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Abstract
Context plays an important role when performing classification, and in this paper we
examine context from two perspectives. First, the classification of items within a single task
is placed within the context of distinct concurrent or previous classification tasks (multiple
distinct data collections). This is referred to as multi-task learning (MTL), and is implemented
here in a statistical manner, using a simplified form of the Dirichlet process. In addition, when
performing many classification tasks one has simultaneous access to all unlabeled data that
must be classified, and therefore there is an opportunity to place the classification of any
one feature vector within the context of all unlabeled feature vectors; this is referred to
as semi-supervised learning. In this paper we integrate MTL and semi-supervised learning
into a single framework, thereby exploiting two forms of contextual information. Results are
presented on a “toy” example, to demonstrate the concept, and the algorithm is also applied
to three real data sets.
Index Terms
multi-task learning, Bayesian, Dirichlet process, semi-supervised

1

2

I. I NTRODUCTION
When developing classification algorithms, one typically assumes access to a set of
labeled data with which one may train a classifier. The set {xi , yi }i=1:nL constitutes the
labeled data, where xi represents the ith feature vector and yi the associated (integer)
label; nL defines the number of available labeled data. The goal is to train a classifier
to estimate a label y for a new unlabeled sample x under test. In many classification
scenarios one measures all of the data of interest at once, where {xi }i=nL +1:nL +nU
denotes the nU unlabeled data for which labels are to be estimated. For example, in
airborne radar and electro-optic sensors, one may measure a large swath of terrain,
and the unlabeled data {xi }i=nL +1:nL +nU may be defined simultaneously for this entire
terrain. Consequently, it is possible to place the classification of any one sample in
{xi }i=nL +1:nL +nU within the context of all such data.
In many previous classification studies it has been assumed that one has a sufficient
set of labeled data {xi , yi }i=1:nL with which to build a classifier. However, in practice
nL may often be small and there is danger that one may over-train the classifier,
and hence not generalize well to the unlabeled data {xi }i=nL +1:nL +nU (i.e., nL <<
nU ). To mitigate this challenge, one may note that typically one may have performed
many previous classification “tasks” in the past, or multiple classification tasks may be
performed simultaneously (e.g., in the context of airborne sensing, data may be collected
simultaneously at different specific regions within an overall region of interest). If
we have M such data sets, denoted {Dm }m=1:M , there is the potential to share data
(labeled and unlabeled) between the M classification tasks, and therefore improve the
classification performance relative to building a classifier only based on task-specific
data. However, not all of the M tasks may be related to one another, and therefore the
technical challenge involves inferring the inter-relationships between the multiple data
sets, such that the sharing of data across multiple tasks is performed appropriately. If
this can be achieved, we may realize a second form of context: placing a given sensing
task within the context of all previous or concurrent sensing tasks.
Algorithm training based only on labeled data is referred to as supervised learning,
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while learning based only on unlabeled data is termed unsupervised learning. The
concept of integrating all available data, labeled and unlabeled, when training a classifier
is typically referred to as semi-supervised learning. Semi-supervised learning will be
applied here to realize the first class of context discussed above, provided by all of
the unlabeled data. The second form of context, manifested by the appropriate sharing
of data from M data sets {Dm }m=1:M , will be implemented via multi-task learning.
As summarized below, semi-supervised and multi-task learning have been investigated
separately, and this paper represents their integration, with example results presented for
realistic sensing challenges. The algorithm presented here is similar to that discussed
in [1] with the difference being that here we consider non-linear classifiers where in
[1] only linear classifiers were considered.
Semi-supervised learning has been an area of significant recent interest in the machinelearning community [2], [3], [4], [5], [6], [7], [8], [9]. To date, there have been several
semi-supervised methods developed. The generative-model method, an early semisupervised method, estimates the joint probability of data and labels via expectationmaximization (EM), treating the missing labels of unlabeled data as hidden variables;
this method was studied in statistics for mixture estimation [10] and has been reformulated for semi-supervised classification [9]. The semi-supervised support vector machine
(SVM) [6] represents a more recent method, which maximizes the margin between
classes, taking into account both labeled and unlabeled data. Graph-based methods [5],
[4], [8], [3], the main focus of current research in semi-supervised learning, exploit the
assumption that strongly connected data points (in feature space) should share the same
label, and utilizes spectral graph theory to quantify the between-data connectivity. For
a more complete review of the literature, see [2].
Most graph-based algorithms operate in a transductive fashion, i.e., they directly learn
the labels of the unlabeled data, instead of learning a classifier first and then using
the classifier to infer the unseen labels (inductive learning). Transductive algorithms
lack a principled means of predicting the labels of data out of the training set. The
work in [3] addresses this problem by constructing a graph-based prior distribution
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on the parameters of a classifier and learns the classifier by maximizing the posterior
(MAP estimation); the prior utilizes both labeled and unlabeled data, thus enforcing
semi-supervised learning. Several drawbacks are inherent in the algorithm in [3]. For
example, the hyper-parameter balancing the importance of the prior relative to the
data likelihood needs to be learned. In this paper we develop a non-transductive semisupervised algorithm, exploiting graph theory, with the final algorithm appropriate
for integration within a multi-task-learning construct. Importantly, our semi-supervised
algorithm is implemented without an explicit prior; this is important, because it allows
a prior on the model parameters to be reserved for the multi-task component of the
model.
Multi-task learning has been the focus of much recent interest in the machine learning
community. Typical approaches to information transfer among tasks include: sharing
hidden nodes in neural networks [11], [12], [13]; placing a common prior in hierarchical
Bayesian models [14], [15], [16], [17]; sharing parameters of Gaussian processes [18];
learning the optimal distance metric for K-Nearest Neighbors [19]; sharing a common
structure on the predictor space [20]; and structured regularization in kernel methods
[21], among others.
In statistics, the problem of combining information from similar but independent
experiments has been studied in meta-analysis [22]. The objective of multi-task learning
is different from that of meta analysis, since the objective of the latter is to combine
data from different sources within a single model. Despite the difference in objectives,
many of the techniques employed in the statistical literature on meta-analysis can be
applied to multi-task learning as well.
Hierarchical Bayesian modeling is one of the most important methods for meta
analysis [23], [24], [25], [26], [27]. Hierarchical Bayesian models provide the flexibility
to model both the individuality of tasks (experiments), and the correlations between
tasks. Usually the bottom layer of the hierarchy is individual models with task-specific
parameters. On the layer above, tasks are connected together via a common prior placed
on those parameters. In a nonparametric hierarchical Bayesian model, the common prior
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is often drawn from the Dirichlet process (DP). The advantage of applying the DP prior
to hierarchical models has been addressed in the statistics literature; see for example
[28], [27] and [26]. Research on the Dirichlet process model goes back to 1973 and
Ferguson [29], who proved that there is positive (non-zero) probability that some sample
function of the DP will be as close as desired to any probability function defined on
the same support set. Therefore, the DP is rich enough to model the parameters of
individual tasks with arbitrarily high complexity, and flexible enough to fit them well
without any assumption about the functional form of the prior distribution. The DP has
been employed successfully in a recent MTL application [30].
In this paper we seek to integrate semi-supervised learning and multi-task learning.
As discussed in detail below, rather than directly employing a DP prior within the MTL
component, which often yields relatively complex inference (learning), we alternatively
employ a simpler prior that is based on and motivated by the DP; this yields a relatively simple expectation-maximization (EM) learning procedure. The proposed MTL
framework is particularly well matched to the semi-supervised setting of interest, and
it also yields fast inference.
The remainder of the paper is organized as follows. In Section II we introduce
our semi-supervised learning algorithm, followed in Section III by the associated MTL
framework. The concepts provided here are demonstrated on several data sets in Section
IV. Conclusions and suggestions for future research are discussed in Section V.
II. PARAMETERIZED N EIGHBORHOOD -BASED C LASSIFICATION
A. Neighborhood Formed by Random Walk
We begin by assuming access to data from a single classification task, with most
of these data unlabeled, and a relatively small fraction labeled. Let G = (X , W) be
a weighted graph in which X = {x1 , x2 , · · · , xn } is a set of vertices that coincide
with the data points (feature vectors) in a data manifold, and W = [wij ]n×n is the
affinity matrix with the (i, j)-th element wij indicating the immediate affinity between
data points xi and xj as measured by some non-negative similarity metric. The number
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of data points n corresponds to the integration of both labeled and unlabeled data (all
available data are used to design the graph, n = nL +nU ). We are considering the semisupervised setting, where only a subset of X are provided with class labels, leading to
a partially labeled graph. We define
wij = exp[−||xi − xj ||2 /(2σi2 )]

