Journalof MachineLearningResearclr (2006)1963-2001 Submitted3/05; Revised7/06; PublishedL0/06

Learning Spectral Clustering, With Application To SpeechSeparation

Francis R. Bach FRANCIS.BACH@MINES.ORG
Cente de Morpholagie Mathematique

EcoledesMinesdeParis

35, rue SaintHonoré

77300FontainebleauFrance

Michael I. Jordan JORDAN@CS.BERKELEY.EDU
ComputerScienceDivision and Departmenbf Statistics

University of California

Berleley, CA94720,USA

Editor: YoshuaBengio

Abstract

Spectralclusteringrefersto a classof techniquesvhich rely on the eigenstructuref a similarity
matrixto partitionpointsinto disjointclusterswith pointsin thesameclusterhaving high similarity
andpointsin differentclustershaving low similarity. In this paper we derive new costfunctions
for spectralclusteringbasedon measure®f error betweena given partition anda solutionof the
spectralrelaxationof a minimum normalizedcut problem. Minimizing thesecostfunctionswith

respecto the partitionleadsto new spectraklusteringalgorithms.Minimizing with respecto the
similarity matrix leadsto algorithmsfor learningthe similarity matrix from fully labelleddatasets.
We apply our learningalgorithmto the blind one-microphonaspeechseparatiorproblem,casting
the problemasoneof sggmentatiorof the spectrogram.

Keywords: spectraklusteringblind sourceseparationcomputationabuditorysceneanalysis

1. Intr oduction

Spectraklusteringhasmary applicationdn machinelearning,exploratorydataanalysiscomputer
vision andspeechprocessing Most techniquesexplicitly or implicitly assumea metric or a simi-

larity structureover the spaceof con gurations,which is thenusedby clusteringalgorithms. The

succes®f suchalgorithmsdependsieavily onthe choiceof the metric,but this choiceis generally
not treatedas part of the learningproblem. Thus, time-consumingnanualfeatureselectionand
weightingis oftena necessarprecursoto the useof spectraimethods.

Several recentpapershave consideredways to alleviate this burdenby incorporatingprior
knowledgeinto the metric, eitherin the settingof K-meansclustering(Wagstaf et al., 2001; Xing
etal., 2003;BarHillel etal., 2003)or spectralclustering(Yu andShi, 2002; Kamvar et al., 2003).
In this paper we considera complementarapproachproviding a generaframenork for learning
the similarity matrix for spectralclusteringfrom examples. We assumehatwe are given sample
datawith known partitionsandareaslkedto build similarity matriceghatwill leadto thesepartitions
whenspectralclusteringis performed. This problemis motivatedby the availability of suchdata
setsfor atleasttwo domainsof application:in vision andimagesegmentationdatabasesf hand-
labelledsegmentedmagesare now available (Martin et al., 2001), while for the blind separation
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of speechsignalsvia partitioningof the time-frequeng plane(Brown and Cooke, 1994),training
examplescanbe createdoy mixing previously capturedsignals.

Anotherimportantmotivation for our work is the needto develop spectralclusteringmethods
thatarerobustto irrelevantfeatureslndeed,aswe shav in Section4.5,the performancef current
spectramethodsandegradedramaticallyin the presencef suchirrelevantfeatures By usingour
learningalgorithmto learna diagonally-scale@Gaussiarkernelfor generatinghe similarity matrix,
we obtainanalgorithmthatis signi cantly morerobust.

Ourworkis basedncostfunctionsJ; (W; E) andJ,(W; E) thatcharacterizéow closetheeigen-
structureof a similarity matrix W is to a partition E. We derive thesecostfunctionsin Section2.
As we shav in Section2.5, minimizing thosecostfunctionswith respecto the partition E leadsto
new clusteringalgorithmsthat take the form of weightedK-meansalgorithms. Minimizing them
with respecto W yields a theoreticalframework for learningthe similarity matrix, aswe shawv in
Section3. Section3.3 providesfoundationalmaterialon the approximationof the eigensubspace
of a symmetricmatrix thatis neededor Section4, which presentdearningalgorithmsfor spectral
clustering.

We highlightoneotheraspecbf theproblemhere—themajorcomputationathallengenvolved
in applying spectralmethodsto domainssuchas vision or speechseparation.Indeed,in image
sgmentation,the numberof pixelsin animageis usually greaterthan hundredsof thousands,
leadingto similarity matricesof potentialhugesizes,while, for speechseparationfour seconds
of speectsampledat 5.5 kHz yields 22,000samplesandthusa naive implementatiorwould need
to manipulatesimilarity matricesof dimensionat least22,000 22;000. Thusa major part of
our effort to apply spectralclusteringtechniquedo speechseparatiorhasinvolved the designof
numericalapproximatiorschemeshatexploit thedifferenttime scalegpresenin speeclsignals.In
Sectiond.4, we presennumericaltechniqueghatareappropriatefor genericclusteringproblems,
while in Section6.3,we shav how thesetechniquespecializeo speech.

2. Spectral Clustering and Normalized Cuts

In this section,we presentour spectralclusteringframewnork. Following Shi and Malik (2000)
andGuetal. (2001),we derive the spectrakelaxationthroughnormalizedcuts. Alternative frame-
works, basedon Markov randomwalks (Meila and Shi, 2002), on differentde nitions of the nor
malizedcut (Meila andXu, 2003),0r on constrainedptimization(HighamandKibble, 2004),lead
to similar spectrakrelaxations.

2.1 Similarity Matrices

Spectraklusteringrefersto aclassof techniquedor clusteringthatarebasecdn pairwisesimilarity
relationsamongdatapoints. Given a dataset| of P pointsin a spaceX, we assumehatwe are
givenaP P “similarity matrix” W thatmeasurethesimilarity betweereachpair of points:Wypois
largewhenpointsindexedby p andplarepreferablyin thesamecluster andis smallotherwise The
goal of clusteringis to organizethe datasetinto disjoint subsetswith high intra-clustersimilarity
andlow inter-clustersimilarity.

Throughouthis paperwe alwaysassumehatthe elementof W arenonngative (W > 0) and
thatW is symmetric(W = W”). Moreover, we make the assumptiorthat the diagonalelements
of W are strictly positive. In particulay contraryto mostwork on kernel-basedlgorithms,our
theoreticaframavork makesno assumptionsegardingthe positive semide nitenes®f the matrix
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(asymmetricmatrixW is positive semide niteif andonly if for all vectorsu2 RP, u”Wu> 0). If in
factthematrix is positive semide nitethis canbe exploitedin the designof ef cient approximation
algorithms(seeSection4.4). But the spectralclusteringalgorithmspresentedn this paperarenot
limited to positive semide nitematrices.

A classicalsimilarity matrix for clusteringin RY is the diagonally-scaledaussiarsimilarity,
de ned betweerpairsof points(x;y) 2 R RY as:

W(xy) = exp( (x y)~ Diag(a)(x ));

wherea 2 RY is avectorof positive parametersandDiag(a) denoteshed  d diagonamatrixwith
diagonala. It is alsovery commonto usesuchsimilarity matricesaftertransformatiorto a setof
for example,ShiandMalik, 2000,for anexamplefrom computationaliision andseeSection5 of
the currentpaperfor examplesfrom speeclseparation).

In the context of graph partitioning wheredatapointsareverticesof anundirectedgraphand
W; is de ned to beoneif thereis anedgebetween andj, andzerootherwiseW is oftenreferred
to asan“af nity matrix” (Chung,1997).

2.2 Normalized Cuts

the R-way normalizedcut, C(A; W), de ned asfollows (ShiandMalik, 2000;Gu etal., 2001). For
two subsets\; B of V, de ne thetotal weightbetweenA andB asW(A;B) = &8 j2Wj. Then
thenormalizedcut is equalto:
R .
o W(A;VNA)
C(AW) = _—

Noting thatW(Ar;V) = W(Ar; A) + W(A;VNA,), we seethatthe normalizedcutis smallif for all
r, theweightbetweerther-th clusterandthe remainingdatapointsis smallcomparedo theweight
within that cluster The normalizedcut criterion thuspenalizesunbalancegartitions,while non-
normalizectriteriadonotandoftenleadto trivial solutions(e.g.,aclusterwith only onepoint)when
appliedto clustering.In additionto beingmoreimmuneto outliers,thenormalizedcut criterionand
theensuingspectrarelaxationshave a simplertheoreticabsymptotichehaior whenthe numberof
datapointstendto in nity (vonLuxburg etal., 2005).

Let & betheindicatorvectorin RP for ther-th cluster thatis, e 2 0;1g" is suchthate, has
anonzerocomponenbnly for pointsin ther-th cluster Knowledgeof E= (e1;:::;ex) 2 R? Ris

(1)

formulationsinterchangeablyA shortcalculationrevealsthatthe normalizedcutis thenequalto:

cEw) = § TO We,

r=1 er>Der

whereD denoteghe diagonalmatrix whosei-th diagonalelementis the sumof the elementsn
the i-th row of W, thatis, D = Diag(W1), where1l is de ned asthe vectorin RP composedf
ones.Sincewe have assumedhatall similaritiesarenonneative, thematrixL = D W, usually
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referredto asthe “Laplacianmatrix; is a positive semide nite matrix (Chung,1997). In addition,
its smallesteigervalueis alwayszero,with eigervectorl. Also, we have assumedhatthe diagonal
of W is strictly positive, which impliesthatD is positive de nite. Finally, in the next section,we
alsoconsidethenormalized_aplacianmatrixde nedas€=1 D WD ¥, Thismatrixis also
positive de nite with zeroasits smallestigervalue,associatedvith eigervectorD1.
Minimizing the normalizedcut is an NP-hardproblem(Shi and Malik, 2000; Meila and Xu,
2003).Fortunatelytractablerelaxationshasedon eigervaluedecompositiortanbefound.

2.3 Spectral Relaxation

The following proposition,which extendsa resultof Shi andMalik (2000)for two clustersto an
arbitrary numberof clusters,givesan alternatve descriptionof the clusteringtask,andleadsto a
spectrakelaxation:

Proposition1 For all partitions E into R clustess, the R-waynormalizedcut C(W; E) is equalto
R trY>D YWD 'Y for anymatrixY 2 RP R sud that:

(a) thecolumnsof D 172Y are piecaviseconstantwith respecto theclustes E,

(b) Y hasorthonormalcolumns(Y”Y = 1).

Proof Theconstraint(a) is equivalentto the existenceof a matrixL 2 RR R suchthatD Y =
EL. Theconstrain{b) isthuswrittenasl = Y>Y =L~ E” DEL. Thematrix E” DE is diagonalwith
elementss’ Der andis thuspositive andinvertible. TheR R matrix M = (E” DE)*™L satis es
M>M = |, thatis, M is orthogonalwhichimplies| = MM> = (E> DE)¥2LL > (E> DE)™.

