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Background and motivation

® Dimensionality reduction, manifold learning
® Are these relevant to prediction?
® How to take target variable into consideration?

® [earning prediction model and manifold simultaneously
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Basic ideas (1/2)

® Discriminative models (regression/classification): p(Y|X)
® Generative models (inverse regression): p(X|Y)

® [earning gradients — jointly estimate the regression function
fr(z) = Ey[Y]X = a]
and the covariation of the inverse regression
Qxjy = cov(E(X|Y))
® Gradient outer product (GOP) matrix:

D=E{[V.f[V.r]"}
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Basic ideas (2/2)

Proposition 1. Assumey = 1z +¢€, €~ N(0,02). Given
Qxjy = cov(E(X|Y)), 05 = var(Y), Ex = cov(X), the GOP matrix is

2\ 2
[=oy (1 - g—§> Sy Qxpy Dy
Y

Corollary 2. Given X = UL 1R fr(@) =06z +¢ Vo€ R;, Ee; =0,
Q; = cov(E(X € R;|Y)), 02 = var(Y|X € R;), Z; = cov(X € R;), the GOP

matrix can be defined in terms of the local quantities

z 2
0. _ —
I' = ZPX(Rz)UE ( 0‘2Z> Ez 1Qz2z 1

1=1

where px (R;) = f:ceRz- px (x)dx
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Estimating gradients (1/2)

® Taylor expansion of the regression function
fr(w) = fol@) + V(@) - (u—2), for ur~ e
® When evaluated at data samples,
fr(zi) = fr(zy) + V fr(x)) - (20 — 25), for m; = x;

® |Inregression, given data D = {(y;, x;)}_,, Simultaneously estimate

—

(o fp) =arg _min (en(f)f) + MIFI% + Xl fl%)
(f.ferET

g n g 2
where, ep(f, f) =& S0, wi (yz — {f(acj) + f(xy) - (w; — acj)D ,
| - ||x is the norm in reproducing kernel Hilbert space (RKHS),

Wi = exp(—||z; — C’7J'H2/232)
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Estimating gradients (2/2)

® |In classification, given data D = {(y;, ;) }I~,, Simultaneously estimate

(fo.fo) =arg _min _ (B(fof) + Ml fIE + del FI% )
(f.f)ery"

where, %,(f, f) = & 30w (yz [f(fb‘j) + () - (2 — fl?j)D,

o(t) = In(1 + e~ ) is the logistic loss function.

® By the representer theorem (Wahba, 1990), the solutions in both
cases are, for o; p € Rand ¢; p € RP,

n

fo(x) = ZO&Z',DK(x,ZEZ‘), ]FD(ZIZ) — ZCZ‘7DK(CB,ZIZZ')

1=1

L N -
® The GOP matrix is estimated as F:—E fo(x;) @ fp(x;)
n
1=1
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Joint features reduction & prediction (1/2)

® Feature selection:

. - af?“ ’
ranking of the ¢-th feature = I';; ~ E x S
x

® Linear feature construction — eigenvalue decomposition of GOP

n
F:Z)\ZUZUT )\12"'2)\m2)\m+1%---%)\p%0
1=1

then uq, - - -, u,, define the m < n new features most relevant to the
prediction
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Joint features reduction & prediction (2/2)

® Nonlinear dimension reduction — gradient based diffusion maps

# Function adapted graph affinity matrix

|l — 25 )1° |1f (i) — f(xj)||2)

01 02

We(xi, zj) = exp (—

constructed for labeled as well as unlabeled data

» f(zi) — f(z)) = ngfBz')(ﬂfj —a)or
flxs) = flzg) = 5[fp(e:)(x; — ) + o) (z — x;))],

with fp estimated from labeled data

» Construct diffusion maps based on W,

—p. 8/10



10

20

Dimensions

60

70r

80k

Dimensions
B
o

60

701

80&

30

40+

50

5 10 15 20 25 30 35 4(;
Samples

(@)

‘e
e

10 20 30 40 50 60 70 80
Dimensions

(€)

115

105

1-05

705

10.4

0.3

10.2

40.1

-0.1

o o I3
N © © -

I3
o

RKHS norm

o
© =

o
)

Probability y=+1

o
o

o

o
S
T

(d)

DED a2}
a
o
DD
o5 Yo
DED:‘DEDD =8
=
10 20 30 40 50 60 70 80
Dimensions
%%%%%%%%%%%%%%%%%%%% L L L
5 10 15 20 25 30 35 40
Samples

Figure 1: a) The data matrix where each sample corresponds to a column and the first tw
samples correspond to clas4d and the second twenty to clas4, b) the RKHS norm
for each dimension, c) the empirical covariance matrix, d) the predicted clasHilitods
on the training data.
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Figure 3: a) The first two dimensions of the data matrix ckagsare the circles and classl are
the stars, b) the empirical covariance matrix for the first 10 dimensions, c) the RKHS
norm for the first 100 dimensions , d) the RKHS norm for the first 10 dimensions, e) the
predicted class probabilities on the training data with no feature selection again circles
are classt+1 and stars are classl, f) the predicted class probabilities on the training

data with feature selection.
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