(1)

where || · || is the Euclidean norm and σi > 0. One may consider alternative distance
measures between the feature vectors, if desired. The variance σi2 is defined by the
local properties of the manifold, where in the experiments considered in Section IV σi
is set as one-third the distance between xi and its nearest neighbor in feature space
(this choice is predicated by the goal of making probable the “walking” to at least
one neighboring feature vector, so that any particular feature vector doesn’t become an
isolated “island”; the results do not vary substantially if σi is defined as, say, one-half
this distance, or any comparable value).
A Markov random walk on graph G = (X , W) is characterized by a matrix of
one-step transition probabilities A = [aij ]n×n , where
wij
aij = Pn
k=1

(2)

wik
(t)

is the probability walking from xi to xj by taking a single step. Let B = [bij ]n×n = At .
(t)

Then bij represents the probability walking from xi to xj in t steps; in practice, one
desires to select t such that the “neighborhood” in feature space associated with a given
feature vector is well sampled, with this discussed further when presenting example
results in Section IV.
B. Parameterized Neighborhood-Based Classifiers (PNBC)
(t)

Data point xj is said to be within a t-step neighbor of xi if bij > ², for a prescribed
² > 0. The t-step neighborhood of xi , denoted as Nt,² (xi ), is defined by all t-step
neighbors of xi along with the associated t-step transition probabilities, i.e., Nt,² (xi ) =
(t)

(t)

{(xj , bij ) : bij > ², xj ∈ X }.
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Let p (yi |xi , θ) be a base classifier parameterized by θ, which gives the probability
of class label yi of data point xi , given xi alone. The base classifier can be implemented
by any parameterized probabilistic classifier. For binary classification with y ∈ {−1, 1},
the base classifier can be chosen as a logistic regression
p∗ (yi = 1|xi , θ) =

1
1 + exp[−g(xi , θ)]

with
g(xi , θ) = θ0 +

D
X

θd φd (xi )

(3)

(4)

d=1

where φd (x) is in general a nonlinear basis function in the space inhabited by x, for
d = 1, · · · , D. While there are many ways of constructing basis functions, we here
consider basis functions of the form φd (x) = K(x, cd ), d = 1, 2, · · · D, where K is a
symmetric positive definite kernel function1 . However, our use of the kernel function
is different from that in support vector machines (SVM) [31]. In SVMs, K(xi , xj )
represents the inner product of xi and xj in an implicitly transformed feature space; in
the construction given above, the basis functions {φd (x) = K(x, cd ) : d = 1, 2, · · · , D}
represent a set of transformed features explicitly constructed from K. A basis function
of the form φd (x) = K(x, cd ) implements a local decision boundary positioned at cd
in the space of x. The global decision boundary in the entire space of x is determined
by the function in (4), which is formed by combining all local decisions through the
parameters θ. The set of position vectors {cd }d=1:D play an important role in forming
a good global decision and we discuss how to define them in Section II-C. Note that
the form of (4) has been previously employed in a number of kernel-based machines
including the relevance vector machine [32].
Let p(yi |Nt (xi ), θ) denote a parameterized neighborhood-based classifier (PNBC),
representing the probability of class label yi for xi , given the neighborhood of xi . The
1

For the purpose of constructing basis functions, one does not require the kernel to be symmetric positive definite,
although the kernels we have used in our experiments all satisfy this property.
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PNBC is defined as a mixture
p(yi |Nt (xi ), θ) =

Pn

(t)
j=1 bij

p∗ (yi |xj , θ)