ThisimmediatelyimpliesthatLL > = (E>DE) 1. Thuswe have:

R trY> (D 1:2WD 1:2)Y R trl_> E> Dl:Z(D 1:2WD 1:2)Dl=2EL

R trL”E”WEL
R E WELL” =trE>WE(E”DE) 1!
C(W,E);

which completeghe proof. |

By removing the constraint(a), we obtaina relaxed optimizationproblem,whosesolutionsinvolve
the eigenstructuref D YWD 172 andwhich leadsto the classicallower boundon the optimal
normalizedcut (Zhaetal., 2002;Chanet al., 1994). The following propositiongivesthe solution
obtainedirom the spectrakelaxatiort:

Proposition2 ThemaximunmoftrY”D WD 172Y overmatricesy 2 R? RsudthatY”Y=1is
the sumof the R largesteigervaluesof D WD 7. It is attainedat all Y of theformY = UB;
wheeU 2 RP Ris anyorthonormalbasisof the R-th principal subspacefD WD 72 andB;
is an arbitrary orthogonalmatrixin RR R,

Proof LetW = D WD 2. Thepropositionis equialentto the classicalariationalcharacter
izationof the sumof the R largesteigemvaluesl (W) > > | g(\W) of W—aresultknowvn asKy
Fan's theorem(OvertonandWomerslg, 1993):

| 1(W)+  + 1 R(W)= maxtrY”WY;Y2 R” Riy>Y = |g;

1. Tighterrelaxationghatexploit thenonneativity of clusterindicatorscanbeobtained Xing andJordan2003).These
leadto cornvex relaxationshut their solutioncannotbe simply interpretedn termsof eigervectors.
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wherethe maximumis attainedfor all matricesY of the form Y = UB4, whereU 2 RP Ris ary
orthonormalbasisof the R-th principal subspacef \& andB; is anarbitraryorthogonalmatrix in
RR R Notethatthe R-th principalsubspacés uniquelyde nedif andonlyif | g6 | g1 (i.e.,there
is apositive eigen@p). [ |

The solutionsfound by this relaxationwill notin generalbe piecavise constantthatis, they
will notin generalsatisfy constraint(a) in Propositionl, andthusthe relaxed solutionhasto be
projectedbackto the constraintsetde ned by (a), an operationwe refer to as “rounding; due
to the similarity with the roundingperformedatfter a linear programmingrelaxationof an integer
programmingproblem(BertsimasandTsitsiklis, 1997).

2.4 Rounding

Ourroundingprocedurés basedn the minimizationof a metricbetweenrthe relaxed solutionand
the entire setof discreteallowed solutions. Differentmetricsleadto differentroundingschemes.
In this sectionwe presentwo differentmetricsthattake into accounthe known invariancef the
problem.

2.4.1 COMPARISON OF SUBSPACES

Solutionsof therelaxed problemarede ned up to anorthogonamatrix, thatis, Yeig = UBy, where
U 2 RP Ris ary orthonormalbasisof the R-th principal subspacef M and B is an arbitrary
orthogonamatrix. Thesetof matricesy thatcorrespondo apartitionE andthatsatisfyconstraints
(a) and(b) areof theform Ypa: = DY2E(E” DE) 172B,, whereB; is anarbitraryorthogonamatrix.
Sinceboth matricesare de ned up to an orthogonalmatrix, it makes senseto comparethe
subspacespannedoy their columns. A commonway to comparesubspacess to comparethe
orthogonabprojectionoperatorsnthosesubspacefGolubandLoan,1996),thatis, to computethe
Frobeniusnorm betweenYeigYei; = UU~ andthe orthogonalprojectionoperatorP o( W, E) on the

Po(W.E) = YpanYpan
D' E(E”DE) 'E*D'?

o DlZZerer> D1=2.
r &Dea
We thusde ne thefollowing costfunction:
2
W(W,E)= 3 UW)UW)”  Po(WE) _: @)

Othercostfunctionscouldbederivedusingdifferentmetricsbetweerinearsubspacegut asshovn
in Section2.5,the Frobeniusormbetweerorthogonalprojectionshasthe appealingeaturethatit
leadsto a weightedk-meansalgorithm?

2. Anothernaturalpossibilityfollowed by Yu andShi (2003)is to comparedirectlyU (or anormalizedversionthereof)
with theindicatormatrix E, up to anorthogonalmatrix R, which thenhasto be estimatedThis approacHeadsto an
alternatingminimizationschemesimilarto K-means.
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Using the fact that both U (W)U (W)~ and Po(W;E) are orthogonalprojectionoperatorson
linear subspacesf dimensionR, we have:

J(W,E)

%"[rU(W)U(W)> + %trPo(W; E)Po(W;E)” trU(W)U(W)” Po(W,E)

R R

= —+ = trUW)U(W)” Po(W:E)

N

e D2U (W)U (W)” D¥ e
& De '

Notethatif the similarity matrix W hasrankequalto R, thenour costfunctionJ;(W; E) is exactly
equalto thenormalizedcut C(W; E).

I
PUBEE N ]

a
r

2.4.2 NORMALIZATION OF EIGENVECTORS

By construction of the orthonormal basis U of the R-dimensional principal subspaceof

thatis, they satisfyU>U = &2, uu> = 1. Additional renormalizatiorof thoseeigervectorshas
proved worthwhile in clusteringapplicationg(Scottand Longuet-Higgins, 1990; Weiss,1999; Ng

etal., 2002),ascanbe seenin theidealizedsituationin which the similarity is zerobetweerpoints
that belongto differentclustersand strictly positive betweenpointsin the sameclusters. In this

situation, the eigervalue 1 hasmultiplicity R, and D'™2E is an orthonormalbasisof the principal
subspaceThus,ary basisU of the principal subspacdiasrows which arelocatedon orthogonal
raysin RR, wherethe distancefrom thei-th row u; to the origin is simply Dﬁzz. By normalizing

eachrow by the value Dili:2 or by its norm kuik, the rows becomeorthonormalpointsin RR (in
the idealizedsituation)andthusaretrivial to cluster Ng et al. (2002) have shavn thatwhenthe
similarity matrix is “close” to this idealizedsituation,the properlynormalizedrows tightly cluster
aroundanorthonormabasis.

We alsode ne analternatve costfunctionby removing the scalingintroducedby D; thatis, we
multiply U by D 72 andre-orthogonaliz¢o obtain:V = D™U(U>D U) 72, wherewe useary
of the matrix squarerootsof U>D U (our framewvork is independentf the chosensquareroot).
Notethatthisis equivalentto consideringhe generalizeakigervectors(i.e., vectorsx 6 0 suchthat
Wx = | Dx for acertainl ). We thusde ne thefollowing costfunction:

J(W,E)

V(W)V(W)> E(EE) E> i (3)

NIk~ NI

2
r
VIW)V(W)> & & :
=16 &

Ourtwo costfunctionscharacterizéhe ability of the matrix W to producethe partitionE when
usingits eigervectors.Minimizing with respecto E leadsto new clusteringalgorithmsthatwe now
present.Minimizing with respecto the matrix W for a given partition E leadsto algorithmsfor
learningthe similarity matrix, aswe shav in Section3 andSectiord.

In practice thetwo costfunctionsleadto very similarresults.The rst costfunctionhasclosest
ties to the normalizedcut problemsinceit is equalto the normalizedcut for similarity matrices
of rank R, while the secondcostfunction leadsto bettertheoreticallearningboundsas shavn in
Section3.2.

1968



LEARNING SPECTRAL CLUSTERING, WITH APPLICATION TO SPEECH SEPARATION

2.5 Spectral Clustering Algorithms

In this section,we provide a variationalformulation of our two costfunctions. Thosevariational
formulationslead naturally to K-meansand weightedK-meansalgorithmsfor minimizing those
costfunctionswith respecto the partition. While K-meansis often usedheuristicallyasa post-
processofor spectralclustering(Ng et al., 2002; Meila and Shi, 2002), our approachprovidesa
mathematicafoundationfor the useof K-means.

2.6 WeightedK-means

The following theorem,inspired by the spectralrelaxationof K-meanspresentedby Zha et al.
(2002),shawvs thatthe costfunctioncanbeinterpretedasa weighteddistortionmeasure:

mal basisof the R-thprincipal subspacefD WD 172, andd,, = D, for all p. For anypartition
E A, ,wehave

JWE)=  min & & dokupd ™ Wk?
(HLspR)2RR Rar' p;aAr phHptp

Proof Let D(5A) = & & p2a, dpkupdp 1= k2. Minimizing D(; A) with respecto i is adecou-
pledleast-squaregroblemandwe get:

min,D(K, A) = arka p2A, dézzupkzz(é p2 A, dp)

|
Qo
g_)o
N
>
e
©
c
o

p:
= A,WUp A& ppea dp 0y U up=(e Dey)
= R &, D¥UU>D¥e=(e De )= J1(W;E):

This theoremhasan immediatealgorithmicimplication—to minimize the costfunction J;(W; E)
with respecto the partition E, we canusea weightedK -meansalgorithm. Theresultingalgorithm
is presentedn Figurel.

For the secondcostfunction, we have a similar theoremwhich leadsnaturallyto the K-means
algorithmpresentedn Figure2:

Theorem4 LetW be a similarity matrix andlet U be an orthonormalbasisof the R-th principal
subspacefD WD 172 andV = DU (U>DU) . For anypartitonE A, wehave

The rounding procedureghat we proposein this paperare similar to thosein otherspectral
clusteringalgorithms(Ng et al., 2002; Yu and Shi, 2003). Empirically, all suchroundingschemes
usuallyleadto similar partitions. The main advantageof our procedure—whichdiffers from the
othersin beingderived from a costfunction—isthatit naturallyleadsto analgorithmfor learning
the similarity matrix from data,presentedn Section3.

1969



Figurel:

BACH AND JORDAN

Input: Similarity matrixW 2 R” P.
Algorithm :
1. Computerst ReigevectorsU of D WD 172 whereD = diagW1).

3. Initialize partitionA.

4. WeightedK-means:While partition A is not stationary
a.Forallr, b= & poa, dp “Up=8 poa, dp
b. For all p, assignp to A; wherer = agmin,okupdp 1= ok

Output: partitionA, distortionmeasured & poa, dpkupdp k2

Spectralclusteringalgorithmthat minimizesJ; (W; E) with respecto E with weighted
K-mean.SeeSection2.6 for theinitialization of the partition A.

Input: Similarity matrixW 2 R P,

Algorithm :
1. Computerst ReigervectorsU of D WD 17 whereD = diagW1).
2. LetV=D¥U(U>DU)

4. Initialize partitionA.
5. WeightedK-meansWhile partition A is not stationary
a.Forallr, p = ﬁépy\( Up
b. For all p, assignp to A, wherer = argminokup ok
Output: partitionA, distortionmeasure; & p> o, Kup e

Figure2:

Spectralclusteringalgorithmthat minimizesJ,(W; E) with respectto E with K-means.
SeeSection2.6for theinitialization of the partition A.
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Initialization ~ TheK-meanslgorithmcanbeinterpretedasa coordinatedescentlgorithmandis
thussubjectto problemsof local minima. Thusgoodinitializationis crucialfor the practicalsuccess
of thealgorithmin Figurel.

A similarity matrix W is said perfectwith respectto a partition E with R clustersif the cost
functionsJ;(W; E) andJ,(W, E) areexactly equalto zero. Thisis truein atleasttwo potentially
distinct situations: (1) whenthe matrix W is block-constantwherethe block structurefollows
the partition E, and, as seenearlier (2) whenthe matrix W is suchthat the similarity between
pointsin differentclusterds zero,while the similarity betweerpointsin thesameclusterss strictly
positive (Weiss,1999;Ng etal., 2002).

In both situations,the R clustercentroidsare orthogonalvectors,and Ng et al. (2002) have
shavn thatwhenthesimilarity matrixis “close” to the secondknown type of perfectmatricesthose
centroidsarecloseto orthogonal.This leadto the following naturalinitialization of the partition A
for the K-meansalgorithmin Figure1 andFigure2 (Ng etal., 2002): selecta point u, atrandom,
andsuccessiely selectR 1 pointswhosedirectionsaremostorthogonako the previously chosen
points;thenassigneachdatapointto the closesibf the R chosempoints.

