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Abstract

Spectralclusteringrefersto a classof techniqueswhich rely on theeigenstructureof a similarity
matrixto partitionpointsinto disjointclusters,with pointsin thesameclusterhaving highsimilarity
andpointsin differentclustershaving low similarity. In this paper, we derive new costfunctions
for spectralclusteringbasedon measuresof errorbetweena givenpartitionanda solutionof the
spectralrelaxationof a minimum normalizedcut problem. Minimizing thesecostfunctionswith
respectto thepartitionleadsto new spectralclusteringalgorithms.Minimizing with respectto the
similarity matrix leadsto algorithmsfor learningthesimilarity matrix from fully labelleddatasets.
We applyour learningalgorithmto theblind one-microphonespeechseparationproblem,casting
theproblemasoneof segmentationof thespectrogram.

Keywords: spectralclustering,blind sourceseparation,computationalauditorysceneanalysis

1. Intr oduction

Spectralclusteringhasmany applicationsin machinelearning,exploratorydataanalysis,computer
vision andspeechprocessing.Most techniquesexplicitly or implicitly assumea metricor a simi-
larity structureover thespaceof con�gurations,which is thenusedby clusteringalgorithms.The
successof suchalgorithmsdependsheavily on thechoiceof themetric,but this choiceis generally
not treatedaspart of the learningproblem. Thus, time-consumingmanualfeatureselectionand
weightingis oftenanecessaryprecursorto theuseof spectralmethods.

Several recentpapershave consideredways to alleviate this burden by incorporatingprior
knowledgeinto themetric,eitherin thesettingof K-meansclustering(Wagstaff et al., 2001;Xing
et al., 2003;Bar-Hillel et al., 2003)or spectralclustering(Yu andShi, 2002;Kamvar et al., 2003).
In this paper, we considera complementaryapproach,providing a generalframework for learning
the similarity matrix for spectralclusteringfrom examples.We assumethat we aregiven sample
datawith known partitionsandareaskedto build similarity matricesthatwill leadto thesepartitions
whenspectralclusteringis performed.This problemis motivatedby the availability of suchdata
setsfor at leasttwo domainsof application:in vision andimagesegmentation,databasesof hand-
labelledsegmentedimagesarenow available(Martin et al., 2001),while for the blind separation
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of speechsignalsvia partitioningof the time-frequency plane(Brown andCooke, 1994),training
examplescanbecreatedby mixing previouslycapturedsignals.

Anotherimportantmotivation for our work is theneedto developspectralclusteringmethods
thatarerobustto irrelevantfeatures.Indeed,aswe show in Section4.5,theperformanceof current
spectralmethodscandegradedramaticallyin thepresenceof suchirrelevantfeatures.By usingour
learningalgorithmto learnadiagonally-scaledGaussiankernelfor generatingthesimilarity matrix,
weobtainanalgorithmthatis signi�cantly morerobust.

Ourwork is basedoncostfunctionsJ1(W;E) andJ2(W;E) thatcharacterizehow closetheeigen-
structureof a similarity matrixW is to a partitionE. We derive thesecostfunctionsin Section2.
As we show in Section2.5,minimizing thosecostfunctionswith respectto thepartitionE leadsto
new clusteringalgorithmsthat take the form of weightedK-meansalgorithms. Minimizing them
with respectto W yieldsa theoreticalframework for learningthesimilarity matrix, aswe show in
Section3. Section3.3 providesfoundationalmaterialon the approximationof the eigensubspace
of a symmetricmatrix that is neededfor Section4, which presentslearningalgorithmsfor spectral
clustering.

Wehighlightoneotheraspectof theproblemhere—themajorcomputationalchallengeinvolved
in applyingspectralmethodsto domainssuchas vision or speechseparation.Indeed,in image
segmentation,the numberof pixels in an imageis usually greaterthan hundredsof thousands,
leadingto similarity matricesof potentialhugesizes,while, for speechseparation,four seconds
of speechsampledat 5.5 kHz yields22,000samplesandthusa naive implementationwould need
to manipulatesimilarity matricesof dimensionat least22;000� 22;000. Thus a major part of
our effort to apply spectralclusteringtechniquesto speechseparationhasinvolved the designof
numericalapproximationschemesthatexploit thedifferenttimescalespresentin speechsignals.In
Section4.4,we presentnumericaltechniquesthatareappropriatefor genericclusteringproblems,
while in Section6.3,weshow how thesetechniquesspecializeto speech.

2. SpectralClustering and Normalized Cuts

In this section,we presentour spectralclusteringframework. Following Shi and Malik (2000)
andGu et al. (2001),we derive thespectralrelaxationthroughnormalizedcuts.Alternative frame-
works,basedon Markov randomwalks (Meila andShi, 2002),on differentde�nitions of thenor-
malizedcut (Meila andXu, 2003),or onconstrainedoptimization(HighamandKibble, 2004),lead
to similar spectralrelaxations.

2.1 Similarity Matrices

Spectralclusteringrefersto aclassof techniquesfor clusteringthatarebasedonpairwisesimilarity
relationsamongdatapoints. Given a datasetI of P pointsin a spaceX, we assumethat we are
givenaP� P “similarity matrix” W thatmeasuresthesimilarity betweeneachpairof points:Wpp0 is
largewhenpointsindexedby p andp0arepreferablyin thesamecluster, andis smallotherwise.The
goalof clusteringis to organizethedatasetinto disjoint subsetswith high intra-clustersimilarity
andlow inter-clustersimilarity.

Throughoutthis paperwe alwaysassumethat theelementsof W arenonnegative (W > 0) and
thatW is symmetric(W = W> ). Moreover, we make the assumptionthat the diagonalelements
of W are strictly positive. In particular, contraryto most work on kernel-basedalgorithms,our
theoreticalframework makesno assumptionsregardingthepositive semide�nitenessof thematrix
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(asymmetricmatrixW is positivesemide�niteif andonly if for all vectorsu2 RP, u> Wu> 0). If in
factthematrix is positivesemide�nitethiscanbeexploitedin thedesignof ef�cient approximation
algorithms(seeSection4.4). But thespectralclusteringalgorithmspresentedin this paperarenot
limited to positivesemide�nitematrices.

A classicalsimilarity matrix for clusteringin Rd is the diagonally-scaledGaussiansimilarity,
de�ned betweenpairsof points(x;y) 2 Rd � Rd as:

W(x;y) = exp(� (x� y)> Diag(a)(x� y)) ;

wherea 2 Rd is avectorof positiveparameters,andDiag(a) denotesthed� d diagonalmatrixwith
diagonala. It is alsovery commonto usesuchsimilarity matricesafter transformationto a setof
“features,” whereeachfeaturecandependon theentiredataset(xi) i= 1;:::;P or a subsetthereof(see,
for example,Shi andMalik, 2000,for anexamplefrom computationalvision andseeSection5 of
thecurrentpaperfor examplesfrom speechseparation).

In thecontext of graphpartitioning wheredatapointsareverticesof anundirectedgraphand
Wi j is de�ned to beoneif thereis anedgebetweeni and j, andzerootherwise,W is oftenreferred
to asan“af�nity matrix” (Chung,1997).

2.2 Normalized Cuts

We let V = f 1; :::;Pg denotethe index setof all datapoints. We wish to �nd R disjoint clusters,
A= (Ar )r2f 1;:::;Rg, where

S
rAr = V, thatoptimizea certaincostfunction. In this paper, we consider

theR-way normalizedcut,C(A;W), de�ned asfollows (Shi andMalik, 2000;Gu et al., 2001).For
two subsetsA;B of V, de�ne the total weightbetweenA andB asW(A;B) = å i2Aå j2BWi j . Then
thenormalizedcut is equalto:

C(A;W) =
R

å
r= 1

W(Ar ;VnAr )
W(Ar ;V)

: (1)

Noting thatW(Ar ;V) = W(Ar ;Ar ) + W(Ar ;VnAr ), we seethatthenormalizedcut is small if for all
r, theweightbetweenther-th clusterandtheremainingdatapointsis smallcomparedto theweight
within that cluster. The normalizedcut criterion thuspenalizesunbalancedpartitions,while non-
normalizedcriteriadonotandoftenleadto trivial solutions(e.g.,aclusterwith onlyonepoint)when
appliedto clustering.In additionto beingmoreimmuneto outliers,thenormalizedcutcriterionand
theensuingspectralrelaxationshaveasimplertheoreticalasymptoticbehavior whenthenumberof
datapointstendto in�nity (vonLuxburg etal., 2005).

Let er bethe indicatorvectorin RP for ther-th cluster, that is, er 2 f 0;1gP is suchthater has
a nonzerocomponentonly for pointsin the r-th cluster. Knowledgeof E = (e1; : : : ;eR) 2 RP� R is
equivalentto knowledgeof A= (A1; : : : ;AR) and,whenreferringto partitions,we will usethe two
formulationsinterchangeably. A shortcalculationrevealsthatthenormalizedcut is thenequalto:

C(E;W) =
R

å
r= 1

e>
r (D � W)er

e>
r Der

;

whereD denotesthe diagonalmatrix whosei-th diagonalelementis the sumof the elementsin
the i-th row of W, that is, D = Diag(W1), where1 is de�ned as the vector in RP composedof
ones.Sincewe have assumedthatall similaritiesarenonnegative, thematrix L = D � W, usually
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referredto asthe“Laplacianmatrix,” is a positive semide�nitematrix (Chung,1997). In addition,
its smallesteigenvalueis alwayszero,with eigenvector1. Also, wehaveassumedthatthediagonal
of W is strictly positive, which implies thatD is positive de�nite. Finally, in thenext section,we
alsoconsiderthenormalizedLaplacianmatrixde�nedaseL = I � D� 1=2WD� 1=2. Thismatrix is also
positivede�nite with zeroasits smallesteigenvalue,associatedwith eigenvectorD1=21.

Minimizing the normalizedcut is an NP-hardproblem(Shi andMalik, 2000;Meila andXu,
2003).Fortunately, tractablerelaxationsbasedoneigenvaluedecompositioncanbefound.

2.3 SpectralRelaxation

The following proposition,which extendsa resultof Shi andMalik (2000)for two clustersto an
arbitrarynumberof clusters,givesan alternative descriptionof the clusteringtask,andleadsto a
spectralrelaxation:

Proposition1 For all partitions E into R clusters, the R-waynormalizedcut C(W;E) is equalto
R� trY> D� 1=2WD� 1=2Y for anymatrixY 2 RP� R such that:

(a) thecolumnsof D� 1=2Y arepiecewiseconstantwith respectto theclustersE,
(b) Y hasorthonormalcolumns(Y> Y= I).

Proof Theconstraint(a) is equivalentto theexistenceof a matrix L 2 RR� R suchthatD� 1=2Y =
EL. Theconstraint(b) is thuswrittenasI = Y> Y= L > E> DEL. ThematrixE> DE is diagonal,with
elementse>

r Der andis thuspositive andinvertible. The R� R matrix M = (E> DE)1=2L satis�es
M> M = I, thatis, M is orthogonal,which impliesI = MM> = (E> DE)1=2LL > (E> DE)1=2.

This immediatelyimpliesthatLL > = (E> DE) � 1. Thuswehave:

R� trY> (D� 1=2WD� 1=2)Y = R� trL > E> D1=2(D� 1=2WD� 1=2)D1=2EL

= R� trL > E> WEL

= R� E> WELL > = trE> WE(E> DE) � 1

= C(W;E);

whichcompletestheproof.

By removing theconstraint(a), weobtaina relaxedoptimizationproblem,whosesolutionsinvolve
the eigenstructureof D� 1=2WD� 1=2 andwhich leadsto the classicallower boundon the optimal
normalizedcut (Zhaet al., 2002;Chanet al., 1994). The following propositiongivesthesolution
obtainedfrom thespectralrelaxation1:

Proposition2 Themaximumof trY> D� 1=2WD� 1=2Y overmatricesY 2 RP� R such thatY> Y= I is
thesumof theR largesteigenvaluesof D� 1=2WD� 1=2. It is attainedat all Y of the formY = UB1

whereU 2 RP� R is anyorthonormalbasisof theR-thprincipal subspaceof D� 1=2WD� 1=2 andB1

is anarbitrary orthogonalmatrix in RR� R.