(5)

where the j-th component is the base classifier applied to (xj , yi ) and the associated
mixing proportion is defined by the t-step transition probability from xi to xj . Note that
for simplicity in (5) we sum over all n labeled and unlabeled samples, but only those
(t)

xj in the neighborhood of xi , defined by associated non-negligible bij , contribute significantly to the sum (implying that we set ² = 0 in the aforementioned neighborhoods
Nt,² (xi )).
The utility of unlabeled data in (5) is conspicuous — in order for xi to be labeled yi ,
each neighbor xj must be labeled consistently with yi , with the “neighborhood” defined
(t)

through the bij ; in such a manner, yi implicitly propagates over the neighborhood of
xi . By taking neighborhoods into account, it is possible to obtain an accurate estimate
of θ, based on a small amount of labeled data. The over-fitting problem associated
with limited labeled data is ameliorated in the PNBC formulation, through enforcing
consistent labeling over each neighborhood.
Let L ⊆ {1, 2, · · · , n} denote the index set of labeled data in X . Assuming the labels
are conditionally independent, we write the likelihood function
¡
¢
p {yi , i ∈ L}|{Nt (xi ) : i ∈ L}, θ
n
Y
YX
(t)
=
p(yi |Nt (xi ), θ) =
bij p∗ (yi |xj , θ)
i∈L

(6)

i∈L j=1

Rather than developing a learning framework for (6) here, in Section III we consider
semi-supervised learning within a multi-task setting, wherein the learning of model
parameters θ is performed within the context of multiple data sets (tasks). However,
this semi-supervised classifier, in a single-task setting, has been demonstrated to be a
very effective algorithm in its own right, with the interested reader referred to [33].
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C. Determining the Position Vectors for Basis Functions
In the discussion in Section II-B we considered basis function of the form φd (x) =
K(x, cd ), for d = 1, 2, ..., D, where K is a kernel function and cd is the position vector
of the d-th basis function. There are several techniques one may use to determine
{cd }d=1:D . For example, one may determine these representative feature vectors via Kmeans or vector quantization [34]. Alternatively, we employ the information-theoretic
construct developed in [35]. The method discussed in [35] employs the Fisher information matrix, and sequentially selects most-informative cd for use as basis functions
within the kernel, and the algorithm provides a principled method for selecting the
position vectors (defined when the information afforded by additional basis functions
is below a prescribed threshold). In the multi-task setting discussed below, the {cd }d=1:D
are shared across all tasks, and therefore these basis functions are determined based
on all task-dependent data. In practice we have found that the selection of {cd }d=1:D
is not particularly critical to algorithm success, as long as a reasonable approach is
employed for their selection. For example, the results presented in Section IV were
also computed by determining {cd }d=1:D using K-means [34] for “large enough” K,
and the algorithm performance was comparable to that realized when {cd }d=1:D were
computed as in [35].
Through use of basis functions of the form φd (x) = K(x, cd ), we may realize a nonlinear classifier. Alternatively, we may place the weights θ directly on the components
of the feature vector x, yielding a linear (hyper-plane) classifier. The advantage of this
approach is that there is no need to estimate the set {cd }d=1:D , and therefore this is
useful if a linear (semi-supervised) classifier is sufficient.
III. S EMI -S UPERVISED M ULTITASK L EARNING
A. The sharing prior
Assume we are given M tasks, defined by M partially labeled data sets
m
Dm = {xm
i : i = 1, 2, · · · , nm } ∪ {yi : i ∈ Lm }
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for m = 1, · · · , M , where

yim

is the class label of

xm
i

and Lm ⊂ {1, 2, · · · , nm } is the

index set of labeled data in task m.
We consider M PNBC classifiers, parameterized by θm , m = 1, · · · , M , with θm
responsible for task m. The M classifiers are not independent but coupled by a prior
joint distribution
p(θ1 , · · · , θM ) =

M
Y

p(θm |θ1 , · · · , θm−1 )

(7)

m=1

with
"

p(θm |θ1 , · · · , θm−1 ) =

m−1
X

#

1
2
αp(θm |Υ)+
N (θm ; θl , ηml
I)
α+m−1
l=1

(8)

2
where α > 0, p(θm |Υ) is a base distribution parameterized by Υ, N ( · ; θl , ηml
I) is a
2
normal distribution with mean θl and covariance matrix ηml
I.

Each normal distribution represents the prior transferred from a previous task; it is
the meta-knowledge indicating how the present task should be learned, based on the
experience with a previous task. It is through these normal distributions that information
sharing between tasks is enforced. Taking into account the data likelihood, unrelated
tasks cannot share since they have dissimilar solutions and forcing them to share the
same solution will decrease their respective likelihood; whereas, related tasks have close
solutions and sharing information help them to find their solutions and improve their
data likelihoods.
The base distribution represents the baseline prior, which is exclusively used when
there are no previous tasks available, as is seen from (8) by setting m = 1. When
there are m − 1 previous tasks, one uses the baseline prior with probability
and uses the prior transferred from each previous task with probability

α
,
α+m−1

1
.
α+m−1

The

α balances the baseline prior and the priors imposed by previous tasks. The role of
baseline prior decreases as m increases, which is in agreement with our intuition, since
the information from previous tasks increase with m.
The formulation in (8) is suggestive of the Polya urn representation of a Dirichlet

11

process (DP) [36]. The difference here is that we have used a normal distribution
2
to replace Dirac delta in Dirichlet processes. Since N (θm |θl , ηml
I) approaches Dirac
2
delta δ(θm − θl ) as ηml
→ 0, we recover the Dirichlet process in the limit case when
2
ηml
→ 0. We note that the prior (8) is independent of the task ordering, although

in the maximum-likelihood inference discussed below there is an order dependence;
however, for the examples considered we have not found the order to affect the results
significantly.
The motivation behind the formulation in (8) is twofold. First, a normal distribution
can be regarded as a soft version of the Dirac delta. While the Dirac delta requires
two tasks to have exactly the same θ when sharing occurs, the soft delta only requires
sharing tasks to have similar θ’s. The soft sharing could be more consistent with the
situation in practical applications. Second, the normal distribution is analytically more
appealing than the Dirac delta and allows simple maximum a posterior (MAP) solutions.
This is an attractive property considering that most classifiers do not have conjugate
priors for their parameters and Bayesian learning cannot be performed exactly.
Assuming that, given {θ1 , · · · , θM }, the class labels of different tasks are conditionally independent, the joint likelihood function over all tasks can be written as
¡
¢
m
M
M
p {yim , i ∈ Lm }M
m=1 |{Nt (xi ) : i ∈ Lm }m=1 , {θm }m=1
M
Y
¡
¢
=
p {yim , i ∈ Lm }|{Nt (xm
i ) : i ∈ Lm }, θm
=

m=1
M
Y

nm
Y X

(t )

bijm p∗ (yim |xm
j , θm )

