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Abstract

In compressive sensing (CS) the known structure in the transform coefficients may be leveraged
to improve reconstruction accuracy. We here develop a hierarchical statistical model applicable to both
wavelet and JPEG-based DCT bases, in which the tree structure in the sparseness pattern is exploited
explicitly. The analysis is performed efficiently via variational Bayesian (VB) analysis, and comparisons
are made with MCMC-based inference, and with many of the CS algorithms in the literature. Performance
is assessed for both noise-free and noisy CS measurements, based on both JPEG-DCT and wavelet

representations.
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I. INTRODUCTION

Compressive sensing (CS) [1], [2], [3] constitutes a framework whereby n linear measurements v
may be performed to recover an N-dimensional sparse or compressible signal 0, with n < N. The
CS measurements may be represented as v = ®6, where & € R"*" is a random projection matrix
constituted according to CS theory [2], [4]. In practice 0 represents the transform coefficients associated
with a basis in which the signal of interest may be sparsely rendered. The structure in 6 due to the
properties of the orthonormal transform (beyond just sparseness) may be exploited to reduce the number
of required CS measurements [5], [6], [7], [8], [9]. Most of these algorithms employ a wavelet transform,
and exploit structure in 6 associated with wavelet quadtrees [10].

In this letter we employ Bayesian CS inversion to exploit structure in 8, and in this sense the work
reported here is most closely related with a recent tree-structured Bayesian CS inversion algorithm [9].

However, the approach in [9] employs Markov chain Monte Carlo (MCMC) inference, which may not be
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computationally efficient, and for which convergence may be difficult to diagnose. Variational Bayesian
(VB) inference [11] has been widely considered recently in Bayesian analysis, because it often provides
a good approximation to the exact posterior, and VB convergence is readily monitored. In the work
presented here we propose a modified model to that in [9], allowing inference via VB analysis; the CS
inversion time may be significantly reduced compared to the MCMC-based inference in [9].

We also demonstrate how one may exploit the structure in JPEG-based DCT transforms within CS
inversion. Two of the most widely used transform encoders are block-DCT-based JPEG [12] and wavelet-
based JPEG2000 [13]. Although most of the existing CS inversion algorithms consider a wavelet basis,
we here show that related algorithms may be employed for wavelet-based and JPEG-based DCT repre-
sentations of 6.

The contributions of this letter are therefore twofold: (¢) development of a hierarchical Bayesian CS
inversion algorithm in which VB inference may be performed, yielding computational efficiency while
providing state-of-the-art performance (for noise-free and noisy CS measurements); and (iz) the placement
of wavelet-based and JPEG-based DCT representations of @ within a single setting, allowing direct CS-
inversion compatibility with JPEG or JPEG2000, while exploiting the structure (beyond sparseness)

inherent to each construction.

II. EXPLOITING TRANSFORM-COEFFICIENT TREE STRUCTURE
A. Tree Structure in Discrete Cosine Transform

Xiong et al. introduced a tree-based representation to characterize the block-DCT transform associated
with JPEG [14]. The characteristics of this representation are related to the tree structure exploited in
wavelet-based encoding [15], [16]. Using this tree structure in a JPEG block-DCT signal construction,
[14] demonstrated state-of-the-art compression quality. As employed in the JPEG standard, the input
image is divided into contiguous 8 x 8 blocks, and each block is transformed to the DCT domain. In [14]
each block defines a single DCT tree, while in our CS model we adopt a modified version of this structure.
Specifically, we consider each 8 x 8 block in the DCT domain as three depth-three trees, plus one DC
component; the three trees (rooted by coefficients 1, 2 and 3 in [14]) are analogous to the high-low,
low-high and high-high trees associated with the wavelet transform [10], and hence our developed model
may be readily applied directly to a wavelet-based transform instead of the block-DCT-based transform.
Each of the three trees consist of 21 dependent coefficients, and the parent-children relationships are
defined in [14]. The key idea behind the tree structure is that if a parent coefficient is small, its children

are also likely to be small. As discussed in Section II-B, the three trees associated with each 8 x 8 block
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are modeled via a Markovian statistical model, and the DC components are modeled separately. Our CS

inversion algorithm is used to infer all transform components including the DC components.

B. Tree-Structured Bayesian Compressive Sensing

In a Bayesian CS framework [17], the CS measurements are represented as v = ®6 + ¢, with € € R",
where @ € R represents the large nonzero components in the original transform coefficients, and the
small-amplitude coefficients are modeled by the noise €. Any additive measurement noise is added to e.

To model the sparseness of 8, the previous work in [9] employed a “spike-and-slab” prior defined as
(1—m;)00+mN (0, ai_l) for the component 6;, with 7; a mixing weight and dy a point mass concentrated
at zero. The MCMC method was used in [9] for inference. Although the algorithm achieves good inversion
accuracy, it may be slow in general, and MCMC convergence may be difficult to diagnose. The model
in [9] is not directly applicable to VB inference.