2.7 Variational Formulation for the Normalized Cut

In this section,we shawv that thereis a variationalformulation of the normalizedcut similar to
Theorem3 for positive semide nite similarity matrices thatis, for matricesthat canbe factorized
asW= GG whereG2 RP M whereM 6 P. Indeedwe have thefollowing theoremwhoseproof
is almostidenticalto the proof of Theorem3:

Theorem5 If W= GG™ where G2 RP M thenfor anypartition E, wehave:

CW;E)=  min_ § § dpkgpd,? wk*+R trD WD =
(b1;:i5HR)2RR R p2A

This theoremshaws that for positve semide nite matrices,the normalizedcut problemis equi-
alentto the minimization of a weighteddistortion measure.However, the dimensionalityof the
spaceinvolved in the distortion measurds equalto the rank of the similarity matrices,andthus
canbe very large (as large as the numberof datapoints). Consequentlythis theoremdoesnot
lead straightforvardly to an ef cient algorithmfor minimizing normalizedcuts, sincea weighted
K-meansalgorithmin very high dimensionss subjectto severelocal minima problems(see,for
example,Meila andHeckerman,2001). SeeDhillon et al. (2004)for further algorithmsbasedon
the equivalencebetweemormalizedcutsandweightedK-means.

3. CostFunctionsfor Learning the Similarity Matrix

Givena similarity matrix W, the stepsof a spectraklusteringalgorithmsare (1) normalization(2)
computationof eigervalues,and(3) partitioningof the eigervectorsusing (weighted)K-meanso
obtaina partition E. In this section,we assumehat the partition E is given, andwe develop a
theoreticaframevork anda setof algorithmsfor learninga similarity matrix W.

It is importantto notethatif if we put no constraintson W, thenthereis a trivial solution,
namelyary perfectsimilarity matrix with respecto the partition E, in particular ary matrix that
is block-constanwith the appropriateblocks. For our problemto be meaningful,we thus must
considera settingin which thereare several datasetsto partition andwe have a parametridorm

1971



BACH AND JORDAN

for the similarity matrix. The objectie is to learn parametershat generalizeo unseerdatasets
with a similar structure We thusassumethatthe similarity matrix is a function of avectorvariable
a 2 RF, anddevelopa methodfor learninga.

Given a distancebetweenpartitions, a naive algorithm would simply minimize the distance
betweerthe true partition E andthe outputof the spectralclusteringalgorithm. However, the K-
meansalgorithmthat is usedto clustereigervectorsis a non continuousmap andthe nave cost
function would be non continuousandthus hardto optimize. In this section,we rst shov that
the costfunctionwe have presenteds anupperboundof the naive costfunction;this upperbound
hasbetterdifferentiability propertiesandis amenabldo gradient-basedptimization. Thefunction
thatwe obtainis a function of eigensubspacemdwe provide numericalalgorithmsto ef ciently
minimize suchfunctionsin Section3.3.

3.1 DistanceBetweenPartitions

LetE = (&)r=1..-r andF = (fg)«1...5 be two partitionsof P datapointswith R and S clusters,

..........

representethy the indicatormatricesof sizesP RandP S respectiely. We usethefollowing
distancebetweerthetwo partitions(HubertandArabie, 1985):

1=2

d(EF) = Pl—z E(E’E) B> F(FF) ¥ 4
_ 1 oae o ff
28¢e 201,
e
2

. (€57
R¥S 28 (e ay(fe Ty

Theterme’ fs simply countsthe numberof datapointswhich belongto ther-th clusterof E and
the sth clusterof F. The functiond(E;F) is a distancefor partitions,thatis, it is nonngative
andsymmetric,it is equalto zeroif andonly if the partitionsareequal,andit satis esthetriangle
inequality Moreover, if F hasSclustersandE hasR clusterswehave 06 d(E;F) 6 (%5’ 1172,
In simulationswe comparepartitionsusingthe squaredlistance.

3.2 CostFunctions asUpper Bounds

We let E1(W) denotethe clusteringobtainedby minimizing the costfunction J1(W;E) with re-
spectto E, andlet Ex(W) denotethe clusteringobtainedoy minimizing the costfunction J2(W; E).
The following theoremshows that our costfunctionsare upperboundson the distancebetweema
partitionandthe outputof the spectraklusteringalgorithm:

Theorem6 Let h(W) = max,Dpp=minyDpp > 1. If Ex(W) = amgmingJy(W;E) and Ex(W) =
argming J2(W; E), thenfor all partitionsE, wehave:

d(E;E1(W))? 6 4h(W)Jy(W;E) (5)
d(E;Ex(W))? 6 4J(W;E): (6)

Proof Givenasimilarity matrixW, following Section2.4,we have

J(W;E) = %kV(W)V(W)> E(E”E) E”kZ;
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wherewe let denotev (W) = DU (W)(U (W)” DU(W)) 2 andU (W) is anorthonormabasisof
the R-th principalsubspacef D YWD 172, With thatde nition, for all partitionsE, we have:

d(E; E2(W)) E(E"E) 'E” E(W)(E(W)”E(W)) ‘E(W)”

St

E(E’E) E> V(W)V(W)>

+pl—§ VIWV(W)™  E(W)(E(W)”EW)) 'EW)”
= (B(E;W) ™+ min(Jo(E; W)
6 2%R(E:W)

whichprovesEq.(6). In orderto prove Eq.(5), we de ne adistancebetweerpartitionsthatis scaled
by D, thatis:

1 = . = _
do(E;F) = P D™E(E*DE) E*D*? D¥YF(F”DF) F”D¥? :
Following the samestepsasabore, we canprove:
do(E; Ex(W)) 6 2(J1(E;W)) ™

Finally, in orderto obtainEqg. (5), we useLemma9 in AppendixA. |

The previous theoremshawvs that minimizing our costfunctionsis equivalentto minimizing an
upperboundon the true costfunction. This boundis tight at zero,consequentlyif we areableto
producea similarity matrix W with small J1(W; E) or Jo(W;E) cost,thenthe matrix will provably
leadto partitionthatis closeto E. Notethattheboundin Eg. (5) containsaconstantermdependent
onW andis thuswealer thanthe boundin Eq. (6) which doesnot. In Section3.4,we compareour
costfunctionsto previously proposecdostfunctions.

3.3 Functions of Eigensubspaces

Our cost functions, as de ned in Eqg. (2) and Eqg. (3), dependon the R-th principal eigensub-
spacethatis, the subspacepannedy the rst R eigervectorsU 2 RP R of W= D PwD 12,
In this section,we review classicalpropertiesof eigensubspacesnd presentoptimizationtech-
niquesto minimize functions of eigensubspaceslin this section,we focus mainly on the cost
function J1(W, E) whichis de ned in termsof the projectionsontothe principal subspacef \& =
D WD ', Theextensionsf ourtechniqueso thealternatve costfunctionJo(W; E) is straight-
forward. In this section,we rst assumehatall considerednatricesare positive semide nite, so
thatall eigervaluesarenonngative, postponinghetreatmenbf the generakcaseto Section3.3.5.

3.3.1 PROPERTIES OF EIGENSUBSPACES

Let Mpg bethesetof symmetricmatricessuchthatthereis a positive gap betweerthe R-th largest
eigervalue andthe (R+ 1)-th largesteigervalue. The setMpg is open(Magnusand Neudecler,
1999),andfor ary matrix in Mpg, the R-th principal subspacé&g(M) is uniquelyde ned andthe
orthogonabprojectionP g(M) onthatsubspacés anuniqueidenti er of thatsubspacelf Ug(M) is
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anorthonormabasisof eigervectorsassociateavith the R largesteigervalues,we have P g(M) =
Ur(M)Ugr(M)”, andthe valueis independentf the choiceof the basisUg(M). Notethatthe R-th
eigensubspads well de ned evenif someeigervalueslargerthanthe R-th eigervaluecoalescdin
which casetheR eigervectorsarenotwell de ned but the R-th principal eigensubspaads).

The computatiorof eigetvectorsandeigervaluesis a well-studiedproblemin numericallinear
algebra(see for example,GolubandLoan,1996). Thetwo classicalterative techniqueso obtaina
few eigemvaluesof a symmetricmatrix arethe orthogonaliterations(a generalizatiorof the power
methodfor oneeigervalue)andthe LancZs method

Themethodof orthogonalterationsstartswith arandommatrixV in R? R, successiely multi-
pliesV by the matrix M andorthonormalizeshe resultwith the QR decompositionFor almostall
V, the orthogonaliterationscorverge to the principal eigensubspacandthe corvergenceis linear
with ratel g+ 1(M)=l (M), wherel 1(M) > > | g+ 1(M) arethe R+ 1 largesteigervaluesof M.
The complity of performingq stepsof the orthogonaliterationsis gR timesthe compleity of
the matrix-vectorproductwith the matrix M. If M hasno specialstructure the compleity is thus
O(gRP). As discussedh Sectiond.4,if specialstructurds presenin M it is possibleto reducethis
tolinearin P. Thenumberof stepgo obtaina givenprecisiondependslirectly onthe multiplicative
eigen@per(M) = | r+1(M)=l (M) 6 1;indeedthis numberof iterationsis O TW :

TheLancdsmethodis alsoaniteratve method onewhich makesbetteruseof theavailablein-
formationto obtainmorerapidcorvergence Indeedthenumberof iterationss only O W ,
thatis, the squareroot of the numberof iterationsfor the orthogonaliterations(Golub andLoan,
1996). Note thatit is usualto perform subspacéterationson more thanthe desirednumberof
eigevaluesin orderto improve corvergence(BatheandWilson, 1976).

Finally, in our settingof learningthe similarity matrix, we canspeedup the eigervaluecompu-
tation by initializing the power or Lanczs methodwith the eigensubspacef previous iterations.
Othertechniquesarealsoavailablethat canprovide a similar speed-ugby ef ciently trackingthe
principalsubspacef slowly varyingmatricesfComonandGolub,1990;Edelmaretal., 1999).

3.3.2 EXACT DIFFERENTIAL

Thefollowing propositionshavs thatthe function P (M) is continuousanddifferentiableon Mpg
(for aproofseeAppendixB).

Proposition 7 ThefunctionP g(M), theorthogonalprojectionon the R-th principal eigensubspace
of R,isanin nitely differentiablefunctionon Mpr andfor anydifferentiablepathM(t) of symmetric
matriceswith valuesin Mpg sud that M(0) = M, the derivativew att = O is equalto
UN” + NU~, wheee N is theuniguesolutionof thelinear system

MN NU MU= (I UU>)MY0)U andU>N= 0; (7)

and whee U is any orthonormalbasis of the R-th principal subspaceof M. The value of the
derivativeis independentf the chosenorthonormalbasis.

Thelinear systemEg. (7) hasPR equationsand PR unknowns. It turnsout thatthis systemis
apositive de nite systemwith a conditionnumberthatis upperboundedby 1=(1 er(M)). Thus
solving this systemusingthe conjugate gradientmethodtakesa numberof iterationsproportional
to W thatis, the compleity of obtainingonederivative is the sameasthat of computing
the rst R eigervectorswith the LancZsmethod.
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Notethatif all the rst R eigervaluesof M are distinct, the systemEq. (7) decouplesnto R
smallersystemghat characterizehe differential of a single eigervector(Magnusand Neudecler,
1999; Cour et al., 2005). However, the conditionnumberof suchsystemamight be very large if
someeigervaluesareclose. We thusadwcatethe useof thefull systemfor which the compleity
of eachiterationof conjugate gradientis the samecompleity asthe sumof the decoupledalgo-
rithms, but for which the conditionnumberis betterbehaed. We herebyfollow the classicalule of
thumbof numericallinear algebra,namelythat eigensubspacesebetterbehaed thanindividual
eigervectors(Edelmaretal., 1999).

