k)

R, (k) =E{Y (n)Y (n+k)}= E{Y (n) ih(m)x (n+k —m)}

= SEF XM +k—mhm) = 3 Ry (k—mh(m)
_ R, (K)*h(k) _

Y(n)=%izl:X(n—i)

1/k =12,---,k
h(y={ " "
0 elsewhere

3 B 1 k jomf 1 e—jZﬂf [1_e—j2ﬂkf]
H(f)= F{h(n)}—KnZ;e N o
1 e—jﬂ(k+2)f [ejﬂkf _e—jﬂkf]
k el el g
1 sinc(kf)
Kk sinc(f)

=exp[—jaf (k +1)]




4.4 (b)
X (n) is stationary
1 k=0
RXX(k):{O ceo ox(f)=1
) , _ 1 sinc?(kf)
Sy () =lh(n)| Sxx(f)_k2 sinc?(f)

E{Y*(M}=Ry(0)= >, > h(m)h(m,)Ry (0~m,,0-m,)

m

© © v 1 1
= Z Z h(ml)h(f‘f12)5(—m1+m2)=ZF:E
M=o M == m; =1

0 0
="

0 My =—00

LTIVC System
input is stationary, zero mean, Gaussian

k =
E{X(n)}=0, E{X*(M)}=1 Ry (k) = {; k = g

Y (n) is Gaussian, a linear combination of Gaussian

E{Y (n)}= E{Zk: h(i)X(n—i)} -0

Sxx(f):1

E{Y2(n)}= E{ih(i)x (n—i)} }: > (i)

Kk
i=0




&HWSA

4.6 (b), (c)
Ryy () = Ry (n) *h(n)*h(=n) = h(n)*h(-n)

- Z h(n—i)h(-i) = fj h(n+i)h(i)

|
Ry (n) {;h(“ i)h(i) -k<n<k

0 otherwise

S (f)=F{Ry (n)}= {Z h(n+ I)h(l)}

ZZ (n|+i)h(i)e 12"
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4.8

Yt)=aY(t-T)+aY(t-2T)+..+a,Y({t—-mT)+
X(t)+bX(t)+...4+b,X(t—nT)
Y(z) 1+bzt+..+bz™"
H(2) = @ _ bl,l e
X(z) l-az -..-a,z
1+Zn:b g iaAT
H(f): H(Z)‘Z:ejzm = kml
1- a e —j2AkT

Sy (F) =[H(F)* Sy (F)
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4.12

1 ¢ 1 0<t<T
Y(t):—IX(a)da, Ht)={7 ~°-'°

T 0 elsewhere
H(f) =exp[—j24f (T /2)]sinc(fT) =exp[—jAf ]sinc(fT)
X (t) ~ stationary, zero mean, white Gaussian, S,, = U
SYY(f)=\H(f)\zsxx(f)=%sinc2(fT)

2y1e [ 1 Tsinc2(fmydf <2 [ Lat—
E{Y (t)}—_J;SXX(f)df —2:[Osmc (fT)df —2£T2dt—2T
&HWBB

4.17
S, (f)= (24f)* +1 [+ j2A - j2A]

(27)* +13(27)2 +36  [9+ (27 )2 ][4+ (27 )?]
~ [1+ j2Af J[L— j2Af ]
B+ j2A[3- j2Af [2+ j2A ] [2— j2Af ]

=sxx(f)|H(f)|2=§|H(f)|2

H(f)=\F [+ 2]
n [3+ j2af 1[2+ j24fF ]

10
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5.32
05 03 027
P(4)=[0.30.30.4] 04 02 0.4
03 03 04
HWO9A
5.34 0.8 0.15 0.05
P()=[0.70.20.] 0.5 0.3 0.2 |=[0.720.1450.085]
04 03 01
0.8 0.15 0.05
P(2)=[0.720.145 0.085]{0.5 03 0.2 } =[0.72450.192 0.0835]
04 03 0.1
0.8 0.15 0.05[
P(4)=[0.72450.1920.0835] 0.5 0.3 0.2 | =[0.7260.1910.083]
LA 0.3 0.1]

7, =0.87,+0.57, +0.6(1- 7, — 7,)
7, =0.157,+0.37,+0.3(1-7, - 7,)

[z, =, m]=[0.72797 0.19080 0.08123]
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Fromeq.5.81

F,(Z):l{wq(l—r—q)2 q—q(l—r—q)z}

r+q|lr-r@-r-q)® q+r@l-r—q)’

F,(Ll)zl{wq(l—r—q)“ q—q(l—r—q)“}
r+q|r-r@-r—-q)* q+r@l-r-q)*

P:IimP(n):l{r q}

N r+qlr q
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7.30
K(]_): 10 :E
0+1 11
$2 =091+ 2 x @)t =0l L x0+%l —0818
TTRARART] 1

P(2) = (0.9)2(%1)(10) +1=1.736

K(2)= L7368 _ 635

2.736
$S@3)= 0.9{0.365§(1) +0.635X (1)}: 0.9{0.365x0.818 +0.635x1.1} = 0.897
P(3) =(0.9)?(0.365)(1.736) +1=1.513

K@) =121 _ 0602
2513
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7.31

GV%/ +U\?(a2 —1)+\/[O-v2\/ +O'\f (az _1)]2 +4O_V€0\f
Q=

2
_L+1x(081-1) (08D +4 _ 0
- 3 1

P 1.484

B P+o'\f :1.484+1: .

