* Homework Solutions

EE 640
Stochastic Systems
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2.1 (@) P(A, N A, N Ay N A,) = 4/52X4/52X4/52X4/52
(b) P(A, N A, N Ay N A,) = 4/52X3/51X2/50X1/49

2.3 (a) 20 outcomes
(R1, R2) (R1, R3) (R1, R4) (R1, R5)
(R2, R1) (R2, R3) (R2, R4) (R2, R5)
(R3, R1) (R3, R2) (R3, R4) (R3, R5)
(R4, R1) (R4, R2) (R4, R3) (R4, R5)
(R5, R1) (R5, R2) (R5, R3) (R5, R4)
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(b) P(AB) = P(A|B)P(B) = 2/4x3/5
Ae{R1, R2, R3}, Be{R1, R2, R3}

(c) P(ABUBA) = P(A|B)P(B) + P(B|A)P(A)
= 3/4x2/5+2/9X3/5
Ae{R1, R2, R3}, Be{R4, R5}

(d) P(AB) = P(A|B)P(B) = 3/4x2/5 = 6/20
Ae{R1, R2, R3}, Be{R4, R5}
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2.7 [7R] 3B] [4R | 5B]
Al: Transferred marble is red, P(Al) = 7/10
A2: Transferred marble is blue, P(A2) = 3/10
P(red]Al) = 5/10, P(red]A2) = 4/10
P(A2|red) = P(red|A2)P(A2)/P(red)
= (4/10x3/10)/(4/10x3/10+5/10x7/10)

2.9 Using Bayes rule
P(p) = P(pIs)P(s) + P(p|s°)P(s°)
P(sIp) = P(p|s)P(s)/P(p) = (0.9x0.75)/(0.9x0.75+0.2x0.25)
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2.12
P(x1=1, x2=1, x3=1) = 31/(111111)(1/2)}(1/4)}(1/4)

A

) ﬂke—l © ike_l e ik_le_l © lk'e_l
- D IR ST S urTh
k=0 . k=1 ( ) k=1 ( ) k'=0 -

o /fikefxl o //Lkefﬂ o //Lkefﬂ © //Lkefﬂ
E(X3=Y k22 _3k _ .
kZ:(; ki kle (k—1)! é(k—z)! kzzll(k—l)!
0 k—2,-2
i (k=2)!

o = E{X}-E¥{X}=1
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2.16

P(buy) = P[X(no. of errors) < 2]=P(X=0)+P(X=1)+P(X=2)

P(x=k) {Dpkq”

: n « _ - (NP)"
if np~1 Kg" K P L
p :(k]pq k!

P(X=0)=0.368; P(X=1)=0.368; P(X=2)=0.184; P(X< 2) = 0.92

1
f (X) — E, as<x<b
0, elsewhere

E{X )= Txfx(x)dx: Tb%‘adx:b*Ta
E{X2}= sz biadxzbz +a::)+a2

2 2 2 2
aZ:E{XZ}—EZ{X}:b +ab+a _(b+a) _(a+b)
3 2 12
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2.20

Let: X = no. of days of freedom
D1 = door #1 selected
D2 = door #2 selected
D3 = door #3 selected

E{X} = Ep{Eyp[XID1}=Pp,E{X[D,}+Pp E{X|D,} +Pp,E{X|D3}
Pp1E{X|D}=0 Py E{X|D,}=3+E{X} P ,E{X|D}=1+E{X}
E{X} = 1/3x0 + 1/3x[3+E{X}] + 1/3x [1+E{X}]

E{X} = 4 days

&HWZB

0< E{(X +AY)?}= E{X ?}+ 2AE{XY}+ ZE{Y *}

htlzr—E{XY},
E{Y?}

then

E*{XY}
E{Y’}
As 2E{XY}< 2,/E{X?IE{Y?}, we have
EC(X +Y)} < VECX Y+ VEQ ]
VEL(X +Y)73 < VE{X 3+ EQY 2}

0<E{X?}- = EYXY}< E{X?}E{Y?}
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2.29

fXY(x,y):%, 0<x<y, 0<y<

N

2 21 2-X
f ()= £, (x y)dy=[dy=""=,0<x<y

y

y
1
fY(Y)ZJfxy(X,Y)dX=J.EdX=%,Ogygz
0 0
f,(6y) 1/2 1
fuy (X, y) =—2 =2 --0<y<20<x<y
. f,(y) yi2 y

iHWBA
2.26

v, (@) = E{exp(jox)}

H 2 H n
= E{1+ Jox+ (Ja»l<) +..+ (jox) +...},| jox|<1
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2.28
< alrz —jax < alr —ala|
v, (@)= | 5——€ dx=j >— COsaxdx =e
JXx“+a J X" +a