In this letter we propose an equivalent form to the “spike-and-slab” prior, where the d( term is removed,
so that the VB inference can be implemented. The equivalent form represents the sparseness of the
coefficients as @ = w ® z, where w € RV are non-sparse coefficients, z € RN are zero/one indicators,
and “©” denotes Hadamard product; accordingly, we let w; ~ N (0,04;1), and z; ~ Bernoulli(7;).
For nonzero components in 6, the associated components in z will be one; otherwise, the associated

components in z will be zero. The model is summarized as follows:

v|0,a0 ~ N(®0,0,'I), 0=wo z, w5 ~ N(0,a;1),
w8, if s =0,1,
Zksi ~ Bernoulli(my ), with s, =¢ 70 if 2< s <L, Zpatk,s,i) = 0,

7.‘_81’ lf 2 S S S L7 Zpa(k,s,i) = 1’

apg ~ Gamma(ag, by), as ~ Gamma(cg,dp), 0<s<1L,
m® ~ Beta(ey, f5), s=0,1,
0 ~ Beta(el’, f5), 7 ~Beta(ef, f5'), 2<s<L, (1)

where the subscript {k, s,i} indexes the ith components at level s of a DCT-tree in block k, and pa(k, s, )
represents the associated parent component, when present. Let s = 0 denote DC components, and let
s =1,..., L denote AC components from root level (s = 1) to leaf level (s = L) of a tree; for an 8 x 8
DCT-block, L = 3. The tree-structural information is imposed in the second row of (1). Depending on
the parent values of the coefficients, different prior parameters 7w are imposed for the associated indicators

z: for the coefficients with a zero-valued parent, a prior preferring zero is considered for 70 (the last

August 1, 2009 DRAFT



row of (1)), and for the coefficients with a nonzero parent, a uniform prior is imposed for 7°!. Readers
may refer to [9] for a detailed explanation of the model and the specification of hyperparameters (which
are readily set, and for which no tuning has been performed for the results presented below).

Note that in the model @ are block-DCT coefficients, and the tree structure is constructed in the
block-DCT representation, as discussed in Section II-A. However, one may readily replace the block-
DCT coefficients with wavelet coefficients, and replace the DCT trees with wavelet trees as defined in
[9], with minor change of the model (the only change happens on the definition of the parent-children
relationship pa(k, s, 7)). When presenting results, we compare the performance of DCT-based CS inversion
to wavelet-based inversion.

The posterior distributions of the model parameters ® are inferred from observed data — CS measure-
ments v, via the VB inference [11], which converges fast and is computationally efficient (by contrast,
MCMC convergence may be difficult to assess). The VB inference employs a set of distributions ¢(®) to
approximate the true posterior distributions p(®|v), and uses a lower bound F to approximate the true
log-likelihood of the model log p(v|®). The algorithm iteratively updates ¢(®) so that F approaches to
log p(v|®) until convergence. In our model, ® = {w, z, ag, {as }s—o., 70, 7L, {70, 7} a1}

The update equations for the posterior distributions of ® are as follows:

q(zk,s,i) = Beronulli(2 s i[pk,s.i), q(Wh,s,i) = N (Whs,il k.56 O s 0)
q(ap) = Gamma(«yg|a, b), q(as) = Gamma(as|cs, ds),
1 L
q(m) = H Beta(7*|e®, f*) H[Beta(ﬂso\esoy £*0)Beta(n®! e, f51)], (2)
s=0 s=2
with
Prsi = [1+exp{{In(l —mys;)) — (Inmpsi)
N
(07 _
- 2°> [(WF ) @05y ®(5) — 2(wh i) By (v = D By ()M wey))H 3)
=
%)
Ui,s,i = ((as) + <a0><2£,s,z‘>‘1’6)‘1’(j))_1,
N
Phsi = Ohsi(00)(2hei) @ (0 =D By (20)) (), “4)
=
%
a = ap+n/2,

b= bo+llv—®((2) O (w))]3/2

+trace(®T®[(ww”) © (z2") — ((w) © (2))((w) © ())7])/2, 5)
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¢ = co+Noj2, di=do+ Y > (wp /2, s=0,.,L, (6)
ki
e’ = 68+ZZ<2k,s,i>v fS:f8+NS_ZZ<Zk,S,i>7 320717
P ki
680 = 680 + 22(1 - <Zpa(k,s,i)>)<zk,s7i>a s = 2> ey L,
ki
fSO = 50 + Z Z(l - <Zpa(k,s,i)>)(1 - <Z}€,S,i>)7 § = 25 "'7L)
k1
et = el + ZZ<Zpa(k,s,i)><zk,s,i>v s=2,..,L,
k1
FUo= YD a1 — (), s =2, L, (7)
ki

where we assume 2y s ; corresponds to the jth entry in the N-dimensional vector z, denoted by z;),
®;y represents the jth column of ®, and N, denotes the total number of coefficients at tree level s.
The angle bracket () represents the expectation with respect to the random variable in it. They can be
evaluated as:
i) = Hik,s,is (a0) = a/b,
<Zl%m> = Pk,s,i5 (Wi i) = /’L%:,s,i + Ul%,s,w (as) = cs/ds,
(In(1 = mh54)) — (N Tps5) =