3.3.3 APPROXIMATION OF EIGENSUBSPACE AND I TS DIFFERENTIAL

Whenlearningthe similarity matrix, the costfunctionandits derivativesarecomputedmary times
andit is thusworthwhileto useanef cient approximatiorof the eigensubspacaswell asits differ-

ential. A very naturalsolutionis to stoptheiteratve methodsor computingeigervectorsata x ed
iterationg. Thefollowing propositionshows thatfor the methodof power iterations for almostall

startingmatrixV 2 R” R, the projectionobtainedby early stoppingis anin nitely differentiable
function:

Proposition8 LetV 2 R Rbesudithath= max coqu;V) < 1. Thenif weletVg(M)
U2ERr(M)? ;v2ranggV)

denotetheresultsof g orthogonaliterations,thefunctionVy(M)Vy(M)~ isin nitely differentiablein
aneighborhoodf M, andwehave:kVy(M)Vy(M)”  Pr(M)kz 6 W(]I r+ 1(M)j51 r(M)))4.

Proof GolubandLoan(1996)shaw thatfor all g, M9V alwayshasrankR. Whenonly theprojection
onthecolumnspacds soughttheresultof theorthogonaiterationsdoesnotdependnthechosen
methodof orthonormalizatior{usuallythe QR decomposition)andthe nal resultis theoretically
equivalentto orthonormalizingatthelastiteration. ThusVg(M)Vg(M)~ = MOV (V> M2V) v~ M4,
Vg(M)Vg(M)~ isC¥ sincematrixinversionandmultiplicationareC¥ . Theboundis provedin Golub
andLoan (1996)for the QR orthogonaliterations,and sincethe subspacesomputedby the two
methodsarethe same the boundalsoholdshere. The derivative caneasilybe computedusingthe
chainrule. |

Notethatnumericallytaking poversof matriceswithout carecanleadto disastrousesults(Golub
andLoan,1996). By usingsuccessie QR iterations,the computationsanbe madestableandthe
sametechniquecanbe usedfor the computatiorof the derivatives.

3.3.4 POTENTIALLY HARD EIGENVALUE PROBLEMS

In mostof theliteratureon spectraklustering,it is takenfor grantedthatthe eigervalueproblemis
easyto solve. It turnsoutthatin mary situationsthe (multiplicative) eigen@pis very closeto one,
makingthe eigervectorcomputatiordif cult (examplesaregivenin thefollowing section).

Whenthe eigen@pis closeto one,alarge power is necessaryor the orthogonaliterationsto
converge. In orderto avoid thosesituations we regularizethe approximationof the costfunction
basedon the orthogonaliterationsby a termwhich is large whenthe matrix D 2WD 172 is ex-
pectedo have asmalleigen@p,andsmallotherwise We usethefunctionn(W) = trwW=trD, which
is alwaysbetweerD and1, andis equalto 1 whenW is diagonal(andthushasno eigen@p).

We thus usethe costfunction de ned asfollows. LetV 2 RP R bede ned asD'™2F, where
ther-th columnof F is the indicator matrix of a randomsubsetf ther-th clusternormalizedby
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the numberof pointsin thatcluster This de nition of W ensureshatwhenW is diagonalthe cost
functionis equalto R 1, thatis, if the power iterationsarelik ely notto corverge,thenthevalueis
themaximumpossibletrue valueof the cost.

Let B(W) beanapproximaterthonormabasisof the projectionsontheR-th principalsubspace
of D WD ', basedn orthogonalterationsstartingfrom V.3

Thecostfunctionthatwe useto approximatel;(W; E) is

Fl(W;E)=% B(W)B(W)~ Po(W;E)IZZ klog(1 n(W)):

We de ne alsoC(W) = D¥¥B(W)(B(W)> DB(W)) . The costfunctionthatwe useto ap-
proximateJ,(W; E) is then

RWE)= 2 CWCW)™ Po(E) ~ klog(1 n(w)):

3.3.5 NEGATIVE EIGENVALUES

The spectral relaxation in Proposition 2 involves the largest eigervalues of the matrix
W=D ¥2WD ', ThevectorD'™1 is aneigevectorwith eigevaluel; sincewe have assumed
thatW is pointwisenonngative, 1 is the largesteigervalueof W. Givenary symmetricmatrices
(not necessarilypositive semide nite) orthogonaliterationswill cornverge to eigensubspacesor-
respondingto eigervalueswhich have largestmagnitude,andit may well be the casethat some
negative eigervaluesof W have larger magnitudethanthe largest(positive) eigervalues,thuspre-
ventingthe orthogonalterationsfrom corverging to the desiredeigervectors.Whenthe matrix W
is positive semide nite this is not possible. However, in the generalcase eigervalueshave to be
shiftedsothatthey areall nonngative. This is doneby addinga multiple of theidentity matrix to
the matrix \&, which doesnot modify the eigervectorsbut simply potentially changethe signsof
the eigermvalues. In our contet addingexactly the identity matrix is sufcient to make the matrix
positive; indeed,whenW is pointwisenonngative, thenbothD+ W andD W arediagonally
dominantwith nonngative diagonalentries,andarethus positve semide nite (Golub andLoan,
1996),whichimpliesthat | 4 & 4 |, andthusl + \& is positive semide nite.

3.4 Empirical ComparisonsBetweenCost Functions

In this section,we study the ability of the variouscostfunctionswe have proposedo track the
gold standarcerror measuren Eqg. (4) aswe vary the parametea in the similarity matrix Wyo=

exp( akxp Xpk?). We studythe costfunctionsJy(W; E) and J(W;E) aswell astheir approx-
imationsbasedon the power methodpresentedn Section3.3.3. We also presentresultsfor two
existing approachespnebasedon a Markov chaininterpretationof spectralclustering(Meila and
Shi, 2002)andonebasedon the alignment(Cristianinietal., 2002)of D WD ¥ andPq. Our
experimentis basedn the simpleclusteringproblemshowvn in Figure3(a). This apparentlysimple
toy examplecapturesmuchof the coredif culty of spectraklustering—nonlineaseparabilityand
thinness/sparsityf clusterqary pointhasvery few neameighbordelongingto thesamecluster so
thattheweightedgraphis sparse)ln particularin Figure3(b) we plot theeigengpof thesimilarity

3. ThematrixD WD 172 alwayshasthe samelargesteigetvalue 1 with eigervectorD1721 andwe could consider
insteacthe(R  1)th principalsubspacef D 12wD 12 D17211> p172=(1> D1).
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matrix asafunctionof a, notingthatfor all optimumvaluesof a, this gapis very closeto one,and
thusthe eigervalue problemis hardto solve. Worse,for large valuesof a, the eigen@p becomes
sosmallthatthe eigensoler startsto diverge. It is thusessentiato preventour learningalgorithm
from yielding parametessettingsthat leadto a very small eigen@p. In Figure 3(e), we plot our
approximationof the costfunctionbasedon the pover method,andwe seethat, even without the
additionalregularizationpresentedn Section3.3.4, our approximatecostfunction avoids a very
smalleigen@p. Theregularizationpresentedn Section3.3.4strengthenshis behaior.

In Figure 3(c) and (d), we plot the four costfunctionsagainstthe gold standard. The gold
standarcturve shavsthatthe optimala liesabove 2.50n alog scale,andasseenn Figure3(c) and
(e), theminimaof the new costfunctionandits approximatiorlie amongthesevalues.As seenin
Figure3(d), on the otherhand,the alignmentand Markov-chain-base@ostfunctionsshov a poor
matchto the gold standardandyield minimafar from the optimum.

The problemwith the latter costfunctionsis that thesefunctionsessentiallymeasurehe dis-
tancebetweerthe similarity matrix W (or a normalizedversionof W) anda matrix T which (after
permutation)s block-diagonalwith constantlocks. Spectralclusteringdoeswork with matrices
which arecloseto block-constanthowever, oneof the strengthf spectralclusteringis its ability
to work effectively with similarity matriceswhich are not block-constantandwhich may exhibit
strongvariationsamongeachblock.

Indeedjn examplessuchasthatshovnin Figure3, theoptimalsimilarity matrixis veryfarfrom
beingblock diagonalwith constantlocks. Rathey giventhatdatapointsthatlie in the samering
arein generaffar apart,the blocksarevery sparse—notonstantandfull. Methodsthattry to nd
constantlockscannot nd the optimal matricesin thesecases.In the languageof spectralgraph
partitioning,wherewe have a weightedgraphwith weightswW, eachclusteris a connectedut very
sparsegraph.The pover WY correspondso the g-th power of thegraph;thatis, the graphin which
two verticesarelinked by an edgeif andonly if they arelinked by a pathof lengthno morethan
g in the original graph. Thustaking powverscanbe interpretedas“thickening” the graphto malke
the clustersmore apparentwhile not changingthe eigenstructuref the matrix (taking powversof
symmetricmatricesonly changeghe eigervalues,not the eigervectors).Note thatotherclustering
approachebasedn taking powersof similarity matriceshave beenstudiedby TishbyandSlonim
(2001)and SzummerandJaaklola (2002); thesediffer from our approackin which we only take
powersto approximatehe costfunctionusedfor learningthe similarity matrix.

4. Algorithms for Learning the Similarity Matrix

We now turn to the problemof learningthe similarity matrix from data. We assumehat we are
given one or more setsof datafor which the desiredclusteringis known. The goalis to design
a “similarity map’, thatis, a mappingfrom datasetsof elementsn X to the spaceof symmetric
matriceswith nonngative elements.In this paper we assumehatthis spaceds parameterizedin

particular we considediagonally-scale@aussiakernelmatriceqfor whichtheparameterarethe
scaleof eachdimension) aswell asmorecomplex parameterizedhatricesfor the segmentatiorof

line drawvingsin Section4.6 andfor speechseparationin Section5. In generalwe assumehatthe
similarity matrix is a functionof avectorvariablea 2 R. We alsoassumehatthe parametersre
in one-to-oneorrespondenceith thefeaturessettingoneof theseparameterto zerois equivalent
toignoringthecorrespondindeature.
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Figure3: Empiricalcomparisorof costfunctions.(a) Datawith two clusters(red crossesandblue
circles). (b) Eigengp of the similarity matrix asafunctionof a. (c) Gold standarctlus-
teringerror (black solid), spectralcostfunction J; (reddotted)andJ; (blue dashed)(d)
Gold standarcclusteringerror (black solid), the alignment(red dashed)anda Markov-
chain-basedost, divided by 20 (blue dotted). (e) Approximationsbasedon the power
methodwith increasingpowerq: 24 16 32.
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4.1 Learning Algorithm

We assuméhatwe aregiven severalrelateddatasetswith known partitionsandour objectve is to
learn parameter®f similarity matricesadaptedo the overall problem. This “supervised”setting
is notuncommonin practice.In particular aswe showv in Section5, labelleddatasetsarereadily
obtainedor the speeclseparatiotaskby arti cially combiningseparately-recordeshmplesNote
alsothatin theimagesggmentatiordomain,numerousmageshave beenhand-labelledanda data
setsof segmentedhaturalimagess available(Martin etal., 2001).

eachn weknow thepartitionE,. For eachn andeacha, we have asimilarity matrixWy(a). Thecost
functionthatwe useis H(a) = ﬁ anF(Wh(a);En) + Cai-1jasj. The 1 penaltysenesasafeature
selectionterm, tendingto malke the solutionsparse.The learningalgorithmis the minimizationof
H(a) with respecto a 2 RF, usingthe methodof steepestlescent.