(9)

m=1 i∈Lm j=1

where the m-th term in the product is taken from (6), with the superscript m indicating
(t )

the task index (bijm corresponds to the t-step random-walk probabilities for task m).
Note that the neighborhoods are built for each task independently of other tasks, thus
a random walk is always restricted to the same task (the one where the starting data
point belongs) and can never traverse multiple tasks.
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From (7) and (9) the joint posterior of {θ1 , · · · , θM } is
¡
¢
m
M
m
M
p {θm }M
m=1 |{yi , i ∈ Lm }m=1 , {Nt (xi ) : i ∈ Lm }m=1
M
nm
Y
Y X
(t )
∝
p(θm |θ1 , · · · , θm−1 )
bijm p∗ (yim |xm
j , θm )
m=1

(10)

i∈Lm j=1

We seek the parameters {θ1 , · · · , θM } that maximize the posterior, which is equivalent
to simultaneously maximizing the prior in (7) and the likelihood function in (9). As
seen from (8), the prior tends to have similar θ’s across tasks (similar θ’s increase
the prior); however sharing cannot happen between unrelated tasks, since each task
requires a distinct θ to make its likelihood large. As a result, to make the prior and
the likelihood large at the same time, one must let related tasks have similar θ’s. For
a task that is dissimilar with all remaining tasks, sharing a θ with any other task will
undermine its data likelihood; in this case a distinct θ must be assigned to this task to
satisfy the MAP criterion. In general, a task will share θ with each of the remaining
ones with various strengths and the strength of sharing between any two tasks should
be consistent with the degree of similarity between these two tasks. By examining
the sharing strength between each pair of tasks and whether the sharing strength is
consistent with the degree of similarity between the corresponding pair of tasks, one
can assess the effectiveness of a multi-task learning algorithm. This examination will
be performed in our experiments presented in Section IV.
B. Maximum A Posteriori (MAP) Estimation
Substituting (8) into (10) and taking the logarithm of the result, we get the logposterior up to a constant translation that does not depend on {θ1 , · · · , θM }
`(θ1 , · · · , θM )
·
¸
M
m−1
X
X
2
=
ln αp(θm |Υ) +
N (θm ; θl , ηml I)
m=1
M
X

+

X

m=1 i∈Lm

ln

nm
X

l=1
(t )

bijm p∗ (yim |xm
j , θm )

(11)

j=1

We employ expectation maximization (EM) to perform maximum a posteriori esti-
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mation; the EM is used to optimize the parameters θ, while the remaining parameters
m
} be
are treated as fixed hyperparameters. For m = 1, 2, · · · , M , let {ξ0m , ξ1m , · · · , ξm−1
Pm−1 m
a sequence of positive real numbers that satisfy l=0 ξl = 1. Similarly, for i ∈ Lm

and m = 1, · · · , M , let {ζ1mi , ζ2mi , · · · , ζnmi
} be a sequence of positive real numbers
m
P m mi
satisfying nj=1
ζj = 1. We rewrite the log-posterior in (11) as
`(θ1 , · · · , θM )
·
M
m−1
X
X N (θm ; θl , η 2 I) ¸
ml
m αp(θm |Υ)
=
ln ξ0
+
ξlm
m
m
ξ
ξ
0
l
m=1
l=1
(tm ) ∗ m m
M
n
m
XX X
bij p (yi |xj , θm )
+
ln
ζjmi
ζjmi
m=1 i∈L
j=1

(12)

m

Applying Jensen’s inequality, we obtain the lower bound to the log-posterior
`(θ1 , · · · , θM )
¸
M ·
m−1
2
X
I)
αp(θm |Υ) X m N (θm ; θl , ηml
m
ξl ln
≥
ξ0 ln
+
m
ξ
ξlm
0
m=1
l=1
(t )
M X X
nm
X
bijm p∗ (yim |xm
j , θm )
+
ζjmi ln
mi
ζj
m=1 i∈L j=1

(13)

m

where the lower bound is tight (the equality holds) when
αp(θm |Υ)
P
2
αp(θm |Υ)+ m−1
k=1 N (θm ; θk , ηmk I)
2
N (θm ; θl , ηml
I)
m
m
ξl = ξl (θ) =
Pm−1
2
αp(θm |Υ)+ k=1 N (θm ; θk , ηmk
I)
m ∗ m m
bij p (yi |xj , θm )
ζjmi = ζjmi(θ) = Pnm m ∗ m m
k=1 bik p (yi |xk , θm )
ξ0m = ξ0m(θ) =

(14)
(15)
(16)

Define
Q(θb1 , · · · , θbM |θ1 , · · · , θM )
M
M X
X
X
m b
b
=
F (θ|θ) +
Gmi (θ|θ)
m=1

m=1 i∈Lm

where
b
b = ξ m (θ) ln αp(θm |Υ)
F m (θ|θ)
0
ξ0m (θ)

(17)

+
b =
G (θ|θ)
mi

m−1
X
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2
N (θbm ; θbl , ηml
I)
ξlm (θ) ln
m
ξl (θ)

(18)

(t )
b
bijm p∗ (yim |xm
j , θm )
mi
ζj (θ) ln
ζjmi (θ)
j=1

(19)

l=1
nm
X

The previous analysis, contained in (13), (14), (15), and (16), can be summarized as
`(θ1 , · · · , θM ) = Q(θ1 , · · · , θM |θ1 , · · · , θM )
`(θb1 , · · · , θbM ) ≥ Q(θb1 , · · · , θbM |θ1 , · · · , θM )
If θb = {θb1 , · · · , θbM } are improved estimates over θ = {θ1 , · · · , θM }, i.e.,
Q(θb1 , · · · , θbM |θ1 , · · · , θM ) ≥ Q(θ1 , · · · , θM |θ1 , · · · , θM )