(f7) —(e?), if s = 0,1,

(Zpa(h,s,i)) (1) = (D] + (1 = (2pagr, sy N () —(e?)], if 2 < s < L,

where v is the digamma function [11] defined as ¢(z) = a% InT(x).

(Zh,5,i) = Dh,s,is (wg
2
2

Note that in the CS problem the matrix &7 ® is approximately diagonal, so (5) may be approximated

N
b+ o — B((2) © w32+ D BT Byl(wh) (h) — fwe)*0))/2, ®)
=1

which further reduces the computational burden, with minimal impact on the reconstruction accuracy.

III. EXPERIMENTAL RESULTS

We compare CS inversion with a block-DCT-based (JPEG) representation vis-a-vis a wavelet-based
(JPEG2000) representation. For the latter the same basic inversion model (1) is employed, with the trees
now corresponding to wavelet coefficients. The Haar wavelet was employed, but any discrete wavelet
may be used. We also perform an analysis of performance in the presence of noise. The proposed model
is referred to below as TS-BCS-VB, for tree-structured Bayesian CS implemented by VB inference, with

detailed distinctions made depending on whether a block-DCT or wavelet decomposition is used. In all
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examples presented below the matrix ® € R"*¥ is constructed randomly, with components drawn i.i.d.

from N(0,1/n). Any of the other constructions for @ discussed in [1], [2], [3] may also be employed.

A. Comparisons to other CS algorithms

We compare the performance of TS-BCS-VB to eight recently developed CS reconstruction algorithms:
basis pursuit (BP) [18], Bayesian compressive sensing (BCS) [17], fast-BCS [17], orthogonal matching
pursuit (OMP) [19], stagewise orthogonal matching pursuit (StOMP) [20], Lasso-modified least angle
regression (LARS/Lasso) [21], total variation (TV) [22], and TS-BCS-MCMC [9]. For the TV and BP
implementations, we used solvers from the ¢1-Magic toolbox!; for the OMP, StOMP and LARS/Lasso
algorithms, we use the solvers SolveOMP, SolveStOMP, and SolveLasso, respectively, from the Sparse-
Lab toolbox?; for the BCS, fast-BCS, and TS-BCS-MCMC, we use the packages bcs_vb, becs_ver0.1,
and t swcs(for wavelet) and t sdctcs(for block-DCT), respectively, from the BCS website 3. All software
are written in MATLAB™™M

All examples considered below are for 128 x 128 images. Our objective is to estimate N = 1282 =
16384 DCT coefficients, or scaling and wavelet coefficients. To provide a fair comparison, we let wavelet
decomposition depth L = 3 such that the DCT-tree and the wavelet-tree have the same depth. The
hyperparameters for both TS-BCS-VB and TS-BCS-MCMC are set as in [9]. For the other CS algorithms,
default parameters are used. For the StOMP algorithm, we use the CFAR thresholding, with the false-
alarm rate specified as 0.01.

For each CS algorithm we produce a curve of relative reconstruction error as a function of number

of CS measurements n. The relative reconstruction error is defined as || — &||2/||x|2, where x is the

original image, and & is the recovered image based on the DCT coefficients or wavelet coefficients
reconstructed by a particular CS algorithm.

We consider the same dataset used in [9]. The dataset contains five image classes and ten images from
each class. In Figure 1(a) a comparison of reconstruction error is performed for all algorithms discussed
above, for a JPEG-DCT basis, using the first image in the dataset, and the comparison for computation
time is presented in Figure 1(b). The results for wavelet-based representation and for all other images are

quite similar to this example, and are omitted for brevity (tabulated results are presented below). The BP
"http - / Jwww.acm.caltech.edu/l1magic/

http : //sparselab.stanford.edu/

3http : [ Jwww.ece.duke.edu) ~ lihan/cs/
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results were found to yield errors significantly larger than those associated with the other methods (the
relative errors are greater than 0.7 when n = 6000 in Figure 1(a)), and therefore they are not explicitly

presented in Figure 1(a) and in other results below.