Giventhatthe compleity of the costfunctionincreasesvith g, we startthe minimizationwith
small g and graduallyincreaseq up to its maximumvalue. We have obsered that for small g,
the functionto optimizeis smootherandthus easierto optimize—inparticular the long plateaus
of constantvaluesarelesspronounced.ln somecaseswe may endthe optimizationwith a few
stepof steepestiescentisingthe costfunctionwith thetrue eigervectors thatis, for g = ¥; thisis
particularlyappropriatevhenthe eigen@psof the optimal similarity matriceshapperto besmall.

4.2 RelatedWork

Several otherframenorks aim at learningthe similarity matricesfor spectralclusteringor related
proceduresClosesto our own work is thealgorithmof Couretal. (2005)which optimizesdirectly

the eigervectorsof the similarity matrix, ratherthanthe eigensubpacesndis appliedto image
sg@mentationtasks. Although differently motivated, the frameavorks of Meila and Shi (2002)and
Shentalet al. (2003)leadto similar corvex optimizationproblems. The framework of Meila and
Shi (2002) directly appliesto spectralclustering,but we have shaovn in Section3.4 that the cost
function, althoughcorvex, may leadto similarity matricesthat do not performwell. The proba-
bilistic framewvork of Shentalet al. (2003) is basedon the model granularmagnetof Blatt et al.

(1997)andappliesrecentgraphicaimodelapproximaténferenceechniqueso solve theintractable
inferencerequiredfor the clusteringtask. Their framework leadsto a cornvex maximumlik elihood
estimatiorproblemfor the similarity parametersyhichis basednthe sameapproximaténference
algorithms. Among all thoseframeworks, ourshasthe advantageof providing theoreticalbounds
linking the costfunctionandthe actualperformancef spectraklustering.

4.3 TestingAlgorithm

The outputof the learningalgorithmis a vectora 2 RF. In orderto clusterpreviously unseen
datasets,we computethe similarity matrix W and usethe algorithmof Figure 1 or Figure2. In
orderto furtherenhanceestingperformancewe alsoadoptanideadueto Ng etal. (2002)—during
testing,we vary the parametea alongadirectionb. Thatis, for smalll we setthe parametevalue
to a+ bl andperformspectralclustering,selectingl suchthatthe (weighted)distortionobtained
afterapplicationof the spectraklusteringalgorithmof Figurel or Figure2 is minimal.
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In our situation,therearetwo naturalchoicesfor the directionof search. The rst is to use
b = a=kak, thatis, we hold x ed the direction of the parameterbut allow the norm to vary.
This is naturalfor diagonally-scaledsaussiarkernel matrices. The secondsolution, which is
more generallyapplicable,is to usedthe gradientof the individual cost functions, that is, let
Gh= % 2 RF. If we neglect the effect of the regularization,at optimality, & ,Gn = 0.
We take the unit-normdirectionsuchthat & ,(b> Gp)? is maximum,which leadsto choosingb as
thelargesteigervectorof & ,G,G;, .

4.4 Handling Very Large Similarity Matrices

In applicationgto vision andspeeclseparatiorproblemsthe numberof datapointsto clustercan
be enormous:indeed,evena small 256 256 imageleadsto morethanP = 60; 000 pixels while
3 second®f speectsampledat 5 kHz leadsto morethanP = 15;000spectrogransamplesThus,
in suchapplicationsthe full matrix W, of sizeP P, cannotbe storedin main memory In this
section,we presenapproximationschemesgor which the storagerequirementarelinearin P, for
which thetime complity is linearin P, andwhich enablematrix-vectorproductsto be computed
in lineartime. SeeSection6.3for anapplicationof eachof thesemethodgo speectseparation.

For an approximationschemeto be valid, we requirethat the approximatematrix \& is sym-
metric, with nonngative elementsandhasa strictly positive diagonal(to ensuran particularthat
D hasa strictly positive diagonal). The rst two techniquescan be appliedgenerally while the
last methodis speci ¢ to situationsin which thereis naturalone-dimensionadtructure suchasin
speechor motionsggmentation.

4.4.1 SPARSITY

In applicationsto vision andrelatedproblems,mostof the similaritiesarelocal, and mostof the
elementf the matrix W areequalto zero.If Q6 P(P+ 1)=2 is the numberof elementdessthan
a giventhreshold(notethat the matrix is symmetricso just the uppertriangleneedsto be stored),
thestoragaequiremenits linearin Q, asis thecomputationatompleity of matrix-vectorproducts.
However, assessinwhich elementsareequalto zeromighttake O(P?). Notethatwhenthesparsity
is low, thatis, whenQ is large,usinga sparseepresentatiois unhelpful;only whenthe sparsityis

expectedo behighis it usefulto considersuchanoption.

Thus, beforeattemptingto computeall the signi cant elementgi.e., all elementgreaterthan
thethreshold)of the matrix, we attemptto ensurethatthe resultingnumberof elementsQ is small
enough. We do so by selectingS randomelementsof the matrix and estimatingfrom thoseS
elementghe proportionof signi cant elementsyhichimmediatelyyieldsanestimateof Q.

If the estimated) is smallenoughwe needto computethoseQ numbers.However, although
thetotal numberof signi cant elementganbeefciently estimatediheindicesof thosesigni cant
elementxannotbe obtainedin lessthanO(P?) time without additionalassumptionsA particular
exampleis the caseof diagonally-scale@aussiarkernelmatricesfor which the problemof com-
puting all non-zeroelementss equivalentto thatof nding pairsof datapointsin an Euclidean
spacewith distancesmallerthana giventhreshold.We canexploit classicalef cient algorithmsto
performthis task(GrayandMoore,2001).

If W is an element-wiseproductof similarity matrices,only a subsetof which have a nice
structure,we canstill usethesetechniquesalbeit with the possibility of requiring more than Q
elementf the similarity matrix to be computed.
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4.4.2 LOow-RANK NONNEGATIVE DECOMPOSITION

If thematrixW is notsparsewe canapproximatet with alow-rankmatrix. Following Fowlkesetal.
(2001),it is computationallyef cient to approximateeachcolumnof W by alinearcombinationof
a setof randomlychosencolumns: if | is the setof columnsthat are selectedand J is the set
of remainingcolumns we approximateeachcolumnwj, j 2 J, asacombinationd ,; Hijw;. In the
Nystrom methodof Fowlkesetal. (2001),thecoefcient matrixH is chosersothatthesquaredrror
ontherowsin indexedby | is minimum, thatis, H is chosersothatd ., (wj(k) aiz HijWi(k))z.
SinceW is symmetric,this only requiresknowledgeof the columnsindexed by |. The solutionof
this corvex quadraticoptimizationproblemis simply H = W(l;1) *W(l;J), wherefor ary setsA
andB of distinctindicesW(A; B) is the (A; B) block of W. Theresultingapproximatingmatrix is
symmetricandhasarankequalto thesizeof I.

Whenthe matrix W is positive semide nite,thenthe approximatiorremainspositive semidef-
inite. However, whenthe matrix W is element-wisenonngative, which is the main assumption
in this paper thenthe approximatiormight not be andthis mayleadto numericalproblemswhen
applying the techniquegpresentedn this paper In particularthe approximatedmatrix D might
not have a strictly positive diagonal. The following low-rank nonnegjative decompositiorhasthe
adwantageof retaininga pointwise nonngative decompositionwhile beingonly slightly slower.
We usethis decompositiorin orderto approximatehe large similarity matrices,andthe required
rankis usuallyin the orderof hundredsthis is to be contrastedwith the approactof Ding et al.
(2005),which consistsn performinga nonngative decompositiorwith very few factorsin orderto
potentiallyobtaindirectly clusterindicators.

We rst nd thebestapproximatiorof A= W(l;J) asVH, whereV = W(I;1) andH is element-
wise nonngative. This canbe doneef ciently usingalgorithmsfor nonneative matrix factoriza-
tion (LeeandSeung2000). Indeed,startingfrom a randompositive H, we performthe following
iterationuntil corvergence:

akaIAkJ_(VH)kj

8i; J; Hij 2, Vi

(8)

The compleity of the iterationin Eq. (8) is O(M?P), and empirically we usually nd that we
requirea small numberof iterationsbeforereachinga sufciently good solution. Note that the
iterationyieldsa monotonicdecreasén thefollowing divergence:

D(AjVH) = a Ajlog - A+ (VH);|

Ajj
(VH)ij

We approximatenN(J; J) by symmetrizatiorf, thatis, W(J; )H + H>W(1;J). In orderto obtain
a betterapproximationwe ensurethat the diagonalof W(J;J) is always usedwith its true (i.e.,
not approximatedyalue. Note thatthe matricesH found by nonngative matrix factorizationare
usuallysparse.

Thestorageequiremenis O(MP), whereM is thenumberof selectedolumns.Thecompleity
of the matrix-vectorproductsis O(MP). Empirically, the averageoverall compleity of obtaining
thedecompositioris O(M?P).

4. For adirectlow-ranksymmetricnonneative decompositioralgorithm,seeDing etal. (2005).
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4.4.3 LOW-RANK BAND DECOMPOSITION

Therearesituationsin betweenthe two previous casesthatis, the matrix W is not sparseenough
andit cannotbewell approximatedy alow-rankmatrix. Whenthereis a naturalone-dimensional
structure suchasin audioor video,thenwe canusethepotential‘bandednessstructureof W. The
matrix\W is referredto asband-diagonalwith bandwidthB, if for alli; j,ji jj> B) W= 0.The
matrix hasthenatmostO(BP) nonzeroelements.

We canusethebandednessf theproblemto allow therankM to grow linearly with P, while re-
taininglineartime compleity. We assumehattheM columnsaresamplediniformly. LetC= P=M
bethe averagedistancebetweertwo successie sampledcolumns.For the low-rankapproximation
to make sensewe requirethatB  C (otherwiseW(l;1) is closeto beingdiagonalandcarriesno
information). Moreover, the approximationis only usefulif M P, thatis, therank M is signif-
icantly smallerthanP, which leadsto therequiremenC 1. This approximatingschemes thus
potentiallyusefulwhenC is betweenl andB.

For the Nystrtomtechniqueijf the samplingof columnsof | is uniform,thenW(I;1) is expected
to be band-diagonaWith bandwidthB=C, and thusinvertingW(l;1) takestime O(M(B=C)?) =
O(B?>=C® P). Theinverseis alsoband-diagonaWwith the samebandwidth. The storageandthe
matrix multiplicationsarethenO(B=C P), thatis, everythingis linearin P, while therankM is
allowedto grow with P.

In summary if we requirea nonngative decompositionjt is possibleto adaptthe iteration
Eq. (8) usingbandmatrix techniquesto obtaina linear compleity in P, eventhoughthe rank M
grows with P.

4.5 Simulations on Toy Examples

We performedsimulationson syntheticdatasetsinvolving two-dimensionaflatasetssimilar to that
shavnin Figure3, wheretherearetwo ringswhoserelative distancds constanacrossamplegbut
whoserelative orientationhasa randomdirection). We addD irrelevant dimensionsof the same
magnitudeasthetwo relevantvariables.The goalis thusto learnthe diagonalscalea 2 RP*? of a
Gaussiarkernelthatleadsto thebestclusteringon unseerdata.We learna from N sampledatasets
(N= 1orN=10),andcomputetheclusteringerrorof ouralgorithmwith andwithoutadapte tuning
of thenormof a duringtesting(cf. Sectiord.3) ontenpreviously unseerdatasets.We compareo
anapproachhatdoesnot usethetrainingdata:a is takento bethevectorof all onesandwe again
searchover the bestpossiblenorm during testing (we refer to this methodas“no learning”). We
reportresultsin Tablel. Without featureselectionthe performancef spectraklusteringdegrades
very rapidly whenthe numberof irrelevantfeaturesncreaseswhile our learningapproactis very
robust,evenwith only onetrainingdataset.