Proof Let eW = D� 1=2WD� 1=2. Thepropositionis equivalentto theclassicalvariationalcharacter-
izationof thesumof theR largesteigenvaluesl 1( eW) > � � � > l R( eW) of eW—a resultknown asKy
Fan's theorem(OvertonandWomersley, 1993):

l 1( eW) + � � � + l R( eW) = maxf trY> eWY;Y 2 RP� R;Y> Y = Ig;

1. Tighterrelaxationsthatexploit thenonnegativity of clusterindicatorscanbeobtained(Xing andJordan,2003).These
leadto convex relaxations,but their solutioncannotbesimply interpretedin termsof eigenvectors.
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wherethe maximumis attainedfor all matricesY of the form Y = UB1, whereU 2 RP� R is any
orthonormalbasisof theR-th principalsubspaceof eW andB1 is anarbitraryorthogonalmatrix in
RR� R. NotethattheR-th principalsubspaceis uniquelyde�ned if andonly if l R 6= l R+ 1 (i.e., there
is apositiveeigengap).

The solutionsfound by this relaxationwill not in generalbe piecewise constant,that is, they
will not in generalsatisfyconstraint(a) in Proposition1, andthusthe relaxed solutionhasto be
projectedback to the constraintset de�ned by (a), an operationwe refer to as “rounding,” due
to the similarity with the roundingperformedafter a linear programmingrelaxationof an integer
programmingproblem(BertsimasandTsitsiklis,1997).

2.4 Rounding

Our roundingprocedureis basedon theminimizationof a metricbetweentherelaxedsolutionand
the entiresetof discreteallowed solutions. Differentmetricsleadto differentroundingschemes.
In this section,we presenttwo differentmetricsthattake into accounttheknown invariancesof the
problem.

2.4.1 COMPARISON OF SUBSPACES

Solutionsof therelaxedproblemarede�ned up to anorthogonalmatrix, thatis,Yeig = UB1, where
U 2 RP� R is any orthonormalbasisof the R-th principal subspaceof M and B1 is an arbitrary
orthogonalmatrix. Thesetof matricesY thatcorrespondto apartitionE andthatsatisfyconstraints
(a) and(b) areof theformYpart = D1=2E(E> DE) � 1=2B2, whereB2 is anarbitraryorthogonalmatrix.

Sinceboth matricesare de�ned up to an orthogonalmatrix, it makes senseto comparethe
subspacesspannedby their columns. A commonway to comparesubspacesis to comparethe
orthogonalprojectionoperatorson thosesubspaces(GolubandLoan,1996),thatis, to computethe
Frobeniusnorm betweenYeigY>

eig = UU> andthe orthogonalprojectionoperatorP 0(W;E) on the
subspacespannedby thecolumnsof D1=2E = D1=2(e1; : : : ;er ), equalto:

P0(W;E) = YpartY>
part

= D1=2E(E> DE) � 1E> D1=2

= å
r

D1=2ere>
r D1=2

e>
r Der

:

We thusde�ne thefollowing costfunction:

J1(W;E) = 1
2






 U(W)U(W)> � P0(W;E)








2

F
: (2)

Othercostfunctionscouldbederivedusingdifferentmetricsbetweenlinearsubspaces,but asshown
in Section2.5,theFrobeniusnormbetweenorthogonalprojectionshastheappealingfeaturethatit
leadsto aweightedK-meansalgorithm.2

2. Anothernaturalpossibilityfollowedby Yu andShi (2003)is to comparedirectlyU (or anormalizedversionthereof)
with theindicatormatrixE, up to anorthogonalmatrixR, which thenhasto beestimated.This approachleadsto an
alternatingminimizationschemesimilar to K-means.
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Using the fact that both U(W)U(W)> and P0(W;E) are orthogonalprojectionoperatorson
linearsubspacesof dimensionR, wehave:

J1(W;E) =
1
2

trU(W)U(W)> +
1
2

trP0(W;E)P0(W;E)> � trU(W)U(W)> P0(W;E)

=
R
2

+
R
2

� trU(W)U(W)> P0(W;E)

= R� å
r

e>
r D1=2U(W)U(W)> D1=2er

e>
r Der

:

Notethat if thesimilarity matrixW hasrankequalto R, thenour costfunctionJ1(W;E) is exactly
equalto thenormalizedcutC(W;E).

2.4.2 NORMALIZATION OF EIGENVECTORS

By construction of the orthonormal basis U of the R-dimensional principal subspaceof
eW = D� 1=2WD� 1=2, the P R-dimensionalrows u1; : : : ;uP 2 RR arealreadyglobally normalized,
that is, they satisfyU> U = å P

i= 1uiu>
i = I. Additional renormalizationof thoseeigenvectorshas

proved worthwhile in clusteringapplications(ScottandLonguet-Higgins,1990;Weiss,1999;Ng
et al., 2002),ascanbeseenin theidealizedsituationin which thesimilarity is zerobetweenpoints
that belongto differentclustersandstrictly positive betweenpoints in the sameclusters. In this
situation,the eigenvalue1 hasmultiplicity R, andD1=2E is an orthonormalbasisof the principal
subspace.Thus,any basisU of the principal subspacehasrows which arelocatedon orthogonal
raysin RR, wherethe distancefrom the i-th row ui to the origin is simply D1=2

ii . By normalizing

eachrow by the valueD1=2
ii or by its norm kuik, the rows becomeorthonormalpoints in RR (in

the idealizedsituation)andthusaretrivial to cluster. Ng et al. (2002)have shown that whenthe
similarity matrix is “close” to this idealizedsituation,theproperlynormalizedrows tightly cluster
aroundanorthonormalbasis.

Wealsode�ne analternativecostfunctionby removing thescalingintroducedby D; thatis, we
multiply U by D� 1=2 andre-orthogonalizeto obtain:V = D1=2U(U> D� 1U) � 1=2, whereweuseany
of thematrix squarerootsof U> D� 1U (our framework is independentof thechosensquareroot).
Notethatthis is equivalentto consideringthegeneralizedeigenvectors(i.e.,vectorsx 6= 0 suchthat
Wx = l Dx for acertainl ). We thusde�ne thefollowing costfunction:

J2(W;E) =
1
2






 V(W)V(W)> � E(E> E) � 1E>








2

F
(3)

=
1
2











V(W)V(W)> �

r

å
i= 1

ere>
r

e>
r er












2

F

:

Our two costfunctionscharacterizetheability of thematrixW to producethepartitionE when
usingits eigenvectors.Minimizing with respectto E leadsto new clusteringalgorithmsthatwenow
present.Minimizing with respectto the matrix W for a given partition E leadsto algorithmsfor
learningthesimilarity matrix,asweshow in Section3 andSection4.

In practice,thetwo costfunctionsleadto verysimilar results.The�rst costfunctionhasclosest
ties to the normalizedcut problemsinceit is equalto the normalizedcut for similarity matrices
of rank R, while the secondcost function leadsto bettertheoreticallearningboundsasshown in
Section3.2.
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2.5 SpectralClustering Algorithms

In this section,we provide a variationalformulationof our two costfunctions. Thosevariational
formulationsleadnaturally to K-meansandweightedK-meansalgorithmsfor minimizing those
cost functionswith respectto the partition. While K-meansis often usedheuristicallyasa post-
processorfor spectralclustering(Ng et al., 2002;Meila andShi, 2002),our approachprovidesa
mathematicalfoundationfor theuseof K-means.

2.6 WeightedK-means

The following theorem,inspiredby the spectralrelaxationof K-meanspresentedby Zha et al.
(2002),shows thatthecostfunctioncanbeinterpretedasaweighteddistortionmeasure:

Theorem3 LetW bea similarity matrixandletU = (u1; : : : ;uP)> , whereup 2 RR, beanorthonor-
malbasisof theR-thprincipal subspaceof D� 1=2WD� 1=2, anddp = Dpp for all p. For anypartition
E � A, wehave

J1(W;E) = min
(µ1;:::;µR)2RR� Rå

r
å

p2Ar

dpkupd� 1=2
p � µrk2:

Proof Let D(µ;A) = å r å p2Ar
dpkupd� 1=2

p � µrk2. Minimizing D(µ;A) with respectto µ is adecou-
pledleast-squaresproblemandweget:

minµD(µ;A) = å r å p2Ar
u>

p up � å r kå p2Ar
d1=2

p upk2=(å p2Ar
dp)

= å pu>
p up � å r å p;p02Ar

d1=2
p d1=2

p0 u>
p up0=(e>

r Der )

= R� å r e>
r D1=2UU> D1=2er=(e>

r Der ) = J1(W;E):

This theoremhasan immediatealgorithmic implication—tominimize the cost function J1(W;E)
with respectto thepartitionE, we canusea weightedK-meansalgorithm.Theresultingalgorithm
is presentedin Figure1.

For thesecondcostfunction,we have a similar theorem,which leadsnaturallyto theK-means
algorithmpresentedin Figure2:

Theorem4 LetW bea similarity matrix and let U bean orthonormalbasisof theR-thprincipal
subspaceof D� 1=2WD� 1=2, andV = D1=2U(U> DU) � 1=2. For anypartition E � A, wehave

J2(W;E) = min
(µ1;:::;µR)2RR� Rå

r
å

p2Ar

kvp � µrk2:

The roundingproceduresthat we proposein this paperaresimilar to thosein otherspectral
clusteringalgorithms(Ng et al., 2002;Yu andShi, 2003). Empirically, all suchroundingschemes
usually leadto similar partitions. The main advantageof our procedure—whichdiffers from the
othersin beingderivedfrom a costfunction—isthat it naturallyleadsto analgorithmfor learning
thesimilarity matrix from data,presentedin Section3.
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Input : Similarity matrixW 2 RP� P.
Algorithm :

1. Compute�rst ReigenvectorsU of D� 1=2WD� 1=2 whereD= diag(W1).
2. Let U = (u1; : : : ;uP)> 2 RP� R anddp= Dpp.
3. Initialize partitionA.
4. WeightedK-means:While partitionA is not stationary,

a. For all r, µr = å p2Ar
d1=2

p up=å p2Ar
dp

b. For all p, assignp to Ar wherer = argminr0kupd� 1=2
p � µr0k

Output : partitionA, distortionmeasureå r å p2Ar
dpkupd� 1=2

p � µrk2

Figure1: Spectralclusteringalgorithmthat minimizesJ1(W;E) with respectto E with weighted
K-mean.SeeSection2.6for theinitializationof thepartitionA.

Input : Similarity matrixW 2 RP� P.
Algorithm :

1. Compute�rst ReigenvectorsU of D� 1=2WD� 1=2 whereD= diag(W1).
2. Let V = D1=2U(U> DU) � 1=2

3. Let V = (v1; : : : ;vP)> 2 RP� R

4. Initialize partitionA.
5. WeightedK-means:While partitionA is not stationary,

a. For all r, µr = 1
jApj å p2Ar

up

b. For all p, assignp to Ar wherer = argminr0kup � µr0k
Output : partitionA, distortionmeasureå r å p2Ar

kup � µrk2

Figure2: Spectralclusteringalgorithmthat minimizesJ2(W;E) with respectto E with K-means.
SeeSection2.6for theinitializationof thepartitionA.
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Initialization TheK-meansalgorithmcanbeinterpretedasacoordinatedescentalgorithmandis
thussubjectto problemsof localminima.Thusgoodinitializationis crucialfor thepracticalsuccess
of thealgorithmin Figure1.

A similarity matrix W is saidperfectwith respectto a partition E with R clustersif the cost
functionsJ1(W;E) andJ2(W;E) areexactly equalto zero. This is true in at leasttwo potentially
distinct situations: (1) when the matrix W is block-constant,wherethe block structurefollows
the partition E, and, as seenearlier, (2) when the matrix W is suchthat the similarity between
pointsin differentclustersis zero,while thesimilarity betweenpointsin thesameclustersis strictly
positive (Weiss,1999;Ng etal., 2002).

In both situations,the R clustercentroidsare orthogonalvectors,and Ng et al. (2002) have
shown thatwhenthesimilarity matrix is “close” to thesecondknown typeof perfectmatrices,those
centroidsarecloseto orthogonal.This leadto thefollowing naturalinitialization of thepartitionA
for theK-meansalgorithmin Figure1 andFigure2 (Ng et al., 2002): selecta point up at random,
andsuccessively selectR� 1 pointswhosedirectionsaremostorthogonalto thepreviously chosen
points;thenassigneachdatapoint to theclosestof theRchosenpoints.