(20)

then it is guaranteed
`(θb1 , · · · , θbM ) ≥ `(θ1 , · · · , θM )
The improvement in (20) can be accomplished by many optimization techniques.
Starting from an initialization, we iteratively apply (20) to produce a sequence of
successively improved versions of {θ1 , · · · , θM }, until convergence. The convergence is
guaranteed because the improvement is monotonic and `(θ1 , · · · , θM ) is upper bounded.
The semi-supervised multitask learning algorithm is summarized in Table I, where
γ is the learning rate, which can be learned by a line-search algorithm [37]. In Table I,
(0)

(0)

parameters θ1 , · · · , θM are randomly initialized as draws from a zero-mean Gaussian
random variable with unit variance (we also achieved very similar results when these
parameters were simply initialized to zero; the initialization was not found to be
important). In our experimental results, we use the block-coordinate gradient-ascending
technique to perform the optimization.
IV. E XPERIMENTAL R ESULTS
To evaluate the proposed semi-supervised multi-task-learning algorithm, experimental
results are presented on four data sets, one based on simulated data and the others on

TABLE I
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(0)

(0)

1 Initialize θ1 , · · · , θM and let n = 1.
2 Compute the variables ξ(θ (n−1) ) using (14) and (15); compute the variables
ζ(θ (n−1) ) using (16)
3 Block-coordinate gradient-ascending for {θ1 , · · · , θM }: for m = 1, · · · , M ,
compute
i−1
h
(n)
(n−1)
(n)
(n−1)
θm = θm
, θbm , θ
|θ (n−1) )
− γ ∇2 Q(θ
θbm

1:m−1

m+1:M
(n)
(n−1)
×∇θbm Q(θ1:m−1 , θbm , θm+1:M |θ (n−1) )

where
P
(n)
(n−1)
(n)
(n−1)
Q(θ1:m−1 , θbm , θm+1:M |θ (n−1) ) = M
F m (θ1:m−1 , θbm , θm+1:M |θ (n−1) )
m=1
P
P
(n)
(n−1)
mk
+ M
(θ1:m−1 , θbm , θm+1:M |θ (n−1) )
m=1
k∈Lm G
is computed using (18) and (19)
(n)
(n)
4 If `(θ1 · · · θM ) converges, the algorithm stops; otherwise, go back to 2.

real data. To replicate the class of MTL experiments in [30], we employ AUC as
the performance measure, where AUC stands for area under the receiver operation
characteristic (ROC) curve [38]. The relationship between the AUC and error rates is
discussed in [39].
Throughout this section, the basic setup of the semi-supervised MTL algorithm is as
follows. A separate tm -neighborhood is employed to represent the manifold information
(consisting of labeled and unlabeled data points) for each task, and tm is set to half
the number of data points in the task (this is selected to encourage a random walk to
sample a sufficient portion of a given neighborhood in feature space, after taking tm
2
2
I) and the soft delta is N (θm ; θl , ηml
I),
steps). The base prior p(θm |Υ) = N (θm ; 0, υm

where υm ≡ 1 and ηml ≡ 1 for m, l = 1, 2, · · · , M . The α balancing the base prior
and the soft delta’s is 0.3. These parameters have not been tuned and therefore do not
necessarily represent the best settings for the semi-supervised MTL algorithm.
It should be noted that many of the algorithm parameters are not set to constants;
they are instead chosen in a data-dependent manner, by exploiting their geometric
meanings. For example, σi represents the Euclidean distance traversed by data point xi
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in a single step of the random walk (σi is referred to as the step-size at xi ). To make
semi-supervised learning effective, the immediate neighbors of xi , i.e., the data points
reachable in a single step from xi (we also say these data points are immediately
connected to xi ), should be primarily comprised of data points with the same class
label as xi . One way of accomplishing this goal is to let σi = β minx6=xi kx − xi k
(the x achieving the minimum is the nearest neighbor of xi ) and choose β such that,
in a single step, the probability of xi reaching its nearest neighbor is large and the
probability of reaching other data points decay quickly with their distances from xi .
For the experimental results reported here, β = 1/3, and it is not difficult to verify from
(1)-(2) that the probability of reaching from xi beyond its nearest neighbor does decay
quickly (many other values of β also satisfy this property, which makes the proposed
algorithm robust). Thus one is assured that xi reaches at least one other data point in
its own class with high probability, and meanwhile the probability of its reaching the
opposite class is small; the latter is true because the data points from the opposite class
are presumably more distant from xi than its nearest neighbor and the fast decay of
immediate connectivity makes the probability of reaching the opposite class small.
A related parameter is t, the number of steps in the random walk to construct the tstep neighborhood. Under the condition that the σ’s are chosen as discussed above and
any data point has the same class label as its the nearest neighbor, any sufficiently large
t will generate a t-step neighborhood such that the following are true: data points of the
same class reside in the same neighborhood; data points of opposite classes reside in
different neighborhoods; the neighborhoods associated with different classes are at most
weakly connected. A sufficiently large t is one that permits any data point to reach all
other data points in its class via a t-step random walk. In the experiments here, t is equal
to a large percentage of the number of data points in each task (t is task-dependent)
to allow any data point to visit all others in its class. An outlier data point usually
has a class label different from that of its nearest neighbor, therefore outliers could
induce weak connections between the neighborhoods associated with different classes.
Between-class weak connections may also arise when the immediate connectivity to