4.6 Simulationson Line Drawings

In this section,we considerthe problemof segmentingcrossingline dravings in the plane. In
Section4.6.1we describehefeatureghatwe used.Sectiond.6.2discusseshe constructiorof the
parameterizegdimilarity matricesand Section4.6.3presentour experimentakesults. The general
setupof theexperimentss thatwe learntheparametersnatrainingsetof imagesandtestonunseen
images.In oneof the experimentswe focuson dravings whosesegmentationsareambiguousijn
this casewe learntwo differentparameterizeg@imilarity matriceswith two differentsetsof hand-
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D no learningw/o tuning | learningwith tuning
learning| N=1 N=10 N=1 N=10

0 0 15.5 10.5 0 0

1 60.8 37.7 9.5 0 0

2 79.8 36.9 9.5 0 0

4 99.8 37.8 9.7 0.4 0

8 99.8 37 10.7 0 0

16| 99.7 38.8 10.9 14 0

32| 99.9 38.9 151 14.6 6.1

Tablel: Performancen syntheticdatasets:clusteringerrors(multiplied by 100)for methodwith-
out learning(but with tuning) andfor our learningmethodwith andwithout tuning, with
N= 1 or 10trainingdatasets;D is the numberof irrelevantfeatures.

* . osculating
\ circle

tangent, —
/

drawing

Figure4: (Left) exampleof sggmenteddrawing, (Right) tangentandosculatingeircle.

labelingsre ecting theambiguousegmentation.Thegoalis thento seeif we candisambiguate¢he
testimages.

4.6.1 FEATURES FOR HAND DRAWINGS

We represenhanddrawings as a two-dimensionaimagewhich is obtainedby the binning of a
continuousdrawing. Eachdrawing is thusrepresentedsanN, N, binaryimage. SeeFigure4

for anexample. In orderto segmentthe drawings, we estimate at eachinked point, the direction
andrelative cunvature.Thisis doneby cornvolving thedraving with patcheof quartersof circlesof

varyinganglesandcurvature.ln simulationswe use50 differentanglesand50 differentcurvatures.
We thusobtain,for eachinkedpoint,ascorefor eachangleandeachcunature.We take asafeature
theangleq andcurvaturer thatattainsthe maximumscore.We alsokeepthelog of theratio of the
maximumscoreto the medianscore;this value,denotedc, is an estimateof the con denceof the
estimateof g andr.
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Figure5: (Left) Firstpairwisefeature equalto theproductof themagnitudeof thecosinesof angles
pandl , (Right) Secondpairwisefeaturespuilt from thetwo osculatingcirclesCi andC;,
andall circlesthatgo throughpointi andj.

4.6.2 PARAMETERIZED SIMILARITY MATRICES FOR HAND DRAWINGS

For a givenimage,we needto build a matrix thatcontainghe pairwisesimilaritiesof all theinked

following featuresfor eachinked point: the coordinategx;;y;), the angleof the direction of the
tangent; (notethatdirectionsarede ned modulop), andthecurvaturer ;, aswell asthe estimated
con denceg;.

We alsobuild “pairwisefeatures”;in particularwe build two specializedimilarity matriceghat
arebasedn the geometryof the problem.Giventwo pointsof the sameimageindexedby i and j,
with featureq(x;;yi; 0i; ri) and(x;;y;;q;;r j), the rst featureis de ned as

a = 04 x)cosai* (y; wsingj j04 x)cosqi+ (yj yi)singj,

J (% X)2+ (i Yj)?
The featurea;j is symmetricandis always betweenzeroandone,andis equalto the productof
the cosinesbetweerthe two tangentsandthe chordthatlinks thetwo points. (Seethe left panelof
Figure5). Thefeaturea;; is equalto oneif thetangentsareboth parallelto the chord,andthe two
pointsarethenlik ely to belongto the samecluster

The secondpairwisefeaturecharacterizetow well the two osculatingcirclesat pointi and j
match. We considerall circlesthatgo throughpointsi andpoints j, andwe computethe products
of metricsbetweenCqy andC;j, andCq andC;. The maximum(over all circlesCp) possiblemetric
is chosenasthe feature. The metric betweentwo circlesthatintersectin two pointsis de ned as
the productof the cosinesof the anglesbetweerthe tangentsat thosetwo pointstimesa Gaussian
functionof thedifferencein curvature. Themeasurd;; is alsosymmetricandalwaysbetweerzero
andone;it characterizebhow well acircle canbe t to thetwo local circlesde ned by thetwo sets
of features.
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Figure6: Segmentatiorresultsafterlearningthe parameterizedimilarity matrices.The rst two

rows are correctly segmentedexampleswhile the third row shovs exampleswith some
mistales.
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Figure7: Subsetof training datasetsfor ambiguoudine dravings: (top) rst dataset, favoring
connectednesghottom)seconddataset,favoring directioncontinuity,

Figure8: Testingexamples:(top) obtainedfrom parameterizedimilarity matriceslearnedusing
the top row of Figure 7 for training, (bottom) obtainedfrom parameterizegimilarity
matricedearnedusingthe bottomrow of Figure7 for training.

The pairwisesimilarity thatwe useis thus:
logW; = ai(x x)®+aiyi ¥i)?+as(cos2g cos2q)?+ as(sin2g  sin2g;)?

+as(c cj)?+as(jrij jrjj)®> asloga; asloghij:
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4.6.3 SIMULATIONS

In a rst experiment,we learnedthe parametersf the similarity matriceson 50 smallto medium
imageswith two clustersandtestedon variousimageswith varying size and varying numberof
clusters. In thesesimulations,the desirednumberof clusterswas always given. SeeFigure 6
for examplesin which segmentationrwassuccessfuandexamplesin which the similarity matrices
failedto leadto the propersegmentation.

In asecondxperimentwe usedwo differenttrainingdatasetswith thesamedravings,but with
differenttrainingpartitions.We shov someexamplesn Figure?. In the rst dataset,connectedness
of a singleclusterwasconsiderednostimportantby the humanlabeller while in the seconddata
set,continuity of the directionwasthe mainfactor We thentestedthetwo estimategarameterized
similarity matriceson ambiguousine dravingsandwe shov someresultsin Figure8.

5. SpeechSeparationas Spectrogram Segmentation

The problemof recoreringsignalsfrom linearmixtures,with only partialknowledgeof the mixing
processandthe signals—aproblemoftenreferredto asblind souice sepaation—is a centralprob-
lemin signalprocessinglt hasapplicationsn mary elds, includingspeectprocessingpetwork to-
mograply andbiomedicaimaging(Hyvarinenetal., 2001). Whenthe problemis over-determined,
thatis, whenthereareno moresignalsto estimatg(the sources}thansignalsthatareobsenred (the
sensors)genericassumptionsuchasstatisticalindependencef the sourcesanbe usedin order
to demix successfullyHyvarinenet al., 2001). Many interestingapplicationshowever, involve
underdeterminedproblemgmoresourceghansensors)iwheremorespeci ¢ assumptionsnustbe
madein orderto demix. In problemsinvolving at leasttwo sensorsprogresshasbeenmadeby
appealingo sparsityassumptiongZibulevsky etal.,2002;Jourjineetal., 2000).

However, the mostextremecase,n whichthereis only onesensomndtwo or moresourcesis
amuchharderandstill-openproblemfor comples signalssuchasspeech.In this setting,simple
genericstatisticalassumptionslo not sufce. Oneapproacho the probleminvolvesa returnto
the spirit of classicalengineeringnethodssuchasmatchedlters, andestimatingspeci ¢ models
for speci ¢ sources—foexample,speci ¢ spealrsin the caseof speech{Roweis, 2001;Jangand
Lee, 2003). While suchan approachs reasonableit departssigni cantly from the desideratum
of “blindness: In this sectionwe presentan algorithmthatis a blind separatioralgorithm—our
algorithmseparatespeechmixturesfrom a singlemicrophonewithout requiringmodelsof speci ¢
spealers.

Our approachinvolvesa “discriminative” approacho the problemof speectseparatiorthatis
basedon the spectralearningmethodologypresentedn Section4. Thatis, ratherthanbuilding a
complex modelof speechwe insteadfocusdirectly on thetaskof separatiorandoptimizeparam-
etersthat determineseparatiorperformance.We work within a time-frequeng representatiotia
spectrogram)andexploit the sparsityof speechsignalsin thisrepresentationThatis, althoughtwo
spealers might speaksimultaneouslythereis relatively little overlapin the time-frequeng plane
if the spealkersaredifferent(Roweis, 2001;Jourjineet al., 2000). We thusformulatespeectsep-
arationasa problemin segmentationin the time-frequeng plane. In principle, we could appeal
to classicalsggmentationmethodsfrom vision (see,for example, Shi and Malik, 2000) to solve
this two-dimensionakegmentationproblem. Speechsggmentsare, however, very differentfrom
visual segments,re ecting very differentunderlyingphysics. Thuswe mustdesignfeaturesfor
sg@mentingspeectrom rst principles.
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Frequency

Time

Figure9: Spectrogranof speechtwo simultaneousnglishspealers). The gray intensityis pro-
portionalto theamplitudeof the spectrogram.

5.1 Spectrogram

The spectrograms a two-dimensional(time and frequeng) redundantepresentatiorof a one-

is de ned via windowed Fourier transformsandis commonlyreferredto asa short-timeFourier
transformor asGaboranalysiqMallat, 1998). Thevalue(U ), of thespectrogranattime window
n andfrequeny mis de nedas(U f)mn= P& Lo fltlnit nale?®™™M; wherew is awindow of
lengthT with smallsupportof lengthc, andM > c. We assumehatthe numberof samplesT is an
integermultiple of aandc. TherearethenN = T=a differentwindows of lengthc. Thespectrogram
isthusanN M imagewhich providesa redundantime-frequeng representationf time signal®
(seeFigure9).

Inversion Our speechseparatiorframenork is basedon the segmentationof the spectrogranof
asignal f[t] in R> 2 disjoint subsetsA;, i = 1;:::;Rof [O;N 1] [0;M 1. This leadsto R
spectrogramy); suchthat (U;) mn= Umn if (M;n) 2 A; andzerootherwise.We now needto nd R
speectsignalsfi[t] suchthateachU; is thespectrogranof f;. In generathereareno exactsolutions
(becauseherepresentatiois redundant)anda classicatechniqués to nd theminimum™, norm
approximationthatis, nd f; suchthatkU; U fik? is minimal (Mallat, 1998). The solution of
this minimizationprobleminvolvesthe pseudo-imerseof the linear operatotJ (Mallat, 1998)and

5. In our simulations the samplingfrequeng is fg = 5:5 kHz andwe usea Hanningwindow of lengthc = 216 (i.e.,
43:2 ms). The spacingbetweenwindow is equalto a= 54 (i.e., 10:8 ms). We usea 512-pointFFT (M = 512).
For a speechsampleof length4 secondsye have T = 22,000 samplesandthenN = 407, whichyields 2 10°
spectrogransamples.
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is equalto fi = (U U) U U;, whereU is the (complex) adjoint of the linear operatorU. By
our choiceof window (Hanning),U U is proportionalto the identity matrix, so that the solution
to this problemcansimply be obtainedby applyingthe adjointoperatotJ . Othertechniquedor
spectrogranmnversioncouldbeused(Grif n andLim, 1984;Mallat, 1998;Achanetal.,2003)

5.2 Normalization and Subsampling

Thereareseveralwaysof normalizinga speectsignal.In this paperwe choseto rescaleall speech
signalsasfollows: for eachtime window n, we computethetotal enegy e, = & jU fmrj?, andits
20-pointmaoving average.The signalsarenormalizedso thatthe 90th percentileof thosevaluesis
equalto one.