2.7 Variational Formulation for the Normalized Cut

In this section,we show that thereis a variationalformulation of the normalizedcut similar to
Theorem3 for positive semide�nitesimilarity matrices,that is, for matricesthatcanbefactorized
asW= GG> whereG 2 RP� M, whereM 6 P. Indeedwe have thefollowing theorem,whoseproof
is almostidenticalto theproofof Theorem3:

Theorem5 If W= GG> whereG 2 RP� M, thenfor anypartition E, wehave:

C(W;E) = min
(µ1;:::;µR)2RR� Rå

r
å

p2Ar

dpkgpd� 1
p � µrk2 + R� trD� 1=2WD� 1=2:

This theoremshows that for positive semide�nitematrices,the normalizedcut problemis equiv-
alent to the minimizationof a weighteddistortionmeasure.However, the dimensionalityof the
spaceinvolved in the distortionmeasureis equalto the rank of the similarity matrices,andthus
can be very large (as large as the numberof datapoints). Consequently, this theoremdoesnot
leadstraightforwardly to an ef�cient algorithmfor minimizing normalizedcuts,sincea weighted
K-meansalgorithmin very high dimensionsis subjectto severelocal minima problems(see,for
example,Meila andHeckerman,2001). SeeDhillon et al. (2004)for furtheralgorithmsbasedon
theequivalencebetweennormalizedcutsandweightedK-means.

3. CostFunctions for Learning the Similarity Matrix

Givena similarity matrixW, thestepsof a spectralclusteringalgorithmsare(1) normalization,(2)
computationof eigenvalues,and(3) partitioningof theeigenvectorsusing(weighted)K-meansto
obtaina partition E. In this section,we assumethat the partition E is given, andwe develop a
theoreticalframework andasetof algorithmsfor learningasimilarity matrixW.

It is importantto note that if if we put no constraintson W, then thereis a trivial solution,
namelyany perfectsimilarity matrix with respectto the partition E, in particular, any matrix that
is block-constantwith the appropriateblocks. For our problemto be meaningful,we thusmust
considera settingin which thereareseveral datasetsto partition andwe have a parametricform
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for the similarity matrix. The objective is to learnparametersthat generalizeto unseendatasets
with a similar structure.We thusassumethatthesimilarity matrix is a functionof a vectorvariable
a 2 RF , anddevelopamethodfor learninga.

Given a distancebetweenpartitions,a naive algorithm would simply minimize the distance
betweenthe true partition E andthe outputof the spectralclusteringalgorithm. However, the K-
meansalgorithmthat is usedto clustereigenvectorsis a non continuousmapandthe naive cost
function would be non continuousandthushard to optimize. In this section,we �rst show that
thecostfunctionwe have presentedis anupperboundof thenaive costfunction; this upperbound
hasbetterdifferentiabilitypropertiesandis amenableto gradient-basedoptimization.Thefunction
thatwe obtainis a functionof eigensubspacesandwe provide numericalalgorithmsto ef�ciently
minimizesuchfunctionsin Section3.3.

3.1 DistanceBetweenPartitions

Let E = (er )r= 1;:::;R andF = ( fs)s= 1;:::;S be two partitionsof P datapointswith R andS clusters,
representedby the indicatormatricesof sizesP� R andP� S, respectively. We usethefollowing
distancebetweenthetwo partitions(HubertandArabie,1985):

d(E;F) =
1

p
2






 E(E> E) � 1E> � F(F> F) � 1F>
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The terme>
r fs simply countsthenumberof datapointswhich belongto the r-th clusterof E and

the s-th clusterof F. The function d(E;F) is a distancefor partitions,that is, it is nonnegative
andsymmetric,it is equalto zeroif andonly if thepartitionsareequal,andit satis�esthetriangle
inequality. Moreover, if F hasSclustersandE hasRclusters,wehave0 6 d(E;F) 6 ( R+ S

2 � 1)1=2.
In simulations,wecomparepartitionsusingthesquareddistance.

3.2 CostFunctionsasUpper Bounds

We let E1(W) denotethe clusteringobtainedby minimizing the cost function J1(W;E) with re-
spectto E, andlet E2(W) denotetheclusteringobtainedby minimizing thecostfunctionJ2(W;E).
The following theoremshows thatour costfunctionsareupperboundson thedistancebetweena
partitionandtheoutputof thespectralclusteringalgorithm:

Theorem6 Let h(W) = maxpDpp=minpDpp > 1. If E1(W) = argminRJ1(W;E) and E2(W) =
argminRJ2(W;E), thenfor all partitionsE, wehave:

d(E;E1(W))2 6 4h(W)J1(W;E) (5)

d(E;E2(W))2 6 4J2(W;E): (6)

Proof Givenasimilarity matrixW, following Section2.4,wehave

J2(W;E) =
1
2

kV(W)V(W)> � E(E> E) � 1E> k2
F ;
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wherewelet denoteV(W) = D1=2U(W)(U(W)> DU(W)) � 1=2 andU(W) is anorthonormalbasisof
theR-th principalsubspaceof D� 1=2WD� 1=2. With thatde�nition, for all partitionsE, wehave:

d(E;E2(W)) =
1

p
2






 E(E> E) � 1E> � E(W)(E(W)> E(W)) � 1E(W)>








6
1

p
2






 E(E> E) � 1E> � V(W)V(W)>








+
1

p
2






 V(W)V(W)> � E(W)(E(W)> E(W)) � 1E(W)>








= (J2(E;W))1=2 + min
E

(J2(E;W))1=2

6 2(J2(E;W))1=2;

whichprovesEq.(6). In orderto proveEq.(5),wede�ne adistancebetweenpartitionsthatis scaled
by D, thatis:

dD(E;F) =
1

p
2






 D1=2E(E> DE) � 1E> D1=2 � D1=2F(F> DF) � 1F> D1=2






 :

Following thesamestepsasabove,wecanprove:

dD(E;E1(W)) 6 2(J1(E;W))1=2:

Finally, in orderto obtainEq.(5), weuseLemma9 in AppendixA.

The previous theoremshows that minimizing our cost functionsis equivalent to minimizing an
upperboundon the truecostfunction. This boundis tight at zero,consequently, if we areableto
producea similarity matrixW with smallJ1(W;E) or J2(W;E) cost,thenthematrix will provably
leadto partitionthatis closeto E. Notethattheboundin Eq.(5) containsaconstanttermdependent
onW andis thusweaker thantheboundin Eq. (6) which doesnot. In Section3.4,we compareour
costfunctionsto previouslyproposedcostfunctions.

3.3 Functionsof Eigensubspaces

Our cost functions, as de�ned in Eq. (2) and Eq. (3), dependon the R-th principal eigensub-
space,that is, thesubspacespannedby the�rst R eigenvectors,U 2 RP� R, of eW = D� 1=2WD� 1=2.
In this section,we review classicalpropertiesof eigensubspaces,andpresentoptimizationtech-
niquesto minimize functionsof eigensubspaces.In this section,we focus mainly on the cost
functionJ1(W;E) which is de�ned in termsof theprojectionsonto theprincipalsubspaceof eW =
D� 1=2WD� 1=2. Theextensionsof ourtechniquesto thealternativecostfunctionJ2(W;E) is straight-
forward. In this section,we �rst assumethat all consideredmatricesarepositive semide�nite,so
thatall eigenvaluesarenonnegative,postponingthetreatmentof thegeneralcaseto Section3.3.5.

3.3.1 PROPERTIES OF EIGENSUBSPACES

Let MP;R bethesetof symmetricmatricessuchthatthereis a positive gapbetweentheR-th largest
eigenvalueandthe (R+ 1)-th largesteigenvalue. The setMP;R is open(MagnusandNeudecker,
1999),andfor any matrix in MP;R, theR-th principalsubspaceER(M) is uniquelyde�ned andthe
orthogonalprojectionPR(M) on thatsubspaceis anuniqueidenti�er of thatsubspace.If UR(M) is
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anorthonormalbasisof eigenvectorsassociatedwith theR largesteigenvalues,we have P R(M) =
UR(M)UR(M)> , andthevalueis independentof thechoiceof thebasisUR(M). Notethat theR-th
eigensubspaceis well de�ned evenif someeigenvalueslargerthantheR-th eigenvaluecoalesce(in
whichcase,theReigenvectorsarenotwell de�ned but theR-th principaleigensubspaceis).

Thecomputationof eigenvectorsandeigenvaluesis a well-studiedproblemin numericallinear
algebra(see,for example,GolubandLoan,1996).Thetwo classicaliterative techniquesto obtaina
few eigenvaluesof a symmetricmatrix aretheorthogonaliterations(a generalizationof thepower
methodfor oneeigenvalue)andtheLancz̈osmethod.

Themethodof orthogonaliterationsstartswith arandommatrixV in RP� R, successively multi-
pliesV by thematrix M andorthonormalizestheresultwith theQR decomposition.For almostall
V, theorthogonaliterationsconvergeto theprincipaleigensubspace,andtheconvergenceis linear
with ratel R+ 1(M)=l R(M), wherel 1(M) > � � � > l R+ 1(M) aretheR+ 1 largesteigenvaluesof M.
The complexity of performingq stepsof the orthogonaliterationsis qR timesthe complexity of
thematrix-vectorproductwith thematrix M. If M hasno specialstructure,thecomplexity is thus
O(qRP2). As discussedin Section4.4,if specialstructureis presentin M it is possibleto reducethis
to linearin P. Thenumberof stepsto obtainagivenprecisiondependsdirectlyonthemultiplicative

eigengapeR(M) = l R+ 1(M)=l R(M) 6 1; indeedthisnumberof iterationsis O
�

1
1� eR(M)

�
.

TheLancz̈osmethodis alsoaniterativemethod,onewhichmakesbetteruseof theavailablein-
formationtoobtainmorerapidconvergence.Indeedthenumberof iterationsisonlyO

�
1

(1� eR(M))1=2

�
,

that is, the squareroot of the numberof iterationsfor the orthogonaliterations(Golub andLoan,
1996). Note that it is usualto performsubspaceiterationson more than the desirednumberof
eigenvaluesin orderto improveconvergence(BatheandWilson,1976).

Finally, in our settingof learningthesimilarity matrix,we canspeedup theeigenvaluecompu-
tation by initializing the power or Lancz̈os methodwith the eigensubspaceof previous iterations.
Othertechniquesarealsoavailablethat canprovide a similar speed-upby ef�ciently trackingthe
principalsubspaceof slowly varyingmatrices(ComonandGolub,1990;Edelmanetal., 1999).

3.3.2 EXACT DIFFERENTIAL

Thefollowing propositionshows thatthefunctionP R(M) is continuousanddifferentiableonMP;R

(for aproofseeAppendixB).

Proposition7 ThefunctionPR(M), theorthogonalprojectionontheR-thprincipal eigensubspace
ofR,isanin�nitely differentiablefunctiononMP;R andfor anydifferentiablepathM(t) of symmetric
matriceswith valuesin MP;R such that M(0) = M, the derivative dPR(M(t))

dt at t = 0 is equal to
UN> + NU> , whereN is theuniquesolutionof thelinear system

MN � NU> MU = � (I � UU> )M0(0)U andU> N = 0; (7)

and where U is any orthonormalbasisof the R-th principal subspaceof M. The value of the
derivativeis independentof thechosenorthonormalbasis.

The linearsystemEq. (7) hasPRequationsandPRunknowns. It turnsout that this systemis
a positive de�nite system,with a conditionnumberthat is upperboundedby 1=(1� eR(M)) . Thus
solving this systemusingtheconjugategradientmethodtakesa numberof iterationsproportional
to 1

(1� eR(M))1=2 , that is, thecomplexity of obtainingonederivative is thesameasthatof computing
the�rst Reigenvectorswith theLancz̈osmethod.
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Note that if all the �rst R eigenvaluesof M aredistinct, the systemEq. (7) decouplesinto R
smallersystemsthat characterizethedifferentialof a singleeigenvector(MagnusandNeudecker,
1999;Cour et al., 2005). However, the conditionnumberof suchsystemsmight be very large if
someeigenvaluesareclose.We thusadvocatetheuseof thefull system,for which thecomplexity
of eachiterationof conjugategradientis the samecomplexity asthe sumof the decoupledalgo-
rithms,but for whichtheconditionnumberis betterbehaved.Weherebyfollow theclassicalruleof
thumbof numericallinearalgebra,namelythateigensubspacesarebetterbehaved thanindividual
eigenvectors(Edelmanetal., 1999).