17

any data point x does not decay completely when one enters the opposite class (the
class carrying a label different from that of x). The proposed semi-supervised MTL
algorithm is robust to the choice of t when the percentage of outliers is not significant
(thus the first-type between-class connections are eliminated) and different classes are
not seriously confused (which eliminates the second-type between-class connections).
Several parameters are associated with multi-task learning, namely, α, ηml , υm . The
first is the precision parameter of the “pseudo DP” and the second is the width of the
soft delta (implemented by a normal density function) for tasks m and l. The η’s and
α jointly indicate a priori the strength of sharing among the tasks (note that the only
parameter controlling sharing in the original DP is α since ηml shrinks to zero). A large
α or large η’s impose weak sharing. Although we have not obtained a rigorous analysis
of the effects of α and η’s on the proposed algorithm, we provide some intuitive analysis
here. There are two extremes of the proposed semi-supervised MTL algorithm. When
α or η’s increase, the sharing between tasks whittles down and the proposed algorithm
approaches semi-supervised STL; when α or η’s decrease, the sharing becomes stronger
and the proposed algorithm approaches semi-supervised pooling. With moderate choices
of α or η’s (such as those used in the experiments here), the proposed algorithm lies in
the middle and is expected to provide a balanced trade-off and induce an appropriate
sharing. The υm is a parameter of the base prior for task m. In general, one could place
a hyper-prior over the υ’s and learn their posterior based on data. In the experiments
here, the base priors take the form of a normal distribution and the υ’s are the standard
deviations. In our experiments, the υ’s are set to one, which are appropriate since the
data are normalized to zero mean and unit standard deviation.
A. Results on Simulated Data
In this subsection we focus on performance improvements brought by the introduction
of kernel on semi-supervised MTL (see the discussion in Section II-C). The specific
kernel selected was the radial basis function [31], and the kernel width was selected as
five (each feature is normalized to have zero mean and standard deviation of one, with
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this normalization implemented using all data across all tasks); this same normalization,
kernel, and kernel parameter setting are employed in the examples on real data presented
below.
The data distributions associated with the six tasks are shown in Figure 1, where
the true binary class labels are indicated by two different symbols and colors. The
data from each class was generated from a Gaussian mixture model. For Tasks 1,
2, and 3 the GMM parameters for class one (denoted with a blue star) are drawn
from a three-component mixture defined as follows. Mixture weights (three components): (0.3, 0.3, 0.4); respective two-dimensional
means: (1,1), (3, 3) and
 (5, 5); and


0.3 0.7
3.0 0.0
, Σ2 = 
, and Σ3 =
respective covariance matrices Σ1 = 
0.0 0.3
0.7 3.0


3.0 −0.5

. Data for class 2 in Tasks 1, 2, and 3 are drawn from a single
−0.5 0.3
Gaussian with mean (2.5, 1.5) and diagonal covariance with symmetric variance 0.5 .
For Tasks 4, 5 and 6 the GMM parameters for class one (denoted with blue star) are
drawn from a three-component mixture defined as follows. The three mixture weights
are (0.3, 0.3, 0.4); the respective two-dimensional means are (0.5, 0.5), (3, 2), and (5, 5);
and the respective covariances are Σ2 , Σ3 and Σ1 . In Tasks 4, 5, 6 the data for class
two are drawn from a single Gaussian with mean (2, 3), and diagonal covariance with
symmetric variance 0.5.
Each curve in Figure 2(a) represents the mean AUC over 50 independent trials as
a function of the number of labeled data. As seen from Figure 2(a), two observations
are made:
•

When the labeled data are insufficient, the information from related tasks brings
benefits to all classifiers and allows the semi-supervised MTL to outperform the
semi-supervised STL;

•

When tasks are not linearly separated, the introduction of kernel may help to
improve the classification performance.

To gain a better understanding of the sharing patterns that semi-supervised MTL finds
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Fig. 1. The six data manifolds used in the simulated example. The true binary class labels are indicated by different
symbols and different colors. Data from Tasks 1-6 are arranged (a)-(f), respectively.

for the six tasks, we plot the Hinton diagram [40] of the between-task sharing matrix
found by the semi-supervised MTL, averaged over the 50 trials. The (m, l)-th element
2

lk
), which is represented by a square in the
of sharing matrix is equal to exp(− kθm −θ
2

Hinton diagram, with a larger square indicating a larger value of the corresponding
element. The Hinton diagram in Figure 2(b) also shows the agreement of the sharing
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Fig. 2. (a) Performance of the semi-supervised MTL algorithm on Tasks 1-6 for the data in Figure 1. The horizontal
axis is the number of labeled data in each task. The vertical axis is the AUC averaged over the six tasks and 50
independent trials (b) The Hinton diagram of between-task sharing found by semi-supervised MTL, averaged over
50 independent trials. In (a), for the case in which a radial basis function (RBF) was not used, the classifier weights
were placed directly on the features (linear classifier); the RBF-based classifiers are non-linear.

mechanism of the semi-supervised MTL with the similarity between the tasks, as seen
from Figure 1.
For the three examples considered below, on real data, a more-extensive set of
comparisons are presented. Specifically, we consider six versions of supervised classification: (i) single-task learning (STL) with a linear classifier, (ii) STL with a nonlinear (radial-basis-function based) classifier, (iii) a linear classifier with the multi-task
data pooled together (pooling), (iv) pooling with a non-linear classifier, (v) multi-task
learning (MTL) with a linear classifier, and (vi) MTL with a non-linear classifier. In
addition, we consider the same six variants, for semi-supervised learning. Thus, a total
of twelve classifier combinations are compared. In addition, where available, we make
separate comparisons to results from the literature, particularly to linear supervised
MTL results from [30]; it is important to note that those results are distinct from the
supervised results discussed above, which are based on a special case of our algorithm.
For the linear classifier, either supervised or semi-supervised, φd (x) in (4) corresponds to the dth component of the feature vector x and D corresponds to the
dimensionality of the feature vector x. In single-task learning (STL) each data set
is processed in isolation, while for the pooling results a single classifier is designed
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based upon all of the multi-task data, with the data from all tasks treated as equally
(t )

important. For the semi-supervised pooling results, separate diffusion probabilities bijm

are constituted for the different tasks, as in the multi-task case, and the θm in (9) are
assumed equal (all of the data are pooled to infer a shared θm = θ).
B. Landmine Detection Based on Airborne Radar Data

0.8

0.8
0.78

0.75

Average AUC on 19 tasks

Average AUC on 19 tasks

0.76

0.7

0.65
Supervised STL (Xue et al.)
Supervised Pooling (Xue et al.)
Semi−Supervised Pooling
Supervised MTL (Xue et al.)
Semi−Supervised STL
Semi−Supervised MTL
Semi−Supervised MTL with RBF kernel

0.6

0.55

20

40

60
80
100
Number of Labeled Data in Each Task

120

0.74
0.72
0.7
Supervised STL with RBF kernel
Supervised Pooling with RBF kernel
Semi−Supervised Pooling with RBF kernel
Supervised MTL with RBF kernel
Semi−Supervised STL with RBF kernel
Semi−Supervised MTL with RBF kernel

