
1

Characteristic Function

Lecture 6

EE 640
Stochastic Systems

Outline

Characteristic Function
Moment Generating Functions



2

Characteristic Function

For independent r.v.s  sum Z = X1 + X2 + … + XN

the pdf is the convolution of pdfs fZ(z) = fX1(z)*fX2(z)*…*fXN(z)
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In fact, for Z = Σi Xi, the above equation is true, 
then Xi are independent

Example I

X and Y are independent identically distributed (iid)

With fX(x) = 1/a rect(x/a).

Let Z = X + Y a/2-a/2
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Example I Cont’
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Example II

Find Φ(ω) of
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Example III

Gaussian r.v.s
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X and Y are independent X ~ N(μx, σx
2), Y ~ N(μy, σy

2)
Z = aX + bY
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Moment Generating Functions
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For a r.v. X, 

where t is a complex variable. 
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Example

Gaussian r.v. X ~ N(μ, σ2)

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+

∞

∞−

+−
−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
+∞

∞−

−
−

=

== ∫∫

2

2
)]([

22
)(

22

2

2222

2

2

2
1

2
1)(

σμ

σ
σμσμ

σ
μ

σπσπ
θ

tt

txtt
tx

x

e

dxeedxeet

μσμθθ σμ =+==
=

+

=
= 0

)2/(2

0
0

1 22

)()()(
t

tt

t
t

et
dt

tdt1)(
0

0 =
=t

tθ

Example Cont’

t
dt
dtt 2

22

,
2

σμβσμβ +=+=

}{)2(

)()()(

222

0

24222

0

2
2

0

2

XEette

e
dt
dte

dt
tdt

t

t
t

=+=+++=

++
+

=

=

=
=

μσσμσμσ

βσμσμθ

ββ

ββ

32322
0

2242224222

0

3

32

))(2()2()()(

μμσμμσμσ

σμσμσμσμσσμσθ βββ

+=++=

+++++++=
== tt

etttetett



6

Comments

Central moments are defined as

This result is consistent with the basic form of the moment equation 
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