&HW9B

7.35
Sxx =S5 + Sy = (Zﬂf)22+4+4(2”f2)2+4
[(2Af )2 +1][(2AF )2 +4]
H(f) =26 = s (27zf)22+4
Syx  Syx  5(2Af)"+8

13
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6.2 (a)

Toss Coin 8 times

H, : fair coin, P(Head) =0.5

H, :unfair coin, P(Head) =0.4

Assume P(H,)=0.5, then P(H,)=0.5
f(x|H,)~B(8,04) f(x|H,)~B(8,0.5)

8
0.4)(0.687)( H1
f(x|H,)  (x >1/2

HW10A

6.2 (b)

Find : P,

P, = P(H)P(D,|Hg)+ P(H,)P(Dy|H,)

P(D,|H,)=P(3o0r less heads |H,)
=P(Xx=3|H)+P(x=2|Hy)+P(x=1|Hy)+P(x=0]|H,)
(GG -CR)E) GG
= ==+ ==+ ==+ ==

3N2)\2 2N2)\2 1hN2)\2 oN2)\2
=0.3633

P(D,|H,;)=P(4or more heads |H,)
=P(x=4|H,))+P(x=5|Hy)+..+P(x=8|H,)
HEIBRNBIHEHEIE]
= ==+ == +..+ ==

4)N5)\5 505)\5 8)\5)\5
= 0.4059
P, = 0.3633 (0.5) + 0.4059 (0.5) = 0.3846

|

14
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Sl.:% =2+N N~ N(O%}

Hy:Y =N P(H,)=P(H,)=05
Cop=0C;y=1Cp=Cp=2
Find decision rule that minimize C
Hl
> _
f (y | Hl) — exp[lS(y _1)] 05(C10 COO) — E

f(y[Ho) < 05(Cy-Cy) 1
H,

1 Hl

>
In2=y In—2+1:1.0385
< 18

H
>

= 18(y-1)

<

Ho Ho

HW10A

6.11

N — P decision rule P: =0.001
F(YyIH) ~N(-24) f(yIH,)~N(24)
P- =P(D, |H,)=0.001

P = Q(Z_Th

2-T,

j=0.001 =31 T,=-42

2.2

P, =1-P, =P(D,|H,) :Q(7j =Q(L.1) =0.1357

Not a reasonable rule!

15
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6.12

P(H,)=P(H,)=05 P(D.[Ho)

f(yIH) ~N(A6?) f(y|H,)~N(Aoc?)

ROC curvesie. P(D,|H,)vs P(D,|H,) for A*/c®=1A?/c"=16
A-T, T, +A

P, H)-1-Q AT | P, IH) - B2A

Ao’ =1=A=0
T, Ty
P(D,|H))=1-Q1-—--| P(D;|Hy)=Q|1+-"
A A
A?lc?=16= A=4c

4Th _ ﬂ
P(DllHl)—l—Q(Lt—A) P(DllHo)—Q[4+ Aj
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6.14 (a)

S, (t) = 4sin(2xf,t) 0<t<T T=1ms t,=10/T
So(t) =—4sin(2Aft) 0<t<T P(S)=P(S,)=05
Y=S+N S (f)=10"W /Hz
Decision rule that minimize P,

Hl

I > Tty o’ P(H,)
t)[S, (t) — S, (t)]dt + In
[y, -s,o _ S5 T o
Hoy
Hl
]y(t)[Ssin(ZMot)]dt >+t _ —4sin(2zhy) +4sin(2f,) _
o < 2 2
Hy

16
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6.14 (b)

Z(T)= Tijv (t)sin( 27f,t)dt =-T[Y (t)Tl—sin[ 27f, (T = )] dt = Y (t)* h(t)

: t
h(t) = sin( 2xzf,t)rect (?J
H (f)=%[§(f — o)+ S(f + fy)]*sin c(ﬂ):i—[sin c(f — f,)T +sin c(f + f,)T ]
= Tlfj[i 4sin( 27f,t) + N (1) ]sin( 27f,t)dt

T
E{z}- Tl—Ii 4sin( 27f,t)sin( 27f,t)dt = i%‘%: +2
0

Var {Z} = var {Tl—j[ N (t)sin( 2zf,t)dt } =var {N (t)*h(t)}

= T S (f)YIH ()| df =77_Tl{sin C2[(f - fo)T1+sin c?[( f+ f,)T I}af
ﬂ—jfsmc (fTydt = L Trect Z[ Jdtf%%:%
6.18
M-1M -1 M-1M -1
C= CijP(Di|Hi)P(Hj):ZZP(Di|Hi)P(Hj)=Pe
i=0 j=0 i=0 j=0
=i
M -1
C(H;1y) =2 P(H;|y)=1-P(H|y)
j=0

j#i
minimize P, < maximize P(H; | y) < minimize C(H; | y)

minimize C < minimize C(H, | y)
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