3.3.3 APPROXIMATION OF EIGENSUBSPACE AND ITS DIFFERENTIAL

Whenlearningthesimilarity matrix, thecostfunctionandits derivativesarecomputedmany times
andit is thusworthwhileto useanef�cient approximationof theeigensubspaceaswell asits differ-
ential.A verynaturalsolutionis to stoptheiterativemethodsfor computingeigenvectorsat a �x ed
iterationq. Thefollowing propositionshows thatfor themethodof power iterations,for almostall
startingmatrix V 2 RP� R, the projectionobtainedby early stoppingis an in�nitely differentiable
function:

Proposition8 LetV 2 RP� R besuch thath = max
u2ER(M)? ;v2range(V)

cos(u;v) < 1. Thenif weletVq(M)

denotetheresultsof q orthogonaliterations,thefunctionVq(M)Vq(M)> is in�nitely differentiablein
a neighborhoodof M, andwehave:kVq(M)Vq(M)> � PR(M)k2 6 h

(1� h2)1=2 (jl R+ 1(M)j=jl R(M)j)q.

Proof GolubandLoan(1996)show thatfor all q, MqV alwayshasrankR. Whenonly theprojection
on thecolumnspaceis sought,theresultof theorthogonaliterationsdoesnotdependonthechosen
methodof orthonormalization(usuallytheQR decomposition),andthe �nal resultis theoretically
equivalentto orthonormalizingatthelastiteration.ThusVq(M)Vq(M)> = MqV(V> M2qV) � 1V> Mq.
Vq(M)Vq(M)> isC¥ sincematrixinversionandmultiplicationareC¥ . Theboundis provedin Golub
andLoan (1996)for the QR orthogonaliterations,andsincethe subspacescomputedby the two
methodsarethesame,theboundalsoholdshere.Thederivative caneasilybecomputedusingthe
chainrule.

Notethatnumericallytakingpowersof matriceswithout carecanleadto disastrousresults(Golub
andLoan,1996). By usingsuccessive QRiterations,thecomputationscanbemadestableandthe
sametechniquecanbeusedfor thecomputationof thederivatives.

3.3.4 POTENTIALLY HARD EIGENVALUE PROBLEMS

In mostof theliteratureon spectralclustering,it is takenfor grantedthattheeigenvalueproblemis
easyto solve. It turnsout thatin many situations,the(multiplicative)eigengapis verycloseto one,
makingtheeigenvectorcomputationdif�cult (examplesaregivenin thefollowing section).

Whenthe eigengap is closeto one,a large power is necessaryfor the orthogonaliterationsto
converge. In orderto avoid thosesituations,we regularizetheapproximationof thecostfunction
basedon the orthogonaliterationsby a term which is large whenthe matrix D� 1=2WD� 1=2 is ex-
pectedto haveasmalleigengap,andsmallotherwise.Weusethefunctionn(W) = trW=trD, which
is alwaysbetween0 and1, andis equalto 1 whenW is diagonal(andthushasnoeigengap).

We thususethe cost function de�ned asfollows. Let V 2 RP� R be de�ned asD1=2F, where
the r-th columnof F is the indicatormatrix of a randomsubsetof the r-th clusternormalizedby
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thenumberof pointsin thatcluster. This de�nition of W ensuresthatwhenW is diagonal,thecost
functionis equalto R� 1, thatis, if thepower iterationsarelikely not to converge,thenthevalueis
themaximumpossibletruevalueof thecost.

Let B(W) beanapproximateorthonormalbasisof theprojectionsontheR-th principalsubspace
of D� 1=2WD� 1=2, basedonorthogonaliterationsstartingfrom V.3

Thecostfunctionthatweuseto approximateJ1(W;E) is

F1(W;E) =
1
2






 B(W)B(W)> � P0(W;E)








2

F
� k log(1� n(W)) :

We de�ne alsoC(W) = D1=2B(W)(B(W)> DB(W)) � 1=2. The costfunction that we useto ap-
proximateJ2(W;E) is then

F2(W;E) =
1
2






 C(W)C(W)> � P0(E)








2

F
� k log(1� n(W)) :

3.3.5 NEGATIVE EIGENVALUES

The spectral relaxation in Proposition 2 involves the largest eigenvalues of the matrix
eW = D� 1=2WD� 1=2. ThevectorD1=21 is aneigenvectorwith eigenvalue1; sincewe have assumed
thatW is pointwisenonnegative, 1 is the largesteigenvalueof eW. Givenany symmetricmatrices
(not necessarilypositive semide�nite) orthogonaliterationswill converge to eigensubspacescor-
respondingto eigenvalueswhich have largestmagnitude,and it may well be the casethat some
negative eigenvaluesof eW have largermagnitudethanthe largest(positive) eigenvalues,thuspre-
ventingtheorthogonaliterationsfrom converging to thedesiredeigenvectors.WhenthematrixW
is positive semide�nite this is not possible.However, in the generalcase,eigenvalueshave to be
shiftedsothat they areall nonnegative. This is doneby addinga multiple of theidentity matrix to
the matrix eW, which doesnot modify the eigenvectorsbut simply potentiallychangethe signsof
theeigenvalues. In our context addingexactly the identity matrix is suf�cient to make thematrix
positive; indeed,whenW is pointwisenonnegative, thenboth D + W andD � W arediagonally
dominantwith nonnegative diagonalentries,andarethuspositive semide�nite (Golub andLoan,
1996),which impliesthat� I 4 eW 4 I, andthusI + eW is positivesemide�nite.

3.4 Empirical ComparisonsBetweenCostFunctions

In this section,we study the ability of the variouscost functionswe have proposedto track the
gold standarderrormeasurein Eq. (4) aswe vary theparametera in thesimilarity matrixWpp0=
exp(� akxp � xp0k2). We studythe costfunctionsJ1(W;E) andJ2(W;E) aswell astheir approx-
imationsbasedon the power methodpresentedin Section3.3.3. We alsopresentresultsfor two
existing approaches,onebasedon a Markov chaininterpretationof spectralclustering(Meila and
Shi,2002)andonebasedon thealignment(Cristianiniet al., 2002)of D� 1=2WD� 1=2 andP0. Our
experimentis basedon thesimpleclusteringproblemshown in Figure3(a).Thisapparentlysimple
toy examplecapturesmuchof thecoredif�culty of spectralclustering—nonlinearseparabilityand
thinness/sparsityof clusters(any pointhasveryfew nearneighborsbelongingto thesamecluster, so
thattheweightedgraphis sparse).In particular, in Figure3(b)weplot theeigengapof thesimilarity

3. Thematrix D� 1=2WD� 1=2 alwayshasthesamelargesteigenvalue1 with eigenvectorD1=21 andwe couldconsider
insteadthe(R� 1)th principalsubspaceof D� 1=2WD� 1=2 � D1=211> D1=2=(1> D1).
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matrixasa functionof a, notingthatfor all optimumvaluesof a, this gapis verycloseto one,and
thustheeigenvalueproblemis hardto solve. Worse,for largevaluesof a, theeigengapbecomes
sosmall that theeigensolver startsto diverge. It is thusessentialto preventour learningalgorithm
from yielding parametersettingsthat leadto a very small eigengap. In Figure3(e), we plot our
approximationof thecostfunctionbasedon thepower method,andwe seethat,evenwithout the
additionalregularizationpresentedin Section3.3.4,our approximatecost function avoids a very
smalleigengap.Theregularizationpresentedin Section3.3.4strengthensthisbehavior.

In Figure 3(c) and (d), we plot the four cost functionsagainst the gold standard. The gold
standardcurveshowsthattheoptimala liesabove2.5ona log scale,andasseenin Figure3(c)and
(e), theminimaof thenew costfunctionandits approximationlie amongthesevalues.As seenin
Figure3(d), on theotherhand,thealignmentandMarkov-chain-basedcostfunctionsshow a poor
matchto thegoldstandard,andyield minimafar from theoptimum.

The problemwith the latter cost functionsis that thesefunctionsessentiallymeasurethe dis-
tancebetweenthesimilarity matrixW (or a normalizedversionof W) anda matrix T which (after
permutation)is block-diagonalwith constantblocks. Spectralclusteringdoeswork with matrices
which arecloseto block-constant;however, oneof thestrengthsof spectralclusteringis its ability
to work effectively with similarity matriceswhich arenot block-constant,andwhich may exhibit
strongvariationsamongeachblock.

Indeed,in examplessuchasthatshown in Figure3, theoptimalsimilarity matrixis veryfarfrom
beingblock diagonalwith constantblocks. Rather, given thatdatapointsthat lie in thesamering
arein generalfar apart,theblocksarevery sparse—notconstantandfull. Methodsthat try to �nd
constantblockscannot�nd theoptimalmatricesin thesecases.In the languageof spectralgraph
partitioning,wherewe have a weightedgraphwith weightsW, eachclusteris a connectedbut very
sparsegraph.ThepowerWq correspondsto theq-th powerof thegraph;thatis, thegraphin which
two verticesarelinkedby anedgeif andonly if they arelinkedby a pathof lengthno morethan
q in theoriginal graph. Thustakingpowerscanbe interpretedas“thickening” thegraphto make
theclustersmoreapparent,while not changingtheeigenstructureof thematrix (takingpowersof
symmetricmatricesonly changestheeigenvalues,not theeigenvectors).Notethatotherclustering
approachesbasedon takingpowersof similarity matriceshave beenstudiedby TishbyandSlonim
(2001)and SzummerandJaakkola (2002);thesediffer from our approachin which we only take
powersto approximatethecostfunctionusedfor learningthesimilarity matrix.

4. Algorithms for Learning the Similarity Matrix

We now turn to the problemof learningthe similarity matrix from data. We assumethat we are
given oneor moresetsof datafor which the desiredclusteringis known. The goal is to design
a “similarity map,” that is, a mappingfrom datasetsof elementsin X to the spaceof symmetric
matriceswith nonnegative elements.In this paper, we assumethat this spaceis parameterized.In
particular, weconsiderdiagonally-scaledGaussiankernelmatrices(for whichtheparametersarethe
scalesof eachdimension),aswell asmorecomplex parameterizedmatricesfor thesegmentationof
line drawingsin Section4.6andfor speechseparationin Section5. In generalwe assumethat the
similarity matrix is a functionof a vectorvariablea 2 RF . We alsoassumethattheparametersare
in one-to-onecorrespondencewith thefeatures;settingoneof theseparametersto zerois equivalent
to ignoringthecorrespondingfeature.
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Figure3: Empiricalcomparisonof costfunctions.(a) Datawith two clusters(redcrossesandblue
circles).(b) Eigengapof thesimilarity matrix asa functionof a. (c) Gold standardclus-
teringerror(blacksolid), spectralcostfunctionJ1 (reddotted)andJ2 (bluedashed).(d)
Gold standardclusteringerror (blacksolid), thealignment(reddashed),anda Markov-
chain-basedcost,divided by 20 (blue dotted). (e) Approximationsbasedon the power
method,with increasingpowerq: 2 4 1632.
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4.1 Learning Algorithm

We assumethatwe aregivenseveralrelateddatasetswith known partitionsandour objective is to
learnparametersof similarity matricesadaptedto the overall problem. This “supervised”setting
is not uncommonin practice.In particular, aswe show in Section5, labelleddatasetsarereadily
obtainedfor thespeechseparationtaskby arti�cially combiningseparately-recordedsamples.Note
alsothat in the imagesegmentationdomain,numerousimageshave beenhand-labelledanda data
setsof segmentednaturalimagesis available(Martin etal., 2001).

Moreprecisely, weassumethatwearegivenN datasetsDn, n2 f 1; : : : ;Ng, of pointsin X. Each
datasetDn is composedof Pn pointsxnp, p 2 f 1; : : : ;Png. Eachdatasetis segmented;that is, for
eachn weknow thepartitionEn. For eachn andeacha, wehaveasimilarity matrixWn(a). Thecost
functionthatweuseis H(a) = 1

N å nF(Wn(a);En) + Cå F
f = 1 ja f j. The`1 penaltyservesasa feature

selectionterm,tendingto make thesolutionsparse.Thelearningalgorithmis theminimizationof
H(a) with respectto a 2 RF , usingthemethodof steepestdescent.