0.68
0.66
0.64

140

20

40

60
80
100
120
Number of Labeled Data in Each Task

(a)

140

(b)

2

Index of Landmine Field

4
6
8
10
12
14
16
18
2

4

6

8
10
12
14
Index of Landmine Field

16

18

(c)
Fig. 3. Comparison of classification results for the landmine data, considering supervised, semi-supervised, linear,
and non-linear classifiers; results are also shown for single-task learning (STL), multi-task learning (MTL) and
pooling. Results are presented in terms of the area under the receiver operating characteristic (ROC) curve, denoted
on the vertical axis as AUC. The number of labeled data considered are 20, 40, 60, etc., with the points offset
to enhance readability of the error bars (manifested by considering 100 different randomly selected labeled data).
The number of data samples across the 19 tasks is given in Table II. (a) Linear classifiers, with comparison to the
proposed semi-supervised MTL with a nonlinear (RBF) classifier; (b) non-linear classifiers; (c) the inferred sharing
mechanisms between the 19 tasks, for the proposed semi-supervised MTL algorithm based on the nonlinear classifier
(using 140 labeled data).

We consider the remote sensing problem considered in [30], based on data collected
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from a real landmine field . In this problem there are a total of 19 sets of data, collected
from various landmine fields by an actual synthetic-aperture radar system. Each data
point is represented by a 9-dimensional feature vector extracted from the data.
Each of the 19 data sets defines a task, in which we aim to find landmines with a
minimum number of false alarms. Of the 19 data sets, 1-10 are collected at foliated
regions and 11-19 are collected at regions that are bare earth or desert (these demarcations are good, but not absolutely precise, since some barren areas have foliage, and
some largely foliated areas have bare soil as well). Therefore we expect two dominant
clusters of tasks, corresponding to the two different types of ground surface conditions.
The total number of data points in each task is listed in Table II.
TABLE II
N UMBER OF DATA POINTS IN EACH TASK FOR THE LANDMINE DATA SET CONSIDERED IN F IGURE 3.

Task ID

1

2

3

4

5

6

7

8

9

10

Number of data
Task ID

690
11

690
12

689
13

508
14

509
15

509
16

510
17

511
18

508
19

509

Number of data

445

449

448

449

449

451

454

447

449

The results are presented in Figure 3; the supervised linear-classifier results are from
[30], using method SMTL-2 discussed in [30]. Since the labeled data are selected
randomly, we perform 100 independent trials, and compute the mean as well as error
bars of AUC from the trials.
Of the twelve algorithms considered, the proposed semi-supervised MTL algorithm
based on the (nonlinear) RBF kernel provides best performance for all values of
labeled data considered, with the gains more evident when the labeled data are scarce.
Further, the relatively tight error bars on these results, compared to the other algorithms,
indicate that these results are statistically significant. We attribute the tight error bars
of the semi-supervised MTL results (using a linear or non-linear classifier) on the fact
2

The data from the landmine example are available at www.ece.duke.edu/∼lcarin/LandmineData.zip
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that these algorithms are exploiting significant contextual information: (i) labeled data
shared appropriately from across the multiple tasks, (ii) intra-task manifold information
realized via the unlabeled data and the random-walk diffusion process, (iii) and intertask manifold information shared appropriately via MTL. With this significant degree
of auxiliary information, it appears that the results are less sensitive to the specific
labeled data randomly selected. As expected, as the quantity of labeled data increases,
the STL algorithms have performance that approaches that of the MTL algorithms. By
comparing Figures 3(a) and (b), we note a general performance enhancement manifested
for the non-linear classifiers (in (b)), relative to the linear classifiers (in (a)); we used
different vertical scales in Figures 3(a) and (b) to enhance the visibility of distinctions
between the different results in each sub-figure.
We plot the Hinton diagram of between-task sharing for the semi-supervised MTL in
Figure 3(c), which shows a dominant sharing among tasks 1-10 and another dominant
sharing among tasks 11-19. As in the “toy” example above, the (m, l)-th element of
2

lk
sharing matrix is equal to exp(− kθm −θ
), with a larger square indicating a larger value
2

of the corresponding element. Recall from the beginning of this section that data sets
1-10 are from foliated regions and data sets 11-19 are from regions that are bare earth
or desert; therefore, the sharing is in agreement with the anticipated similarity between
tasks.
C. Underwater Mine Detection Based on Acoustic Scattering Data
We next consider the underwater-mine classification problem studied in [41], where
the acoustic imagery data were collected with four different imaging sonars from two
different environments (see [41] for details)3 . This is a binary classification problem
aiming to separate mines from non-mines based on the synthetic-aperture sonar (SAS)
imagery. For each sonar image, a detector finds the objects of interest, and a 13dimensional feature vector is extracted for each target. The number of mines in each
of the eight tasks varies from 9 to 65, and each task contains from 10 to 100 times
3

The data for the underwater mine example are available at www.ece.duke.edu/∼lcarin/UnderwaterMines.zip
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more non-mines (clutter) than mines.
In this problem, there are a total of 8 data sets, constituting 8 tasks. The 8 data sets
are collected with four sonar sensors from two different environmental conditions. The
total number of data points in each task is listed in Table III. The distribution of sensors
TABLE III
N UMBER OF DATA POINTS IN EACH TASK FOR THE UNDERWATER - MINE DATA SET CONSIDERED IN F IGURE 4.

Task ID

1

2

3

4

5

6

7

8

Number of data

1813

3562

1312

1499

2853

1162

1134

756

and environments are listed in Table IV.
TABLE IV
D ISTRIBUTION OF S ENSORS AND E NVIRONMENTS OVER 8 TASKS . E NVIRONMENT A IS RELATIVELY
CHALLENGING WHILE

E NVIRONMENT B RELATIVELY BENIGN , WITH THESE CHARACTERISTICS MANIFESTED
BY THE DETAILS OF THE SEA BOTTOM .