In orderto reducethe numberof spectrogransamplego considey for a given pre-normalized
speectsignal,we thresholdcoefcients whosemagnitudesrelessthana valuethatwaschoserso
thattheresultingdistortionis inaudible.

5.3 Generating Training Samples

Ourapproachs basednthelearningalgorithmpresentedn Section4. Thetrainingexampleshat
we provide to this algorithmareobtainedoy mixing separately-normalizespeectsignals.Thatis,
giventwo volume-normalizedspeectsignals, f; and f,, of the sameduration,with spectrograms
U; andU,, we build a training sampleasU@" = U; + Uy, with a sggmentationgiven by z =
argminfUq;U»g. In orderto obtainbettertraining partitions(andin particularto be more robust
to the choiceof normalization),we alsosearchover all a 2 [0;1] suchthatthe ", reconstruction
error obtainedfrom segmenting/reconstructingsingz = argminfaUq;(1 a)U»g is minimized.
An exampleof sucha partitionis shovn in Figure10 (top).

5.4 Featuresand Grouping Cuesfor SpeechSeparation

In this sectionwe describeour approactto the designof featuresfor the spectralseggmentation We
baseour designon classicalcuessuggestedrom studiesof perceptuagrouping(Cooke andEllis,
2001). Our basicrepresentatiois a “featuremap; atwo-dimensionalepresentatiothat hasthe
samelayoutasthe spectrogramEachof thesecuesis associateavith a speci ¢ time scale,which
we referto as“small” (lessthan5 frames),“medium” (10 to 20 frames),and“large” (acrossall
frames). (Thesescaleswill be of particularrelevanceto the designof numericalapproximation
methodsin Section6.3). Any givenfeatureis not sufcient for separatingy itself; rather it is the
combinationof severalfeatureghatmalkesour approactsuccessful.

5.4.1 NON-HARMONIC CUES
Thefollowing non-harmonicueshave counterpartén visualscenesndfor thesecueswe areable
to borrav from featuredesigntechniquesisedin imagesegmentation(ShiandMalik, 2000).

Continuity Two time-frequeng pointsarelikely to belongto the samesegmentif they are
closein time or frequeng; we thususetime andfrequeng directly asfeaturesThis cueacts
atasmalltime scale.

Common fate cuesElementghatexhibit the sametime variationarelikely to belongto the
samesource.This takessereral particularforms. The rst is simply commoroffsetandcom-
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mononset We thusbuild an offsetmapandanonsetmap,with elementghatarezerowhen

no variation occurs,and are large whenthereis a sharpdecreaser increasg(with respect
to time) for that particulartime-frequeng point. The onsetand offset mapsare built using

orientedenepy lters asusedin vision (with oneverticalorientation).Theseareobtainedby

convolving the spectrogranwith derivativesof Gaussiarwindows (ShiandMalik, 2000).

Anotherform of the commonfate cue is frequencyco-modulation the situationin which

frequeng component®f asinglesourcetendto movein sync. To capturethis cuewe simply

useoriented lter outputsfor asetof orientationangleg8 in our simulations).Thosefeatures
actmainly atamediumtime scale.

5.4.2 HARMONIC CUES

Thisisthemajorcuefor voicedspeecli{GoldandMorgan,1999;Brown andCooke, 1994;Bregman,
1990),andit actsatall time scalegsmall,mediumandlarge): voicedspeechs locally periodicand
thelocal periodis usuallyreferredto asthe pitch.

Pitch estimation In orderto useharmonicinformation,we needto estimatepotentiallysev-
eral pitches. We have developeda simple patternmatchingframeawork for doing this that
we presentin AppendixC. If S pitchesaresought,the outputthatwe obtainfrom the pitch

thes-th pitch for eachfrequeny m.

Timbr e The pitch extraction algorithm presentedn Appendix C also outputsthe spectral
ervelopeof the signal (Gold andMorgan, 1999). This canbe usedto designan additional
featurerelatedto timbre which helpsintegrateinformationregarding spealer identi cation

acrosgime. Timbre canbelooselyde ned asthe setof propertiesof a voicedspeectsignal
oncethe pitch hasbeenfactoredout (Bregman,1990). We add the spectralenvelopeasa
feature(reducingits dimensionalityusingprincipalcomponengainalysis).

5.4.3 BUILDING FEATURE MAPS FROM PITCH INFORMATION

We build a set of featuresfrom the pitch information. Given a time-frequeng point (m;n), let
s(m;n) = a@ma&@ﬁ‘# denotethe highestenegy pitch, and de ne the featureswygmy),
Yamgmn)» & nPYnnfs(mn) % and MQ# We usea partial normalizationwith the
squareroot to avoid including very low enegy signals,while allowing a signi cant differencebe-
tweenthelocal amplitudeof thespealers.

Thosefeaturesall comewith someform of enepy level andall featuresnvolving pitch values
w shouldtake this enepgy into accounwhenthe similarity matrixis built in Section6. Indeed this

valuehasno meaningwvhenno enegy in thatpitchis present.

6. Spectral Clustering for SpeechSeparation

Giventhefeaturedescribedn the previous sectionwe now shav how to build similarity matrices
that canbe usedto de ne a spectralseggmenter In particular our approachbuilds parameterized
similarity matrices andusesthe learningalgorithmpresentedn Section4 to adjusttheseparame-
ters.
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6.1 BasisSimilarity Matrices

We de ne asetof “basissimilarity” matricedor eachsetof cuesandfeaturesie nedin Sectiornb.4.
Thosebasismatricesarethencombinedasdescribedn Section6.2 andthe weightsof this combi-
nationarelearnedasshowvn in Section4.

For non-harmonicfeatures,we use a radial basisfunction to de ne afnities. Thus, if fg
is the value of the featurefor datapoint a, we use a basissimilarity matrix de ned asWyp =
exp( k fa fpk?). For a harmonicfeature,on the otherhand,we needto take into accountthe
strengthof the feature:if f; is the value of the featurefor datapoint a, with strengthy,, we use
Wap = exp( minfya;ypgkfa  fok?).

6.2 Combination of Similarity Matrices

Given m basismatrices,we usethe following parameterizationf W: W = éE: lg<W1ajl

W™, wherethe productsare taken pointwise. Intuitively, if we considerthe valuesof similarity

assoft boolearvariablestakingthe productof two similarity matricesis equivalentto considering
the conjunctionof two matrices,while taking the sum canbe seenastheir disjunction. For our

applicationto speectseparationywe considera sumof K = 2 matrices.This hasthe advantageof

allowing differentapproximationschemesgor eachof the time scalesanissuewe addressn the
following section.

6.3 Approximations of Similarity Matrices

The similarity matricesthatwe considerarehuge,of sizeatleast50;000 50;000. Thusa signif-
icantpartof our effort hasinvolved nding computationallyef cient approximationf similarity
matrices.

Let us assumethat the time-frequeng planeis vectorizedby stackingone time frame after
the other In this representationthe time scaleof a basissimilarity matrix W exertsan effect on
the degreeof “bandednessbdf W. Recallthatthe matrix W is referredto as band-diagonalith
bandwidthB, if for all i; j,ji jj> B) W;= 0. Onasmalltime scale W hasasmallbandwidth;
for a mediumtime scale the bandis largerbut still smallcomparedo thetotal size of the matrix,
while for large scaleeffects,the matrix W hasno bandstructure.Notethatthe bandwidthB canbe
controlledby the coefcient of theradialbasisfunctioninvolving thetime featuren.

For eachof thesethreecasesye have designeda particularway of approximatinghe matrix,
while ensuringthatin eachcasethe time andspacerequirementsrelinear in the numberof time
frames,andthuslinearin the durationof the signalto demix.

Small scalelf the bandwidthB is very small, we usea simpledirect sparseapproximation.
Thecomplity of suchanapproximatiorgrows linearly in the numberof time frames.

Medium and large scaleWe usea low-rank approximatiorof the matrix W, aspresentedn
Section4.4. For mid-rangeinteractionswe needan approximatiorwhoserank grows with
time, but whosecompleity doesnot grow quadraticallywith time (seeSection4.4), while
for large scaleinteractionstherankis held x ed.
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Bound | Clust | Pitch | Freq
English( SNR) 23% |6.9% | 31.1%| 33.4%
English(SNRyg ) | 16.4 | 11.6 | 5.1 4.8
French( SNR) 3.3% | 15.8% | 35.4% | 40.7%
French( SNRgg ) | 14.8 8.0 4.5 3.9

Table2: Comparisorof signal-to-noiseatios.

6.4 Experiments

We havetrainedour segmenteusingdatafrom four differentmaleandfemalespealers,with speech
signalsof duration3 seconds.Therewere 15 parameters$o estimateusing our spectrallearning
algorithm. For testing,we usemixesfrom spealkerswhich weredifferentfrom thosein thetraining
set.

In Figurel0, for two Englishspealersfrom thetestingset,we shav anexampleof thesegmen-
tationthatis obtainedvhenthetwo speeclsignalsareknovn in advance(top panel), asegmentation
thatwould be usedfor training our spectralclusteringalgorithm,andin the bottompanel,the seg-
mentatiorthatis outputby our algorithm.

Althoughsomecomponent®f the “black” spealer aremissing,the sgmentatiorperformance
is goodenoughto obtainaudiblesignalsof reasonableguality. The speeclsampledor theseex-
amplescanbe downloadedrom http://cmm.ensmp.fr/bach/speech/ . Onthiswebsite,thereare
several additionalexamplesof speectseparationyvith variousspealers,in Frenchandin English.
Similarly, we presentn Figure1l, ssgmentationresultsfor Frenchspealers. Note thatthe same
parametersvereusedfor bothlanguagesndthatthetwo languagesverepresentn thetrainingset.
An importantpointis thatour methoddoesnot requireknowing the spealersin advancein orderto
demix successfullyrather it is only necessaryhatthe two spealershave distinct pitchesmostof
thetime (anothelbut lesscrucial conditionis thatonepitchis nottoo closeto twice the otherone).

A completesvaluationof therobustnes®f our approachs outsidethe scopeof this paper;how-
ever, for thetwo examplesshowvn in Figurel0andFigurell, we cancomparesignal-to-noiseatios
for variouscompetingapproachesGiventhe true signals (known in our simulationexperiments)

andan estimatedsignal$, the signal-to-noisegatio (SNR)is de ned asSNR = %, andis often

reportedn decibelsasSNRyg = 10Ioglo%. In orderto characterizelemixingperformance,
we usethe maximumof the signal-to-noiseatios betweenthe two true signalsandthe estimated
signals(potentiallyafter having permutedthe estimatedsignals). In Table 2, we compareour ap-
proach(“Clust”), with the demixingsolutionobtainedfrom the sgmentatiorthatwould sene for
training purposeg“Bound”) (this canbe seenasan upperboundon the performanceof our ap-
proach). We alsoperformedtwo baselineexperiments:(1) In orderto shav thatthe combination
of featuress indeedcrucial for performancewe performedK-meansclusteringon the estimated
pitch to separatehe two signals(“Pitch”). (2) In orderto shav thatafull time-frequenyg approach
is neededandnot simply frequeng-basedltering, we usedWiener Iters computedrom thetrue
signals(“Freq”). Notethatto computethefour SNRs the“Pitch” and“Freq” methodsneedthetrue
signalswhile thetwo othermethodq“Clust” and“Bound”) arepureseparatin@pproaches.
From the resultsin Table 2, we seethat pitch aloneis not sufcient for successfutlemixing
(seethe third columnin the table). This is presumablyduein part to the fact that pitch is not
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Figure10: (Top) Optimalsegmentatiorfor the spectrogranof Englishspealersin Figure9 (right),
wherethetwo spealkersare“black” and“grey”; this sgmentationis obtainedfrom the
known separatedignals.(Bottom) Theblind segmentatiorobtainedwith ouralgorithm.
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Figurell: (Top) Optimalsegmentatiorfor the spectrogranof Frenchspealersin Figure9 (right),
wherethetwo spealkersare“black” and“grey”; this sgmentatioris obtainedfrom the
known separatedignals.(Bottom) Theblind segmentatiorobtainedwith ouralgorithm.
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the only information available for groupingin the frequeny domain,andduein partto the fact
that multi-pitch estimationis a hard problemandmulti-pitch estimationproceduresendto leadto

noisy estimatef pitch. We alsosee(theforth columnin thetable)thata simplefrequeng-based
approachs notcompetitve. Thisis notsurprisingbecaus@aturalspeechendsto occupy thewhole

spectrum(becaus®f non-wicedportionsandvariationsin pitch).