Giventhatthecomplexity of thecostfunctionincreaseswith q, we starttheminimizationwith
small q andgraduallyincreaseq up to its maximumvalue. We have observed that for small q,
the function to optimizeis smootherandthuseasierto optimize—inparticular, the long plateaus
of constantvaluesare lesspronounced.In somecases,we may endthe optimizationwith a few
stepsof steepestdescentusingthecostfunctionwith thetrueeigenvectors,thatis, for q = ¥ ; this is
particularlyappropriatewhentheeigengapsof theoptimalsimilarity matriceshappento besmall.

4.2 RelatedWork

Several otherframeworks aim at learningthe similarity matricesfor spectralclusteringor related
procedures.Closestto ourown work is thealgorithmof Couretal. (2005)whichoptimizesdirectly
the eigenvectorsof the similarity matrix, ratherthan the eigensubpaces,and is appliedto image
segmentationtasks.Althoughdifferentlymotivated,the frameworksof Meila andShi (2002)and
Shentalet al. (2003)leadto similar convex optimizationproblems.The framework of Meila and
Shi (2002)directly appliesto spectralclustering,but we have shown in Section3.4 that the cost
function, althoughconvex, may leadto similarity matricesthat do not performwell. The proba-
bilistic framework of Shentalet al. (2003) is basedon the modelgranularmagnetof Blatt et al.
(1997)andappliesrecentgraphicalmodelapproximateinferencetechniquesto solvetheintractable
inferencerequiredfor theclusteringtask.Their framework leadsto a convex maximumlikelihood
estimationproblemfor thesimilarity parameters,whichis basedonthesameapproximateinference
algorithms.Amongall thoseframeworks,ourshastheadvantageof providing theoreticalbounds
linking thecostfunctionandtheactualperformanceof spectralclustering.

4.3 TestingAlgorithm

The output of the learningalgorithm is a vector a 2 RF . In order to clusterpreviously unseen
datasets,we computethe similarity matrix W andusethe algorithmof Figure1 or Figure2. In
orderto furtherenhancetestingperformance,wealsoadoptanideadueto Ng etal. (2002)—during
testing,wevary theparametera alongadirectionb. Thatis, for smalll wesettheparametervalue
to a + bl andperformspectralclustering,selectingl suchthat the(weighted)distortionobtained
afterapplicationof thespectralclusteringalgorithmof Figure1 or Figure2 is minimal.
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In our situation,thereare two naturalchoicesfor the directionof search.The �rst is to use
b = a=kak, that is, we hold �x ed the direction of the parameterbut allow the norm to vary.
This is natural for diagonally-scaledGaussiankernel matrices. The secondsolution, which is
more generallyapplicable,is to usedthe gradientof the individual cost functions, that is, let
Gn = dF(Wn(a);En)

da 2 RF . If we neglect the effect of the regularization,at optimality, å nGn = 0.
We take the unit-normdirectionsuchthat å n(b> Gn)2 is maximum,which leadsto choosingb as
thelargesteigenvectorof å nGnG>

n .

4.4 Handling Very Lar geSimilarity Matrices

In applicationsto vision andspeechseparationproblems,thenumberof datapointsto clustercan
be enormous:indeed,even a small 256� 256 imageleadsto morethanP = 60;000 pixels while
3 secondsof speechsampledat 5 kHz leadsto morethanP = 15;000spectrogramsamples.Thus,
in suchapplications,the full matrix W, of sizeP� P, cannotbe storedin main memory. In this
section,we presentapproximationschemesfor which thestoragerequirementsarelinear in P, for
which thetime complexity is linear in P, andwhich enablematrix-vectorproductsto becomputed
in lineartime. SeeSection6.3for anapplicationof eachof thesemethodsto speechseparation.

For an approximationschemeto be valid, we requirethat the approximatematrix eW is sym-
metric,with nonnegative elements,andhasa strictly positive diagonal(to ensurein particularthat
D hasa strictly positive diagonal). The �rst two techniquescanbe appliedgenerally, while the
lastmethodis speci�c to situationsin which thereis naturalone-dimensionalstructure,suchasin
speechor motionsegmentation.

4.4.1 SPARSITY

In applicationsto vision andrelatedproblems,mostof the similaritiesarelocal, andmostof the
elementsof thematrixW areequalto zero.If Q 6 P(P+ 1)=2 is thenumberof elementslessthan
a given threshold(notethat thematrix is symmetricso just theuppertriangleneedsto bestored),
thestoragerequirementis linearin Q, asis thecomputationalcomplexity of matrix-vectorproducts.
However, assessingwhichelementsareequalto zeromight takeO(P2). Notethatwhenthesparsity
is low, thatis, whenQ is large,usinga sparserepresentationis unhelpful;only whenthesparsityis
expectedto behigh is it usefulto considersuchanoption.

Thus,beforeattemptingto computeall thesigni�cant elements(i.e., all elementsgreaterthan
thethreshold)of thematrix,we attemptto ensurethat theresultingnumberof elementsQ is small
enough. We do so by selectingS randomelementsof the matrix and estimatingfrom thoseS
elementstheproportionof signi�cant elements,which immediatelyyieldsanestimateof Q.

If theestimatedQ is smallenough,we needto computethoseQ numbers.However, although
thetotalnumberof signi�cant elementscanbeef�ciently estimated,theindicesof thosesigni�cant
elementscannotbeobtainedin lessthanO(P2) time without additionalassumptions.A particular
exampleis thecaseof diagonally-scaledGaussiankernelmatrices,for which theproblemof com-
puting all non-zeroelementsis equivalent to that of �nding pairsof datapoints in an Euclidean
spacewith distancesmallerthana giventhreshold.We canexploit classicalef�cient algorithmsto
performthis task(GrayandMoore,2001).

If W is an element-wiseproductof similarity matrices,only a subsetof which have a nice
structure,we canstill usethesetechniques,albeit with the possibility of requiringmore thanQ
elementsof thesimilarity matrix to becomputed.
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4.4.2 LOW-RANK NONNEGATIVE DECOMPOSITION

If thematrixW is notsparse,wecanapproximateit with alow-rankmatrix. FollowingFowlkesetal.
(2001),it is computationallyef�cient to approximateeachcolumnof W by a linearcombinationof
a set of randomlychosencolumns: if I is the set of columnsthat are selectedand J is the set
of remainingcolumns,we approximateeachcolumnw j , j 2 J, asa combinationå i2 I Hi jwi . In the
Nyströmmethodof Fowlkesetal. (2001),thecoef�cient matrixH is chosensothatthesquarederror
on therows in indexedby I is minimum,that is, H is chosensothatå k2I (w j (k) � å i2 I Hi jwi(k))2.
SinceW is symmetric,this only requiresknowledgeof thecolumnsindexedby I . Thesolutionof
this convex quadraticoptimizationproblemis simply H = W(I ; I ) � 1W(I;J), wherefor any setsA
andB of distinct indicesW(A;B) is the (A;B) block of W. Theresultingapproximatingmatrix is
symmetricandhasa rankequalto thesizeof I .

WhenthematrixW is positive semide�nite,thentheapproximationremainspositive semidef-
inite. However, whenthe matrix W is element-wisenonnegative, which is the main assumption
in this paper, thentheapproximationmight not beandthis may leadto numericalproblemswhen
applying the techniquespresentedin this paper. In particularthe approximatedmatrix D might
not have a strictly positive diagonal. The following low-rank nonnegative decompositionhasthe
advantageof retaininga pointwisenonnegative decomposition,while beingonly slightly slower.
We usethis decompositionin orderto approximatethe largesimilarity matrices,andthe required
rank is usually in the orderof hundreds;this is to be contrastedwith the approachof Ding et al.
(2005),whichconsistsin performinganonnegativedecompositionwith very few factorsin orderto
potentiallyobtaindirectlyclusterindicators.

We�rst �nd thebestapproximationof A= W(I ;J) asVH, whereV = W(I ; I ) andH is element-
wisenonnegative. This canbedoneef�ciently usingalgorithmsfor nonnegative matrix factoriza-
tion (LeeandSeung,2000). Indeed,startingfrom a randompositive H, we performthefollowing
iterationuntil convergence:

8i; j; Hi j  
å kVkiAk j=(VH)k j

å kVki
: (8)

The complexity of the iteration in Eq. (8) is O(M2P), and empirically we usually �nd that we
requirea small numberof iterationsbeforereachinga suf�ciently good solution. Note that the
iterationyieldsamonotonicdecreasein thefollowing divergence:

D(AjjVH) = å
i j

�
Ai j log

Ai j

(VH) i j
� Ai j + (VH) i j

�
:

WeapproximateW(J;J) by symmetrization,4 thatis,W(J; I )H + H> W(I;J). In orderto obtain
a betterapproximation,we ensurethat the diagonalof W(J;J) is alwaysusedwith its true (i.e.,
not approximated)value. Note that the matricesH foundby nonnegative matrix factorizationare
usuallysparse.

Thestoragerequirementis O(MP), whereM is thenumberof selectedcolumns.Thecomplexity
of thematrix-vectorproductsis O(MP). Empirically, theaverageoverall complexity of obtaining
thedecompositionis O(M2P).

4. For adirectlow-ranksymmetricnonnegativedecompositionalgorithm,seeDing etal. (2005).
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4.4.3 LOW-RANK BAND DECOMPOSITION

Therearesituationsin betweenthe two previouscases,that is, thematrixW is not sparseenough
andit cannotbewell approximatedby a low-rankmatrix. Whenthereis a naturalone-dimensional
structure,suchasin audioor video,thenwecanusethepotential“bandedness”structureof W. The
matrixW is referredto asband-diagonalwith bandwidthB, if for all i; j , ji � j j > B ) Wi j = 0. The
matrixhasthenatmostO(BP) nonzeroelements.

Wecanusethebandednessof theproblemto allow therankM to grow linearlywith P, while re-
taininglineartimecomplexity. WeassumethattheM columnsaresampleduniformly. LetC = P=M
betheaveragedistancebetweentwo successivesampledcolumns.For thelow-rankapproximation
to make sense,we requirethatB � C (otherwise,W(I ; I ) is closeto beingdiagonalandcarriesno
information). Moreover, theapproximationis only usefulif M � P, that is, the rankM is signif-
icantly smallerthanP, which leadsto therequirementC � 1. This approximatingschemeis thus
potentiallyusefulwhenC is between1 andB.

For theNyström technique,if thesamplingof columnsof I is uniform,thenW(I ; I ) is expected
to be band-diagonalwith bandwidthB=C, and thus inverting W(I ; I ) takes time O(M(B=C)2) =
O(B2=C3 � P). The inverseis alsoband-diagonalwith the samebandwidth. The storageandthe
matrix multiplicationsarethenO(B=C� P), that is, everythingis linear in P, while the rankM is
allowedto grow with P.

In summary, if we requirea nonnegative decomposition,it is possibleto adaptthe iteration
Eq. (8) usingbandmatrix techniques,to obtaina linearcomplexity in P, even thoughthe rankM
growswith P.

4.5 Simulationson Toy Examples

Weperformedsimulationsonsyntheticdatasetsinvolving two-dimensionaldatasetssimilar to that
shown in Figure3, wheretherearetwo ringswhoserelativedistanceis constantacrosssamples(but
whoserelative orientationhasa randomdirection). We addD irrelevant dimensionsof the same
magnitudeasthetwo relevantvariables.Thegoalis thusto learnthediagonalscalea 2 RD+ 2 of a
Gaussiankernelthatleadsto thebestclusteringonunseendata.Welearna from N sampledatasets
(N= 1orN= 10),andcomputetheclusteringerrorof ouralgorithmwith andwithoutadaptivetuning
of thenormof a duringtesting(cf. Section4.3)on tenpreviouslyunseendatasets.We compareto
anapproachthatdoesnot usethetrainingdata:a is takento bethevectorof all onesandwe again
searchover the bestpossiblenorm during testing(we refer to this methodas“no learning”). We
reportresultsin Table1. Without featureselection,theperformanceof spectralclusteringdegrades
very rapidly whenthenumberof irrelevant featuresincreases,while our learningapproachis very
robust,evenwith only onetrainingdataset.