Task

Sonar

Environment

1
2
3
4
5
6
7
8

1
1
2
3
4
2
3
4

B
A
B
B
B
A
A
A

Following [41], we perform 100 independent trials, in each of which we randomly
select a subset of data for which labels are assumed known (labeled data). The AUC
averaged over 8 tasks is presented in Figure 4(a) for the linear classifiers and in Figure
4(b), for the non-linear classifiers; AUC results are again presented as a function of the
number of labeled data in each task, where each curve represents the mean calculated
from the 100 independent trials. The results of supervised STL and supervised MTL are
cited from [41]. In this case the linear and non-linear semi-supervised MTL classifiers
yield comparable results when the number of labeled data is relatively large, while for

25

smaller quantities of labeled data the non-linear classifier shows advantages. While the
pooling results are sometimes good, they do not appear to be as stable as the MTL
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Fig. 4. Comparison of classification results for the underwater mine data, considering supervised, semi-supervised,
linear, and non-linear classifiers; results are also shown for single-task learning (STL) and multi-task learning (MTL).
Results are presented in terms of the area under the receiver operating characteristic (ROC) curve, denoted on the
vertical axis as AUC. The number of labeled data considered are 10, 20, 30, etc., with the points offset to enhance
readability of the error bars (manifested by considering 100 different randomly selected labeled data). The number
of data samples across the 8 tasks is given in Table IV. (a) Linear classifiers, with comparison to the proposed semisupervised MTL with a nonlinear (RBF) classifier; (b) non-linear classifiers; (c) the inferred sharing mechanisms
between the 19 tasks, for the proposed semi-supervised MTL algorithm based on the nonlinear classifier (based on
20 labeled data).

The results on underwater target classification reveal relative performance among
the twelve algorithms that is consistent with those shown above for the landminesensing example. One difference, for this example, is that the pooling results were
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similar to those of the associated MTL results (e.g., the semi-supervised MTL results
were comparable to those of the semi-supervised pooling results). This is attributed
to the observation that, for this data, the inter-task sharing properties inferred from
the MTL analysis are not as stark as they were for the landmine example above. The
MTL-inferred inter-task sharing properties are depicted in Figure 4(c), as computed
for the semi-supervised MTL algorithm with an RBF kernel. This demonstrates that in
some cases pooling may be appropriate, but this information is generally unknown a
priori, and the MTL results are comparable to pooling under such circumstances. This
suggests that in general, when the sharing mechanisms are unknown, it may be prudent
to perform MTL rather than pooling.
D. Art Image Retrieval
In our final example we consider data from a web survey built to collect user
ratings on 642 paintings from 30 artists4 . A user chooses his rating of an image from
“like”,“dislike” or “not sure”. Every user may give ratings only on a subset of all images.
In total 203 user ratings are collected. Our objective is to estimate a user’s preference on
unrated images. We model this as a binary classification problem. Each user corresponds
to a classification task. The images rated as “like” are labeled “1”, “dislike” labeled
“0” and the images with the rating “not sure” are not included. The content of an
image is described by a 275-dimensional (275-D) feature vector concatenating a 256-D
correlagram, a 10-D Pyramid wavelet texture analysis, and 9-D first and second color
moments.
The painting image data differ with the sensing data above in two respects. First,
the low-level features of image content, e.g., color and texture, are weak indicators of
human preferences, therefore the content of an image is less helpful than ratings on
that image from other users with similar interests. Second, because user preferences are
very diverse, the clustering structure of tasks is expected to be more complex than that
of the landmine detection tasks. Also, we note that the feature-vector dimensionality
4

The survey is online at http://honolulu.dbs.informatik.uni-muenchen.de:8080/paintings/index.jsp.
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is now relatively large. In this experiment we consider the same 68 users of 203 user
ratings, as considered in [30], each of whom having rated more than 100 images.
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Fig. 5. Algorithm classification performance on art-retrieval example, quantified in terms of area under the ROC
curve, denoted AUC. (a) Linear classifiers, (b) non-linear classifiers using a radial-basis function (RBF) kernel.

Following [30], we perform 50 independent trials. The AUC averaged over the 68
tasks is presented in Figure 5, as a function of the number of labeled data (rated images)
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in each task, where each curve represents the mean calculated from the 50 independent
trials and the error bars represent the corresponding standard deviations. The results of
supervised STL and MTL are cited from [30] (using method SMTL-2 from that paper).
Relative to the other algorithms, semi-supervised MTL performs very well, improving
upon results of the other algorithms by significant margins in almost all individual trials
(as seen from the error bars).
V. C ONCLUSIONS
We have developed a new classification algorithm that merges ideas from semisupervised and multi-task learning. The algorithm exploits context from two perspectives: (i) the classification of any one unlabeled sample is placed within the context
of all unlabeled data, and (ii) the classification of all data within a particular data set
(task) is placed within the context of all other data sets (tasks) that may be available.
Concerning (ii), these multiple data sets may be collected simultaneously, or they may
be collected sequentially over the “lifetime” of the system or sensor. The main challenge
in this latter form of context involves determining which data sets are relevant for the
data set of interest, since not all data sets are anticipated to be relevant for one another.
This problem has been addressed using a variant of the Dirichlet process [29]. An
important aspect of the proposed method is that it is implemented efficiently using an
expectation-maximization (EM) framework, and therefore all computations presented
here have been performed on a PC, using un-optimized Matlab software. The software
is very fast computationally, with run times much faster than other related approaches
based on a variational Bayesian analysis using the Dirichlet process for multi-task
learning [30].
Concerning future research, one may observe M − 1 data sets previously, with these
data partially labeled, as considered here. When observing the M th data set, one may
not have any labeled data, but will often have access to a large quantity of unlabeled
data from this task. It is of interest to develop transfer-learning algorithms that may
infer a classifier for task M , even though one has no associated labeled data. It is
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believed that the manifold information alone may be used to infer which of the M − 1
tasks (if any) are relevant for the M th task, and if there is at least one relevant task the
associated labels may be “transferred” to the M th task. It therefore seems feasible to
perform inference on a new task based only on unlabeled data, particularly if the M −1
tasks observed previously are sufficiently rich. This concept may also be integrated with
active learning [42], to infer which data from task M would be most informative to
algorithm training if the associated labels could be acquired. Ideally, if the manifold
information from the unlabeled data from task M is sufficient, the required number of
actively-determined labels required for task M would be small or even zero.
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