Finally, as mentionedearlier therewasa major computationatchallengein applyingspectral
methodsto single microphonespeechseparation.Using the techniquesdescribedn Section6.3,
the separatioralgorithmhaslinear runningtime compleity andmemoryrequirementnd,coded
in MatlabandC, it takes3 minutesto separatd second®f speectona 2 GHz processowith 1GB
of RAM.

7. Conclusions

In this paper we have presentedwo setsof algorithms—onefor spectralclusteringand one for
learningthe similarity matrix. Thesealgorithmscanbe derivedasthe minimizationof asinglecost
functionwith respecto its two arguments.This costfunctiondependslirectly ontheeigenstructure
of the similarity matrix. We have shavn thatit canbe approximatedef ciently usingthe power
method,yielding a methodfor learningsimilarity matricesthat can clustereffectively in casesn
which non-adaptie approachegail. Note in particularthat our newv approachyields a spectral
clusteringmethodthatis signi cantly morerobustto irrelevantfeatureghancurrentmethods.

We appliedour learningframewvork to the problemof one-microphondlind sourceseparation
of speech.To do so, we have combinedknowledgeof physical and psychoplgsical propertiesof
speectwith learningalgorithms.Theformerprovide parameterizedimilarity matricesfor spectral
clustering andthelattermake useof our ability to generatsegmentedrainingdata. Theresultisan
optimizedsegmenterfor spectrogramsf speechmixtures. We have successfullydemixed speech
signalsfrom two spealersusingthis approach.

Our work thusfar hasbeenlimited to the settingof ideal acousticsand equal-strengtimixing
of two spealkrs. Thereareseveral obvious extensionghatwarrantinvestigation. First, the mixing
conditionsshouldbe wealenedandshouldallow someform of delayor echo. Secondthereare
multiple applicationswherespeechhasto be separatedrom non-stationarynoise;we believe that
our methodcan be extendedto this situation. Third, our framework is basedon segmentationof
the spectrogramand, as such, distortionsare inevitable sincethis is a “lossy” formulation (Jang
andLee, 2003; Jourjineet al., 2000). We are currentlyworking on post-processingnethodsthat
remove someof thosedistortions.Finally, while the runningtime andmemoryrequirement®sf our
algorithmarelinearin the durationof the signalto be separatedhe resourcaequirementsemain
aconcernWe arecurrentlyworking on furthernumericaltechniqueshatwe believe will bring our
methodsigni cantly closerto real-time.
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Appendix A. Proof of Lemma 9

We prove thefollowing lemmathatrelatesdistancebetweernrthonormabasef subspaces:

Lemma9 LetSandT betwomatricesin RP R, with rankR. LetD bea symmetrigositivede nite
matrixin R” P. Letg(ST) denote—%kS(S>S) s T(T>T) T>k2 andh = I';:EB; > 1 denote
theratio of thelargestandsmallesteigervalueof D. We thenhave:

%g(Dms DT) 6 g(ST) 6 hg(D*SD*T): (9)

Proof We canexpandthe Frobeniusnormandrewrite g(S;T) as

n
oST) = Lt 4S9 'SYSY 'S
(0]

ZS(S>S) lT(T°T) 17 +T(T T 1T T

= tr | S99 IT(T°T) 1T>
n 0]
= tr 1 (9 PST(TT) TSy
(0]

n
tr (9 (S ST(TT) T7°9(5°9 ¥ :

ThematrixSS S T(T>T) 1T>Sis the Schurcomplemenbf the top left block in the matrix
S$S ST
—_ > _
M= (ST) (ST) - T> S T>T
betweermatrices:Mp | 1(D)M andMp | p(D)M, which implies the sameinequalityfor the
top left blocks(S” SandS” DS) andtheir Schurcomplement§N = S°S S T(T>T) 1T>Sand
Np= DS S DT(T>DT) 1T>DS). Wethenhave:

. LetMp = (ST)” D(ST). We havethefollowing inequalities

(S'9 NS 2 h(SDY “Np(S DY

(9 PNS'9 2 H(SDY No(SDY

whichimpliesEg. (9) by takingthetrace. |

Appendix B. Proof of Proposition 7

Proposition 10 The function Pr(M), the orthogonal projection on the R-th principal eigensub-
spaceof R, is an in nitely differentiablefunctionon Mpg. For any differentiable path M(t) of

symmetricmatriceswith valuesin Mpr sud that M(0) = M, the derivativew att=0is
equaltoUV~ + VU~ , whee N is theuniquesolutionof linear system:
MN NU MU= (I UU>)MY0)U andU”N= 0 (10)

wher U is anyorthonormalbasisof the R-th principal subspacef M. Thevalueof the derivative
is independenof the chosenorthonormalbasis.
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Proof For simplicity, we assumehatthe rst R+ 1 eigervaluesof My 2 Mpg aredistinct, noting
thattheresultcanbeeasilyextendedo casesvheresomeof the rst ReigervaluescoalesceWe let
Uo denoteanorthogonamatrix composeaf the rst R eigervectorsof Mg (well de ned up to sign
becausall eigervaluesaresimple),andS, = Uy SUo thediagonaimatrixof the rst Reigervalues.

It is well known thatthe unit normeigervectorassociateavith a simpleeigervalueis uniquely
de nedupto multiplicationby 1, andthatonceasigncorventionis adoptedocally, theeigervec-
tor andthe eigemvaluearein nitely differentiableat Mg. Sincethe projectionP g on the principal
subspacés invariantwith respecto the sign corventions this impliesthatP r(M) is in nitely dif-
ferentiableat Mg. We now computethe derivative by shaving thatit canbe obtainedfrom the
uniquesolutionof alinearsystem.

We letU denotethe rst eigervectorsof M (with appropriatesign corventions)andSthe diag-
onalmatrix of eigervaluesof M. Differentiatingthe system,

U”U =1andMU = US

we obtain:
U du+du”U=0andMdUu+dMU dUS UdS=0:

By pre-multiplyingthe secondequationby U~ , we obtaindS= U”dU+U>dM U U>dU S
andby substitutingdSinto the rst equationwe obtain:

(M UU”)du (I UU>)dUS= (I UU>)dM U:
Moreover, we havedP = UdU” + dU U~ anddU” U + U~ dU = 0, whichimplies
dP= (I UU>)dUU”+UdU>(I UU>):
If weletN= (I UU”)dU, we have

dP = NU” + UN> (11)
N>U=0 (12)
MN NS= (I UU>)dM U: (13)

We have provedthatthe differentialof P mustsatisfyEq. (11), Eq. (12) andEq. (13). To complete
the proofwe have to prove thatthe systemof equation€Eqg. (12) andEqg. (13) hasa uniquesolution.
We let T denoteanorthonormabasisof the orthogonalkcomplemenof U. We canreparameterize
N asN = UA+ TB. Thesystenthenbecomes:

A= 0andT°"MTB BS= T dMU:

Thelinearoperator fromR(®P R RtoR(P B Rde nedby LB= T>MTB BSis self-adjoint;a
shortcalculationshaws thatits largesteigemvalueis | r+1(M) | r(M) < 0. The operatoris thus
negative de nite andhenceinvertible. The systemof equationsEqg. (12) andEg. (13) thushasa
uniguesolution.

|

Moreover, when the matrix Mg is positive semide nite, The systemof equationsEq. (12) and
Eq. (13) canbe solved by solvinga positive de nite linearsystemwhoseconditionconditionnum-
beris upperboundedoy 1=(1 | r+1(M)=l r(M)). The conjugategradientalgorithmcanbe used
to solve the systemandcanbe designedsothateachiterationis requiringR matrix vectormultipli-
cationsby M.
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Appendix C. Pitch Extraction

As seenin Section5, harmonicfeaturesuchaspitch areessentiafor successfuspeeclseparation.
In this appendixwe derive a simplepatternmatchingprocedurdor pitch estimation.

C.1 Pitch Estimation for One Pitch

We assumehatwe aregivenonetime slices of the spectrogranmagnitudes2 RM. Thegoalis to
have aspeci ¢ patternmatchs. Sincethe speectsignalsarereal,the spectrogranis symmetricand
we consideronly M=2 samples.

If the signalis exactly periodic,thenthe spectrogranmagnitudefor thattime frameis exactly
a superpositiorof bumpsat multiplesof the fundamentafrequeng. The patternswe are consid-
ering thushave the following parametersa “bump” function u7! b(u), apitchw 2 [0;M=2] and
a sequencef harmonicsxy;:::;xy atfrequenciesvy = w;:::; ;;wy = Hw, whereH is the largest
acceptabldharmonicmultiple, thatis, H = bM=2wc. The patterns- §(x; b;w) is thenbuilt asa
weightedsumof bumps.

By patternmatching,we mean nding the patterns thatis ascloseaspossibleto s in the L2-
normsense We imposea constrainton the harmonlcstrengths(x@ namely thatthey aresamples

atintervals hw of afunctiong with small secondderivative norm OM ig®@ (w)j2dw. Thefunction

g canbe seenasthe ervelopeof the signalandis relatedto the “timbre” of the spealer (Bregman,

1990). The explicit consideratiorof the ervelopeandits smoothnesss necessaryor two reasons:
(a) it providesatimbre featurehelpful for separation(b) it helpsavoid pitch-halving,a traditional

problemof pitch extractors(Gold andMorgan,1999).

Givenb andw, we minimize with respecto x, jjs = §X)jj+ | i@ (w)j2dw, wherex, =
g(hw). Since§(x) is linearfunctionof x, thisis asplinesmoothingproblem,andthe solutioncanbe
obtainedn closedform with compleity O(H2) (Wahba,1990).

We now have to searchover b andw, knowing that the harmonicstrengthsx canbe foundin
closedform. We useexhaustie searchon a grid for w, while we take only a few bump shapes.
Themainreasorfor usingseveralbumpshapess to accounffor thefactthatvoicedspeectis only
approximatelyperiodic. For furtherdetailsandextensionsseeBachandJordan(2005).

Rm=2
0

C.2 Pitch Estimation for Several Pitches

If we areto estimateS pitches,we estimatethemrecursiely, by removing the estimatecharmonic
signals. In this paper we assumehat the numberof spealers and hencethe maximumnumber
of pitchesis known. Note, however, that sinceall our pitch featuresare always usedwith their
strengthspur separatiormethodis relatively robustto situationsin which we try to nd too mary

pitches.
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