4.6 Simulationson Line Drawings

In this section,we considerthe problemof segmentingcrossingline drawings in the plane. In
Section4.6.1we describethefeaturesthatwe used.Section4.6.2discussestheconstructionof the
parameterizedsimilarity matricesandSection4.6.3presentsour experimentalresults.Thegeneral
setupof theexperimentsis thatwelearntheparametersonatrainingsetof imagesandtestonunseen
images.In oneof theexperiments,we focuson drawingswhosesegmentationsareambiguous;in
this casewe learntwo differentparameterizedsimilarity matriceswith two differentsetsof hand-
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D no learningw/o tuning learningwith tuning
learning N= 1 N= 10 N= 1 N= 10

0 0 15.5 10.5 0 0
1 60.8 37.7 9.5 0 0
2 79.8 36.9 9.5 0 0
4 99.8 37.8 9.7 0.4 0
8 99.8 37 10.7 0 0
16 99.7 38.8 10.9 14 0
32 99.9 38.9 15.1 14.6 6.1

Table1: Performanceonsyntheticdatasets:clusteringerrors(multipliedby 100)for methodwith-
out learning(but with tuning)andfor our learningmethodwith andwithout tuning,with
N= 1 or 10 trainingdatasets;D is thenumberof irrelevantfeatures.

q

tangent

osculating
circle

drawing

1/r

Figure4: (Left) exampleof segmenteddrawing, (Right) tangentandosculatingcircle.

labelingsre�ecting theambiguoussegmentation.Thegoalis thento seeif wecandisambiguatethe
testimages.

4.6.1 FEATURES FOR HAND DRAWINGS

We representhanddrawings as a two-dimensionalimagewhich is obtainedby the binning of a
continuousdrawing. Eachdrawing is thusrepresentedasan Nx � Ny binary image. SeeFigure4
for anexample. In orderto segmentthedrawings,we estimate,at eachinkedpoint, thedirection
andrelativecurvature.This is doneby convolving thedrawing with patchesof quartersof circlesof
varyinganglesandcurvature.In simulations,weuse50differentanglesand50differentcurvatures.
Wethusobtain,for eachinkedpoint,ascorefor eachangleandeachcurvature.Wetakeasafeature
theangleq andcurvaturer thatattainsthemaximumscore.Wealsokeepthelog of theratioof the
maximumscoreto themedianscore;this value,denotedc, is anestimateof thecon�denceof the
estimateof q andr .
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Figure5: (Left) Firstpairwisefeature,equalto theproductof themagnitudeof thecosinesof angles
µ andl , (Right)Secondpairwisefeatures,built from thetwo osculatingcirclesCi andCj ,
andall circlesthatgo throughpoint i and j.

4.6.2 PARAMETERIZED SIMILARITY MATRICES FOR HAND DRAWINGS

For a givenimage,we needto build a matrix thatcontainsthepairwisesimilaritiesof all theinked
points. Let P be the numberof inked points in a given drawing. For i = 1; : : : ;P, we have the
following featuresfor eachinked point: the coordinates(xi ;yi), the angleof the directionof the
tangentqi (notethatdirectionsarede�ned modulop), andthecurvaturer i , aswell astheestimated
con�denceci .

Wealsobuild “pairwisefeatures”;in particularwebuild two specializedsimilarity matricesthat
arebasedon thegeometryof theproblem.Giventwo pointsof thesameimageindexedby i and j,
with features(xi ;yi ;qi ; r i) and(x j ;y j ;q j ; r j ), the�rst featureis de�ned as

ai j =
j(x j � xi) cosqi + (y j � yi) sinqi j � j(x j � xi) cosq j + (y j � yi) sinq j j

(xi � x j )2 + (yi � y j )2 :

The featureai j is symmetricandis alwaysbetweenzeroandone,andis equalto the productof
thecosinesbetweenthetwo tangentsandthechordthat links thetwo points. (Seetheleft panelof
Figure5). Thefeatureai j is equalto oneif thetangentsarebothparallelto thechord,andthetwo
pointsarethenlikely to belongto thesamecluster.

Thesecondpairwisefeaturecharacterizeshow well the two osculatingcirclesat point i and j
match.We considerall circlesthatgo throughpointsi andpoints j, andwe computetheproducts
of metricsbetweenC0 andCj , andC0 andCi . Themaximum(over all circlesC0) possiblemetric
is chosenasthe feature.The metric betweentwo circlesthat intersectin two pointsis de�ned as
theproductof thecosinesof theanglesbetweenthetangentsat thosetwo pointstimesa Gaussian
functionof thedifferencein curvature.Themeasurebi j is alsosymmetricandalwaysbetweenzero
andone;it characterizeshow well a circle canbe�t to thetwo local circlesde�ned by thetwo sets
of features.
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Figure6: Segmentationresultsafter learningthe parameterizedsimilarity matrices.The �rst two
rows arecorrectlysegmentedexampleswhile the third row shows exampleswith some
mistakes.
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Figure7: Subsetsof training datasetsfor ambiguousline drawings: (top) �rst dataset, favoring
connectedness,(bottom)seconddataset,favoringdirectioncontinuity.

Figure8: Testingexamples:(top) obtainedfrom parameterizedsimilarity matriceslearnedusing
the top row of Figure 7 for training, (bottom) obtainedfrom parameterizedsimilarity
matriceslearnedusingthebottomrow of Figure7 for training.

Thepairwisesimilarity thatweuseis thus:

� logWi j = a1(xi � xi)2 + a1(yi � yi)2 + a3(cos2qi � cos2qi)2 + a4(sin2qi � sin2qi)2

+ a5(ci � c j )2 + a6(jr i j � jr j j)2 � a7 logai j � a8 logbi j :
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4.6.3 SIMULATIONS

In a �rst experiment,we learnedtheparametersof thesimilarity matriceson 50 small to medium
imageswith two clustersandtestedon variousimageswith varying sizeandvarying numberof
clusters. In thesesimulations,the desirednumberof clusterswas always given. SeeFigure 6
for examplesin which segmentationwassuccessfulandexamplesin which thesimilarity matrices
failedto leadto thepropersegmentation.

In asecondexperiment,weusedtwodifferenttrainingdatasetswith thesamedrawings,butwith
differenttrainingpartitions.Weshow someexamplesin Figure7. In the�rst dataset,connectedness
of a singleclusterwasconsideredmostimportantby thehumanlabeller, while in theseconddata
set,continuityof thedirectionwasthemainfactor. Wethentestedthetwo estimatedparameterized
similarity matricesonambiguousline drawingsandweshow someresultsin Figure8.

5. SpeechSeparationasSpectrogram Segmentation

Theproblemof recoveringsignalsfrom linearmixtures,with only partialknowledgeof themixing
processandthesignals—aproblemoftenreferredto asblind sourceseparation—is a centralprob-
lemin signalprocessing.It hasapplicationsin many �elds, includingspeechprocessing,network to-
mography andbiomedicalimaging(Hyvärinenetal.,2001).Whentheproblemis over-determined,
that is, whenthereareno moresignalsto estimate(thesources)thansignalsthatareobserved(the
sensors),genericassumptionssuchasstatisticalindependenceof thesourcescanbeusedin order
to demix successfully(Hyvärinenet al., 2001). Many interestingapplications,however, involve
under-determinedproblems(moresourcesthansensors),wheremorespeci�c assumptionsmustbe
madein order to demix. In problemsinvolving at leasttwo sensors,progresshasbeenmadeby
appealingto sparsityassumptions(Zibulevsky etal., 2002;Jourjineetal., 2000).

However, themostextremecase,in which thereis only onesensorandtwo or moresources,is
a muchharderandstill-openproblemfor complex signalssuchasspeech.In this setting,simple
genericstatisticalassumptionsdo not suf�ce. Oneapproachto the probleminvolvesa return to
thespirit of classicalengineeringmethodssuchasmatched�lters, andestimatingspeci�c models
for speci�c sources—forexample,speci�c speakersin thecaseof speech(Roweis,2001;Jangand
Lee, 2003). While suchan approachis reasonable,it departssigni�cantly from the desideratum
of “blindness.” In this sectionwe presentan algorithmthat is a blind separationalgorithm—our
algorithmseparatesspeechmixturesfrom asinglemicrophonewithout requiringmodelsof speci�c
speakers.

Our approachinvolvesa “discriminative” approachto theproblemof speechseparationthat is
basedon thespectrallearningmethodologypresentedin Section4. That is, ratherthanbuilding a
complex modelof speech,we insteadfocusdirectly on thetaskof separationandoptimizeparam-
etersthat determineseparationperformance.We work within a time-frequency representation(a
spectrogram),andexploit thesparsityof speechsignalsin this representation.Thatis, althoughtwo
speakersmight speaksimultaneously, thereis relatively little overlapin the time-frequency plane
if the speakersaredifferent(Roweis,2001;Jourjineet al., 2000). We thusformulatespeechsep-
arationasa problemin segmentationin the time-frequency plane. In principle, we could appeal
to classicalsegmentationmethodsfrom vision (see,for example,Shi andMalik, 2000) to solve
this two-dimensionalsegmentationproblem. Speechsegmentsare,however, very different from
visual segments,re�ecting very differentunderlyingphysics. Thuswe mustdesignfeaturesfor
segmentingspeechfrom �rst principles.
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Figure9: Spectrogramof speech(two simultaneousEnglishspeakers). Thegray intensityis pro-
portionalto theamplitudeof thespectrogram.

5.1 Spectrogram

The spectrogramis a two-dimensional(time and frequency) redundantrepresentationof a one-
dimensionalsignal (Mallat, 1998). Let f [t]; t = 0; : : : ;T � 1 be a signal in RT . The spectrogram
is de�ned via windowed Fourier transformsandis commonlyreferredto asa short-timeFourier
transformor asGaboranalysis(Mallat,1998).Thevalue(U f )mn of thespectrogramattimewindow
n andfrequency m is de�ned as(U f )mn = 1p

M å T� 1
t= 0 f [t]w[t � na]ei2pmt=M; wherew is a window of

lengthT with smallsupportof lengthc, andM > c. Weassumethatthenumberof samplesT is an
integermultipleof a andc. TherearethenN = T=a differentwindowsof lengthc. Thespectrogram
is thusanN � M imagewhich providesa redundanttime-frequency representationof time signals5

(seeFigure9).

Inversion Our speechseparationframework is basedon thesegmentationof thespectrogramof
a signal f [t] in R > 2 disjoint subsetsAi , i = 1; : : : ;R of [0;N � 1] � [0;M � 1]. This leadsto R
spectrogramsUi suchthat (Ui)mn = Umn if (m;n) 2 Ai andzerootherwise.We now needto �nd R
speechsignalsfi [t] suchthateachUi is thespectrogramof fi . In generaltherearenoexactsolutions
(becausetherepresentationis redundant),andaclassicaltechniqueis to �nd theminimum` 2 norm
approximation,that is, �nd fi suchthat kUi � U fik2 is minimal (Mallat, 1998). The solutionof
this minimizationprobleminvolvesthepseudo-inverseof thelinearoperatorU (Mallat, 1998)and

5. In our simulations,thesamplingfrequency is f0 = 5:5 kHz andwe usea Hanningwindow of lengthc = 216(i.e.,
43:2 ms). The spacingbetweenwindow is equalto a = 54 (i.e., 10:8 ms). We usea 512-pointFFT (M = 512).
For a speechsampleof length4 seconds,we have T = 22;000samplesandthenN = 407,which yields � 2� 105

spectrogramsamples.
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is equalto fi = (U � U) � 1U � Ui , whereU � is the (complex) adjoint of the linear operatorU. By
our choiceof window (Hanning),U � U is proportionalto the identity matrix, so that the solution
to this problemcansimply beobtainedby applyingtheadjointoperatorU � . Othertechniquesfor
spectrograminversioncouldbeused(Grif�n andLim, 1984;Mallat, 1998;Achanetal., 2003)

5.2 Normalization and Subsampling

Thereareseveralwaysof normalizingaspeechsignal.In thispaper, wechoseto rescaleall speech
signalsasfollows: for eachtime window n, we computethetotal energy en = å m jU fmnj2, andits
20-pointmoving average.Thesignalsarenormalizedsothat the90thpercentileof thosevaluesis
equalto one.