The characteristic function of the cauchy random variable, as above,
has a discontinuous first derivative at ® = 0 to give the power
series of the form:

Wx(w)=i%5{xk}

i.e. the moments of even orders are infinite
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2.33
X ~N(0,67), Y~N(,?), Z =%(x +Y), W =%(x -Y)

X=Z+W, Y=Z-W

11
zw=| ]J:—z, |J|=2

expy—=| 5+
0,0, 2\ o, oy

27T
1 1{ (z+w)? (z—w)?
el o o
7o,0, 2\ o o

X y

_t _1fzrw?  (@-w)?
fz(z)—J”GGexp{ 2[ p + = ]}dw

-0 X7y X y

fXY (X, Y) =
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2.31

. 1 -1 [xfﬂxT y-u,)  2p(x-m)y-m)
wXy)= ex 5 + -
2no,0, 1-p? 21-p%) Oy oy 0,0y
B 1 S (x=m Y (v ) 2000 i)y p)
fx (X)_,J;Zﬁo;ay 1-p? exp{Z(lpz) {( (e j +[ Oy J 0,0y :”dy

2 2 2
1 1 x—p ) |7 1 -1 |(y-n p(xfﬂx]
= expy—— * ex| - dy
270, p{ 2[ o, ]}J 270,\1- p* D{Z(l—pz){[ o, J o,
2
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2.31

L -1 [X—ﬂsz {y—ﬂyjz 2000~ 1)y~ 14
eX 3 + —
fur (X1Y) 272'0;0'y\/1—p2 21-p)|\ o gy 0.0,

foy (X1Y)= = >
I f\((Y) 1 exp{_l{y_ﬂyj }
2ro, 2\ o,

1 -1 o 2
_meXp{Z(l—PZ)O’f[X [,Uxﬂf'ay (y #y)]:”

O,
E(XIY =V}= s +p (Y =1); Oy =0 (=%
y
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=
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4 3 2) (X%,
E&1|L2}=#x1+2122£§Xz—&2)=0+(3 2 1)3 4 3| |x :EXZ_%th
2 3 4) (x,
E{X,|X,=0.5, X;=1.0, X,=2.0}=1/12
4 3 2)7(3
Exx, =Zn 2353, =4-(3 2 1)3 4 3] |2 =§
2 3 4) 11
2.46
Given that Vis a normalized eigenvector
VVi=l VV=0 & 3V =2V,
Then given A=[V,, ..., V] we have if
y=Ax=% =AL A’
zl-\/l V2 Vn]szl.\/l V2 Vn]
:[\/1 V2 Vn]T[val ZXVZ van]
=MV, o VTR AV, e AV]
VIV VAN, e VAN (A 0 0
VI VAN, e VAN, | |0 4 0

A A A A A I LV
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2.38 (a)
Y =X+ Xy, Yo = Xy = X3 Xy = (Y1 +Y,)/2, X, = (Y,-Y,)/2

fyx, (X, %) 1
leYz(Yvyz): LI =5

[904.%,) X=(y1+Y2)/ 206=(41-Y,)/2 Zlostyryrszostn-vee

1 fXIXZ (Xl’XZ):l flez (ylyyz):]-lz

0 1 x
2 Y1
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2.38 (b)
o = E{Y1Y2}_:uy1/uy2 _ E{X12 - Xzz}— E{X, + X3E{X, = X}
1Yz 0,0, 0,0,
2 2 2 2
B XEGIREOGH Doesn’'t imply independence
0,92
fY1|Yz:U.5
= 1Y, =051 e

0.5 15

10



2.39
w o,
J= oX, 0OX, _‘ X X ‘_ 1
- %, O, _‘( : )2 _( : )2‘_7X1+X
D2 2l |(x +x X, + X 2
o ox, q T X, 4 T X,
e 0,0<y, <1
-~ y,>0,0<y,<
leYZ(YUyZ): A Y Y2

0, otherwise

1 e*Y1
fy, (V1) :J- fy, (Y1, ¥2)dy, :*7
0

1
fy, (¥2) :J. £y, (V1 ¥, )dy, =1
0

fr, 1 ¥2) = fy (V) Ty, (¥2) independent
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2.40
chi—square distribution

