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Stochastic Systems

= Variance
= The Dirac Delta Function
= Conditional and Joint Distribution




&Definition

We can numerically approximate mean and variance for
a finite number of sample values as for N samples x;

1 N
mean = ug =— > X, _
N = Estimated mean value

N

variance = o’ :ﬁz‘(xi — 115)?
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Unbiased variance

iUsing Probability Density functions

IF we know the statistics (l.e. pdf or cdf) of a r.v., we can

find the mean and variance exactly:
X ~ fy(9and y = g(x)

E{g(X)}= [ g(x) f, (x)dx L= E{X}= Txfx (x)dx
o” = E{(X )’} = [ (x— ) £y (x)dx

= j x2 £, (X)dx — j 2,uxE, (X)dX + j p2f, (X)dx
\;co -0 —%

= E{X°}-24° + p* = E{X°}-p°

Second Moment

Ensemble Mean




&Example

Given a uniform r.v. X ~ U(0, 1)

L

@ 1
X
E E{X}=_J;)xfx (x)dx:_([xdx:?

0

1 Xsl
E{X*}=[xdx=" =
: 3

0

11 1
— ELX _T_T_*
o =EX Y=o

&Using Probability Mass Function

Consider a discrete valued r. v. X,

Let p, = Prb(X=x;) for /=1, 2, ... N

Then 1= Zpi, where Prb(X=x;) is a probability mass function

The mean value and variance are

E{X}:iZN:,Xi P, If p, = p, then E{X}= Zx ;ixi

i=1 i=1

E{XC- @)= (4~ )°p, 1P, = p, then
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&Dirac Delta Function

§(x) is defined as 5(x) = 0, for ¥x0 and j 5(x)dx =1

It can be approximated as

X d(x-1)

o(x)=lima rect(—j I
a— 1/a >
0 T X

rect(ij: 1 for|x|s£ !
T 0 elsewhere T2 | 1/2 e

&Properties of Delta Function

1 x>0
0 else

U((x)= Té(x)dx:{

h(x) =h(x)*5(x) = Té(x)h(x—ﬂ)dx

It can also be approximated as

5(x) =limae ™" A . A
a—oo
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& Conditional Distribution

Given ar. v. Xthat is conditional on event B we have the conditional
cdf as

Fy(x|B) = P(X < x, B)/P(B)
The conditional pdf is then
f (x|B) = d Fy(x|B) /dx

Fye (X y) =P(X <X, Y <Yy)

& Joint Distribution

Fyw X ¥) =P(X<x,Y<Y) 2

The joint pdf is

azl:XY (X’ y)

fxx (X' y) = 6x6‘y
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&Properties of Joint Distribution

P(y1 <Y <V3) = Fxy (%, ¥2) = Fxy (0, V1)

For independent r. v.

Fey (% y) = Fe(¥) By, Ty (%, y) = £(X) Fy(x)
Marginal

Fx(X) = Fyy(X, ), Fy(¥) = Fy(, Y)

x2+y?
e
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Gaussian joint pdf

fe (X, y) =