In orderto reducethenumberof spectrogramsamplesto consider, for a givenpre-normalized
speechsignal,we thresholdcoef�cients whosemagnitudesarelessthana valuethatwaschosenso
thattheresultingdistortionis inaudible.

5.3 GeneratingTraining Samples

Ourapproachis basedon thelearningalgorithmpresentedin Section4. Thetrainingexamplesthat
we provide to this algorithmareobtainedby mixing separately-normalizedspeechsignals.Thatis,
given two volume-normalizedspeechsignals, f1 and f2, of the sameduration,with spectrograms
U1 andU2, we build a training sampleasU train = U1 + U2, with a segmentationgiven by z =
argminf U1;U2g. In order to obtainbettertraining partitions(andin particularto be morerobust
to the choiceof normalization),we alsosearchover all a 2 [0;1] suchthat the ` 2 reconstruction
error obtainedfrom segmenting/reconstructingusingz = argminf aU1; (1 � a)U2g is minimized.
An exampleof suchapartitionis shown in Figure10 (top).

5.4 Featuresand Grouping Cuesfor SpeechSeparation

In thissectionwedescribeourapproachto thedesignof featuresfor thespectralsegmentation.We
baseour designon classicalcuessuggestedfrom studiesof perceptualgrouping(Cooke andEllis,
2001). Our basicrepresentationis a “featuremap,” a two-dimensionalrepresentationthathasthe
samelayoutasthespectrogram.Eachof thesecuesis associatedwith a speci�c time scale,which
we refer to as“small” (lessthan5 frames),“medium” (10 to 20 frames),and“large” (acrossall
frames). (Thesescaleswill be of particularrelevanceto the designof numericalapproximation
methodsin Section6.3). Any givenfeatureis not suf�cient for separatingby itself; rather, it is the
combinationof severalfeaturesthatmakesourapproachsuccessful.

5.4.1 NON-HARMONIC CUES

Thefollowing non-harmoniccueshavecounterpartsin visualscenesandfor thesecuesweareable
to borrow from featuredesigntechniquesusedin imagesegmentation(ShiandMalik, 2000).

� Continuity Two time-frequency pointsarelikely to belongto thesamesegmentif they are
closein timeor frequency; we thususetimeandfrequency directlyasfeatures.Thiscueacts
atasmalltimescale.

� Common fate cuesElementsthatexhibit thesametime variationarelikely to belongto the
samesource.This takesseveralparticularforms.The�rst is simplycommonoffsetandcom-
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mononset. We thusbuild anoffsetmapandanonsetmap,with elementsthatarezerowhen
no variationoccurs,andare large whenthereis a sharpdecreaseor increase(with respect
to time) for that particulartime-frequency point. The onsetandoffset mapsarebuilt using
orientedenergy �lters asusedin vision (with oneverticalorientation).Theseareobtainedby
convolving thespectrogramwith derivativesof Gaussianwindows (ShiandMalik, 2000).

Another form of the commonfate cue is frequencyco-modulation, the situationin which
frequency componentsof asinglesourcetendto move in sync.To capturethiscuewesimply
useoriented�lter outputsfor asetof orientationangles(8 in oursimulations).Thosefeatures
actmainlyatamediumtimescale.

5.4.2 HARMONIC CUES

Thisis themajorcuefor voicedspeech(GoldandMorgan,1999;BrownandCooke,1994;Bregman,
1990),andit actsatall timescales(small,mediumandlarge): voicedspeechis locally periodicand
thelocalperiodis usuallyreferredto asthepitch.

� Pitch estimation In orderto useharmonicinformation,we needto estimatepotentiallysev-
eral pitches. We have developeda simplepatternmatchingframework for doing this that
we presentin AppendixC. If S pitchesaresought,theoutputthatwe obtainfrom thepitch
extractoris, for eachtime framen, theSpitcheswn1; : : : ;wnS, aswell asthestrengthynms of
thes-th pitch for eachfrequency m.

� Timbr e The pitch extractionalgorithmpresentedin AppendixC also outputsthe spectral
envelopeof the signal(Gold andMorgan,1999). This canbe usedto designan additional
featurerelatedto timbre which helpsintegrateinformationregardingspeaker identi�cation
acrosstime. Timbrecanbelooselyde�ned asthesetof propertiesof a voicedspeechsignal
oncethe pitch hasbeenfactoredout (Bregman,1990). We addthe spectralenvelopeasa
feature(reducingits dimensionalityusingprincipalcomponentanalysis).

5.4.3 BUILDING FEATURE MAPS FROM PITCH INFORMATION

We build a set of featuresfrom the pitch information. Given a time-frequency point (m;n), let
s(m;n) = argmaxs

ynms
(å m0ynm0s)1=2 denotethe highestenergy pitch, and de�ne the featureswns(m;n) ,

ynms(m;n) , å m0ynm0s(m;n) ,
ynms(m;n)

å m0ynm0s(m;n)
and

ynms(m;n)

(å m0ynm0s(m;n) ))1=2 . We usea partial normalizationwith the

squareroot to avoid includingvery low energy signals,while allowing a signi�cant differencebe-
tweenthelocalamplitudeof thespeakers.

Thosefeaturesall comewith someform of energy level andall featuresinvolving pitch values
w shouldtake this energy into accountwhenthesimilarity matrix is built in Section6. Indeed,this
valuehasnomeaningwhennoenergy in thatpitch is present.

6. SpectralClustering for SpeechSeparation

Giventhefeaturesdescribedin theprevioussection,we now show how to build similarity matrices
that canbe usedto de�ne a spectralsegmenter. In particular, our approachbuilds parameterized
similarity matrices,andusesthe learningalgorithmpresentedin Section4 to adjusttheseparame-
ters.
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6.1 BasisSimilarity Matrices

Wede�ne asetof “basissimilarity” matricesfor eachsetof cuesandfeaturesde�ned in Section5.4.
Thosebasismatricesarethencombinedasdescribedin Section6.2andtheweightsof this combi-
nationarelearnedasshown in Section4.

For non-harmonicfeatures,we use a radial basisfunction to de�ne af�nities. Thus, if fa

is the value of the featurefor datapoint a, we usea basissimilarity matrix de�ned asWab =
exp(�k fa � fbk2). For a harmonicfeature,on the otherhand,we needto take into accountthe
strengthof the feature: if fa is the valueof the featurefor datapoint a, with strengthya, we use
Wab = exp(� minf ya;ybgkfa � fbk2).

6.2 Combination of Similarity Matrices

Given m basismatrices,we usethe following parameterizationof W: W = å K
k= 1gkW

a j1
1 � � � � �

Wa jm
m , wherethe productsaretaken pointwise. Intuitively, if we considerthe valuesof similarity

assoft booleanvariables,takingtheproductof two similarity matricesis equivalentto considering
the conjunctionof two matrices,while taking the sumcanbe seenas their disjunction. For our
applicationto speechseparation,we considera sumof K = 2 matrices.This hastheadvantageof
allowing differentapproximationschemesfor eachof the time scales,an issuewe addressin the
following section.

6.3 Approximationsof Similarity Matrices

Thesimilarity matricesthatwe considerarehuge,of sizeat least50;000� 50;000. Thusa signif-
icantpartof our effort hasinvolved �nding computationallyef�cient approximationsof similarity
matrices.

Let us assumethat the time-frequency planeis vectorizedby stackingone time frame after
the other. In this representation,the time scaleof a basissimilarity matrix W exertsan effect on
the degreeof “bandedness”of W. Recall that the matrix W is referredto asband-diagonalwith
bandwidthB, if for all i; j , ji � j j > B ) Wi j = 0. On a small time scale,W hasa smallbandwidth;
for a mediumtime scale,thebandis largerbut still smallcomparedto thetotal sizeof thematrix,
while for largescaleeffects,thematrixW hasno bandstructure.NotethatthebandwidthB canbe
controlledby thecoef�cient of theradialbasisfunctioninvolving thetime featuren.

For eachof thesethreecases,we have designeda particularway of approximatingthematrix,
while ensuringthat in eachcasethe time andspacerequirementsarelinear in thenumberof time
frames,andthuslinearin thedurationof thesignalto demix.

� Small scaleIf thebandwidthB is very small,we usea simpledirect sparseapproximation.
Thecomplexity of suchanapproximationgrows linearly in thenumberof time frames.

� Medium and largescaleWe usea low-rankapproximationof thematrixW, aspresentedin
Section4.4. For mid-rangeinteractions,we needanapproximationwhoserankgrows with
time, but whosecomplexity doesnot grow quadraticallywith time (seeSection4.4), while
for largescaleinteractions,therankis held�x ed.
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Bound Clust Pitch Freq
English( SNR) 2.3% 6.9% 31.1% 33.4%
English( SNRdB ) 16.4 11.6 5.1 4.8
French( SNR) 3.3% 15.8% 35.4% 40.7%
French( SNRdB ) 14.8 8.0 4.5 3.9

Table2: Comparisonof signal-to-noiseratios.

6.4 Experiments

Wehavetrainedoursegmenterusingdatafrom four differentmaleandfemalespeakers,with speech
signalsof duration3 seconds.Therewere15 parametersto estimateusingour spectrallearning
algorithm.For testing,we usemixesfrom speakerswhich weredifferentfrom thosein thetraining
set.

In Figure10,for two Englishspeakersfrom thetestingset,weshow anexampleof thesegmen-
tationthatis obtainedwhenthetwo speechsignalsareknown in advance(toppanel),asegmentation
thatwould beusedfor trainingour spectralclusteringalgorithm,andin thebottompanel,theseg-
mentationthatis outputby ouralgorithm.

Althoughsomecomponentsof the“black” speaker aremissing,thesegmentationperformance
is goodenoughto obtainaudiblesignalsof reasonablequality. The speechsamplesfor theseex-
amplescanbedownloadedfrom http://cmm.ensmp.fr/˜bach/speech/ . On thiswebsite,thereare
severaladditionalexamplesof speechseparation,with variousspeakers,in Frenchandin English.
Similarly, we presentin Figure11, segmentationresultsfor Frenchspeakers. Note that the same
parameterswereusedfor bothlanguagesandthatthetwo languageswerepresentin thetrainingset.
An importantpoint is thatourmethoddoesnot requireknowing thespeakersin advancein orderto
demixsuccessfully;rather, it is only necessarythat the two speakershave distinctpitchesmostof
thetime (anotherbut lesscrucialconditionis thatonepitch is not toocloseto twice theotherone).

A completeevaluationof therobustnessof ourapproachis outsidethescopeof thispaper;how-
ever, for thetwo examplesshown in Figure10andFigure11,wecancomparesignal-to-noiseratios
for variouscompetingapproaches.Given the truesignals (known in our simulationexperiments)
andanestimatedsignalŝ, thesignal-to-noiseratio (SNR) is de�ned asSNR= ks� ŝk2

ksk2 , andis often

reportedin decibels,asSNRdB = � 10log10
ks� ŝk2

ksk2 . In orderto characterizedemixingperformance,
we usethe maximumof the signal-to-noiseratiosbetweenthe two true signalsandthe estimated
signals(potentiallyafterhaving permutedtheestimatedsignals). In Table2, we compareour ap-
proach(“Clust”), with thedemixingsolutionobtainedfrom thesegmentationthatwould serve for
training purposes(“Bound”) (this canbe seenasan upperboundon the performanceof our ap-
proach).We alsoperformedtwo baselineexperiments:(1) In orderto show that thecombination
of featuresis indeedcrucial for performance,we performedK-meansclusteringon the estimated
pitch to separatethetwo signals(“Pitch”). (2) In orderto show thata full time-frequency approach
is needed,andnot simply frequency-based�ltering, we usedWiener�lters computedfrom thetrue
signals(“Freq”). Notethatto computethefour SNRs,the“Pitch” and“Freq” methodsneedthetrue
signals,while thetwo othermethods(“Clust” and“Bound”) arepureseparatingapproaches.