1y

1
Y:X2~ fY(y): 1 1 y 2e 2
2272

vy (j0)=(1-2jo)™"

Y=Zn:xi2
i=1

v (j0) = (1-2]0) " & f,(y) =——
24(2)

n,oy

yEeZ
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e
)= _ -
=S RIC T = Y Jera,
Xi=ty
1 o=
e >0
= {mye,.
0 y<0
2.35 (b)
X
2 £ (X)) 2\/%08262 2 o
OB YL R L dich e
TR, L, T V2ro,
X(‘):iy
2 e
L) =1 V2r0, y=
y<0
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when y >0, f, (y) = f, (y)
when y =0, P{y =0} = P{x <0} = = £, (y) = 3(y)

yZ

1 1 252
= X >
0 y<0

iHW4B

2.35 (d)

1 x>0,
y={x [x<o,
-1 Xx<-o,

P(y=1)=P(x>0,)=Q@)
P(y=1)=P(x<-0,)=Q()

ew ~ y=-1
1
fy (y) = 2no, ¢ M =
QM y=1
1 elsewhere

13
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2.37

X,=rcosd, X,=rsing

4 |cos@ —rsindg|* 1
‘\](leXZ)‘X,:{COSH‘XZ:I’SMH :‘J(I‘,H)‘ = sind rcosd :?
frx, (X X,) ) r r2cos’@ r2sin?o
fro(r,0) —f =rfy x, (rcosd,rsin ) = 2707 exps — 207 - =
r X,=rC0s6,X,=rsinf
r r?
= 5 eXps——— r, Wherer >0,0<60 <2z
270, 20y

1%r —r? 1
fo(0)=——|—ex dr=—,0<6<2
o) 2”".0}2 p{Zaf} 27 i

f (r)—ZJir r exp{_rz}da— r exp[_er r>0
rUMN)= = ! B
o 27107 207 o? 207

X

fRe (rv 0) = f@ (6) fR (r) independent
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2.48

EQU (X)}=PlU(X) za]E{U (X) [U(X) = a}+ P[U(X) <a]E{U (X) |U(X) <a}
>P[U(X)>a]E{U (X)|U(X)=>a}
>P[U(X)>a]a

14
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'y
2.49 (a) #\ &« Tchebycheff
X ~U(0,)) /Chernoff
1- 0<a<1
Exact:P(X >a) = jldx_ a a
elsewhere /‘

. 1 S "
Tchebycheff : P(X|>a)< = E{x2}=2 Ix B=27 eeact a
Chernoff : P(X >a)<m e’a‘E{ d

Ef" J'e‘xdx (el -1

0
Ietg(t)— (e —1)theng = e +i—ae +a=(l+at)(1-e")=0
=>t=0= mlln g(t)_Ith gt)=1
P(X >a)<1, for0O<a<l
«— Tchebycheff

2.49 (b)
Chernoff
fy(x)~e™* x>0

Exact:P(X >a)= Ie’xdx =e? a>0

Tchebycheff PQ \ )s%E{X2}=§]§x29*xdx=aTZ2 Exact a
Chernoff : P(X >a)<mine “E{e"}
tx _Do X - X _i
Efe }_}[e edx=—

e
let g(t) =
9=

P(X >a)<ae'?, fora>0

: ,theng’'(t)=0= (1-t)(-a)+1=0=>t =

15
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2.49 (C)

X ~N(0,))
Exact: P(X >a)=Q(a)

«— Tchebycheff

Chernoff

Tchebycheff :PQX‘Z&)S%E{Xz}zé \

Chernoff : P(X >a)<mine *E{e"
Efe"}= Te‘XNX(O,l)dx _e?
0

12
La
let g(t) :e[2 ] theng'(t)=0=t=a

2

P(X >a)<e 2
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2.59

alr _alol
fx(X):m, vy (w)=e !

Voo (@) =g = g

—alo alr
‘//Y(a)):e ll’ fY(y):y2+a2

Y does not tend to a normal density, as
@ 2
X a
o} =E{X}= [~ dx=o0
(X" +a”)

—0

16
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1 n
E{X}= E{H;X'}zﬁé E{XI}ZO

Var{X}=E{X }- EX{X}= E{%anzn:xixj}

n i=1 j=1

DI TSRS W

n" == i-1 n
. 2
lim E{(X —0)?}=limZx =0
n—oo n-wo N

LimX =0
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