From the resultsin Table2, we seethat pitch aloneis not suf�cient for successfuldemixing
(seethe third column in the table). This is presumablydue in part to the fact that pitch is not

1992



LEARNING SPECTRAL CLUSTERING, WITH APPLICATION TO SPEECH SEPARATION

Time

F
re

qu
en

cy

Time

F
re

qu
en

cy

Figure10: (Top)Optimalsegmentationfor thespectrogramof Englishspeakersin Figure9 (right),
wherethetwo speakersare“black” and“grey”; this segmentationis obtainedfrom the
known separatedsignals.(Bottom)Theblind segmentationobtainedwith ouralgorithm.
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Figure11: (Top) Optimalsegmentationfor thespectrogramof Frenchspeakersin Figure9 (right),
wherethetwo speakersare“black” and“grey”; this segmentationis obtainedfrom the
known separatedsignals.(Bottom)Theblind segmentationobtainedwith ouralgorithm.
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the only informationavailable for groupingin the frequency domain,anddue in part to the fact
thatmulti-pitch estimationis a hardproblemandmulti-pitch estimationprocedurestendto leadto
noisyestimatesof pitch. We alsosee(theforth columnin thetable)thata simplefrequency-based
approachis notcompetitive. Thisis notsurprisingbecausenaturalspeechtendsto occupy thewhole
spectrum(becauseof non-voicedportionsandvariationsin pitch).

Finally, asmentionedearlier, therewasa major computationalchallengein applyingspectral
methodsto singlemicrophonespeechseparation.Using the techniquesdescribedin Section6.3,
theseparationalgorithmhaslinear runningtime complexity andmemoryrequirementand,coded
in MatlabandC, it takes3 minutesto separate4 secondsof speechona2 GHzprocessorwith 1GB
of RAM.

7. Conclusions

In this paper, we have presentedtwo setsof algorithms—onefor spectralclusteringandonefor
learningthesimilarity matrix. Thesealgorithmscanbederivedastheminimizationof asinglecost
functionwith respectto its two arguments.Thiscostfunctiondependsdirectlyontheeigenstructure
of the similarity matrix. We have shown that it canbe approximatedef�ciently usingthe power
method,yielding a methodfor learningsimilarity matricesthat canclustereffectively in casesin
which non-adaptive approachesfail. Note in particularthat our new approachyields a spectral
clusteringmethodthatis signi�cantly morerobustto irrelevantfeaturesthancurrentmethods.

We appliedour learningframework to theproblemof one-microphoneblind sourceseparation
of speech.To do so, we have combinedknowledgeof physical andpsychophysical propertiesof
speechwith learningalgorithms.Theformerprovideparameterizedsimilarity matricesfor spectral
clustering,andthelattermakeuseof ourability to generatesegmentedtrainingdata.Theresultis an
optimizedsegmenterfor spectrogramsof speechmixtures. We have successfullydemixedspeech
signalsfrom two speakersusingthisapproach.

Our work thusfar hasbeenlimited to thesettingof idealacousticsandequal-strengthmixing
of two speakers. Thereareseveralobviousextensionsthatwarrantinvestigation. First, themixing
conditionsshouldbe weakenedandshouldallow someform of delayor echo. Second,thereare
multiple applicationswherespeechhasto beseparatedfrom non-stationarynoise;we believe that
our methodcanbe extendedto this situation. Third, our framework is basedon segmentationof
the spectrogramand,assuch,distortionsare inevitable sincethis is a “lossy” formulation (Jang
andLee,2003;Jourjineet al., 2000). We arecurrentlyworking on post-processingmethodsthat
removesomeof thosedistortions.Finally, while therunningtime andmemoryrequirementsof our
algorithmarelinear in thedurationof thesignalto beseparated,theresourcerequirementsremain
aconcern.Wearecurrentlyworkingon furthernumericaltechniquesthatwebelievewill bringour
methodsigni�cantly closerto real-time.
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Appendix A. Proof of Lemma 9

Weprove thefollowing lemmathatrelatesdistancebetweenorthonormalbasesof subspaces:

Lemma 9 LetSandT betwomatricesin RP� R, with rankR. LetD bea symmetricpositivede�nite
matrix in RP� P. Let g(S;T) denote1

2kS(S> S) � 1S> � T(T> T) � 1T> k2
F and h = l 1(D)

l P(D) > 1 denote
theratio of thelargestandsmallesteigenvalueof D. We thenhave:

1
h

g(D1=2S;D1=2T) 6 g(S;T) 6 hg(D1=2S;D1=2T): (9)

Proof WecanexpandtheFrobeniusnormandrewrite g(S;T) as

g(S;T) =
1
2

tr
n

S(S> S) � 1S> S(S> S) � 1S>

� 2S(S> S) � 1S> T(T> T) � 1T> + T(T> T) � 1T> T(T> T) � 1T>
o

= tr
n

I � S(S> S) � 1S> T(T> T) � 1T>
o

= tr
n

I � (S> S) � 1=2S> T(T> T) � 1T> S(S> S) � 1=2
o

= tr
n

(S> S) � 1=2(S> S� S> T(T> T) � 1T> S)(S> S) � 1=2
o

:

The matrix S> S� S> T(T> T) � 1T> S is the Schurcomplementof the top left block in the matrix

M = (ST)> (ST) =
�

S> S S> T
T> S T> T

�
. Let MD = (ST)> D(ST). Wehavethefollowing inequalities

betweenmatrices:MD � l 1(D)M andMD � l P(D)M, which implies the sameinequalityfor the
top left blocks(S> S andS> DS) andtheir Schurcomplements(N = S> S� S> T(T> T) � 1T> S and
ND = S> DS� S> DT(T> DT) � 1T> DS). We thenhave:

(S> S) � 1=2N(S> S) � 1=2 � h(S> DS) � 1=2ND(S> DS) � 1=2

(S> S) � 1=2N(S> S) � 1=2 �
1
h

(S> DS) � 1=2ND(S> DS) � 1=2;

which impliesEq.(9) by takingthetrace.

Appendix B. Proof of Proposition7

Proposition10 The function PR(M), the orthogonal projection on the R-th principal eigensub-
spaceof R, is an in�nitely differentiablefunction on MP;R. For any differentiablepath M(t) of
symmetricmatriceswith valuesin MP;R such that M(0) = M, the derivative dPR(M(t))

dt at t = 0 is
equalto UV> + VU> , whereN is theuniquesolutionof linear system:

MN � NU> MU = � (I � UU> )M0(0)U andU> N = 0 (10)

whereU is anyorthonormalbasisof theR-thprincipal subspaceof M. Thevalueof thederivative
is independentof thechosenorthonormalbasis.
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Proof For simplicity, we assumethat the �rst R+ 1 eigenvaluesof M0 2 MP;R aredistinct,noting
thattheresultcanbeeasilyextendedto caseswheresomeof the�rst Reigenvaluescoalesce.Welet
U0 denoteanorthogonalmatrixcomposedof the�rst Reigenvectorsof M0 (well de�ned up to sign
becauseall eigenvaluesaresimple),andS0 = U>

0 S0U0 thediagonalmatrixof the�rst Reigenvalues.
It is well known thattheunit normeigenvectorassociatedwith a simpleeigenvalueis uniquely

de�nedupto multiplicationby � 1, andthatonceasignconventionis adoptedlocally, theeigenvec-
tor andtheeigenvaluearein�nitely differentiableat M0. SincetheprojectionPR on theprincipal
subspaceis invariantwith respectto thesignconventions,this impliesthatP R(M) is in�nitely dif-
ferentiableat M0. We now computethe derivative by showing that it can be obtainedfrom the
uniquesolutionof a linearsystem.

We let U denotethe�rst eigenvectorsof M (with appropriatesignconventions)andSthediag-
onalmatrixof eigenvaluesof M. Differentiatingthesystem,

U> U = I andMU = US

weobtain:
U> dU + dU> U = 0 andMdU + dM U � dU S� UdS= 0:

By pre-multiplyingthe secondequationby U> , we obtaindS= SU> dU + U> dM U � U> dU S,
andby substitutingdSinto the�rst equation,weobtain:

(M � USU> )dU � (I � UU> )dU S= � (I � UU> )dM U:

Moreover, wehavedP = UdU> + dU U> anddU> U + U> dU = 0, which implies

dP = (I � UU> )dU U> + UdU> (I � UU> ):

If we let N = (I � UU> )dU, wehave

dP = NU> + UN> (11)

N> U = 0 (12)

MN � NS= � (I � UU> )dM U: (13)

We have provedthatthedifferentialof P mustsatisfyEq. (11),Eq. (12) andEq.(13). To complete
theproofwehave to prove thatthesystemof equationsEq.(12)andEq.(13)hasauniquesolution.
We let T denoteanorthonormalbasisof theorthogonalcomplementof U. We canreparameterize
N asN = UA+ TB. Thesystemthenbecomes:

A = 0 andT> MTB� BS= � T> dMU:

ThelinearoperatorL from R(P� R)� R to R(P� R)� R de�ned by LB = T> MTB� BSis self-adjoint;a
shortcalculationshows that its largesteigenvalueis l R+ 1(M) � l R(M) < 0. The operatoris thus
negative de�nite andhenceinvertible. The systemof equationsEq. (12) andEq. (13) thushasa
uniquesolution.

Moreover, when the matrix M0 is positive semide�nite, The systemof equationsEq. (12) and
Eq. (13) canbesolvedby solvinga positive de�nite linearsystemwhoseconditionconditionnum-
ber is upperboundedby 1=(1� l R+ 1(M)=l R(M)) . Theconjugategradientalgorithmcanbeused
to solve thesystemandcanbedesignedsothateachiterationis requiringR matrix vectormultipli-
cationsby M.
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Appendix C. Pitch Extraction

As seenin Section5, harmonicfeaturessuchaspitchareessentialfor successfulspeechseparation.
In thisappendix,wederiveasimplepatternmatchingprocedurefor pitchestimation.

C.1 Pitch Estimation for OnePitch

Weassumethatwearegivenonetimeslicesof thespectrogrammagnitude,s2 RM. Thegoalis to
haveaspeci�c patternmatchs. Sincethespeechsignalsarereal,thespectrogramis symmetricand
weconsideronly M=2 samples.

If thesignalis exactly periodic,thenthespectrogrammagnitudefor that time frameis exactly
a superpositionof bumpsat multiplesof the fundamentalfrequency. The patternswe areconsid-
ering thushave the following parameters:a “bump” function u 7! b(u), a pitch w 2 [0;M=2] and
a sequenceof harmonicsx1; : : : ;xH at frequenciesw1 = w;: : : ;wH = Hw, whereH is the largest
acceptableharmonicmultiple, that is, H = bM=2wc. The patterns̃ = s̃(x;b;w) is thenbuilt asa
weightedsumof bumps.

By patternmatching,we mean�nding the patterns̃ that is ascloseaspossibleto s in the L2-
normsense.We imposea constrainton theharmonicstrengths(xh), namely, that they aresamples
at intervalshw of a functiong with smallsecondderivative norm

RM=2
0 jg(2)(w)j2dw. Thefunction

g canbeseenastheenvelopeof thesignalandis relatedto the“timbre” of thespeaker (Bregman,
1990).Theexplicit considerationof theenvelopeandits smoothnessis necessaryfor two reasons:
(a) it providesa timbrefeaturehelpful for separation,(b) it helpsavoid pitch-halving,a traditional
problemof pitchextractors(GoldandMorgan,1999).

Givenb andw, we minimizewith respectto x, jjs� s̃(x)jj 2 + l
RM=2

0 jg(2)(w)j2dw, wherexh =
g(hw). Sinces̃(x) is linearfunctionof x, this is asplinesmoothingproblem,andthesolutioncanbe
obtainedin closedform with complexity O(H3) (Wahba,1990).

We now have to searchover b andw, knowing that the harmonicstrengthsx canbe found in
closedform. We useexhaustive searchon a grid for w, while we take only a few bump shapes.
Themainreasonfor usingseveralbumpshapesis to accountfor thefactthatvoicedspeechis only
approximatelyperiodic.For furtherdetailsandextensions,seeBachandJordan(2005).

C.2 Pitch Estimation for Several Pitches

If we areto estimateSpitches,we estimatethemrecursively, by removing theestimatedharmonic
signals. In this paper, we assumethat the numberof speakersandhencethe maximumnumber
of pitchesis known. Note, however, that sinceall our pitch featuresarealwaysusedwith their
strengths,our separationmethodis relatively robust to situationsin which we try to �nd too many
pitches.
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