0.5

T
BCS
fast-BCS
OomMP
= StOMP-CFAR
—h— L ARS/Lasso
——TV
=—©— TS-BCS-MCMC|
—&— TS-BCS-VB

045

0.4

BP

BCs

fast-BCS

OMP
= StOMP-CFAR
—A&— LARS/Lasso
——TV
—6— TS-BCS-MCMC|
—&— TS-BCS-VB

0.35F
g

0.3

%

10

Time (second)

0251

Relative Reconstruction Error

0.2

0.15F

0

01 . . . . . . 10 . . . . . .
1000 2000 3000 4000 5000 6000 7000 8000 1000 2000 3000 4000 5000 6000 7000 8000
Number of Measurements Number of Measurements
(a) Reconstruction error, block-DCT (b) Time, block-DCT

Fig. 1. Comparisons of relative reconstruction error and computation time, for a 128 x 128 image. Note that in (b) the y-axis

is in the logarithmic scale.

From Figure 1 we observe that the TS-BCS algorithm benefits from exploiting the tree-based structure
information, especially with a small number of measurements. With MCMC inference, the TS-BCS
algorithm achieves the best accuracy under comparison, with competitive computation time. The VB
inference reduces the computation time significantly, with a relatively small cost of reconstruction quality.
Typically the VB inference converges after 30 to 40 iterations, and it takes about 2 minutes to reconstruct
a 128 x 128 image with 8000 CS measurements. Consequently, one may consider TS-BCS with MCMC
inference if the reconstruction accuracy is the main concern, or consider TS-BCS with VB inference if
the computation time is more important.

In Table I is presented average performance of all algorithms, for block-DCT and wavelet-based
representation, based on all 50 images in the dataset, for n = 2000 (corresponding to a relatively small
number of CS measurements) and n = 6000 (corresponding to a relatively large number of measurements).
From these results, we observe that the TS-BCS consistently performs better than the other algorithms,
both under the block-DCT basis and with the wavelet basis. In addition, the reconstruction error by VB
inference is a bit larger than that by MCMC inference, but we should note that the VB inference is much
faster. These results also indicate that CS reconstruction performance under the block-DCT and wavelet

basis are very similar for all the algorithms.

August 1, 2009 DRAFT



(a) block-DCT, number of measurements n = 2000 (b) block-DCT, n = 6000
goritm | owp SIOMP- LARS TSBCS TSBCS gorithm | s omp SIOMP- LARS - TSBCS TSHCS
Class CFAR  Lasso MCMC -VB Class CFAR  Lasso -MCMC -VB
Urban MEAN | 0.3459  0.2898 0.3419 0.3987  0.3664 03073  0.2026  0.2189 Urban MEAN | 0.1817  0.1715 0.2180 0.1825 0.1586  0.1920 0.1335  0.1547
STD | 0.0426 00504 00545 00624 00416 00287 00260  0.0275 STD [ 00289  0.0260 00326 00275 00233 0.0158 0.0189 00238
Buildings [MEAN| 03713 03205 03833 04366 0402 03281 02217 02417 . [MEAN|0.1963 0.1856 02314 0.1937 0.1684 0.2033 0.1383 _0.1607
STD 0.1217  0.1249  0.1305 0.1209 0.1011  0.0763  0.0597  0.0727 STD 0.0746  0.0765 0.0922  0.0738  0.0646  0.0498 0.0556  0.0675
Office MEAN | 04119  0.3741 0.4271 04630 04180 0.3551 0.2368  0.2534 Office MEAN | 0.1858  0.1737  0.2191 0.1857  0.1610  0.1965 0.1236  0.1379
STD 0.0798  0.0976 0.0880 0.0816 0.0511 0.0612 0.0429  0.0471 STD 0.0367  0.0376  0.0428  0.0370  0.0329  0.0260  0.0268  0.0287
Cows  |MEAN|02504 02003 02693 03219 03087 02671 0.1653 0.1726 Cows |MEAN|02345 01362 01710 0.1430 0.8 0.1722 01016 0.1188
STD 0.1041 0.0901  0.0944 0.0960  0.0933  0.0630  0.0552  0.0633 STD 0.2081 0.0641  0.0790  0.0634  0.0562  0.0386  0.0499  0.0618
Flowers MEAN | 04054 0.3609 04115 04855 04299 03438 0.2248  0.2531 Flowers MEAN | 02599  0.2025 0.2439 0.2090 0.1815 0.2122 0.1362  0.1640
STD | 01429 0.1481 0.1516 _ 0.1604 _0.1203 _0.0898 0.0734 00944 STD [ 00720 00956 0.1349  0.1008 00853 00626 00794 00970
(c) wavelets, n = 2000 (d) wavelets, n = 6000
lgorithm StOMP-  LARS/ TS-BCS TS-BCS lgorithm StOMP- LARS/ TS-BCS TS-BCS
Class BCS fastBCS OMP bR Laso 'Y MCMC VB Class BCS fastBCS OMP pip Laso | MCMC  -VB
Urbn IMEANT 03582 03012 0353103993 03748 02690 0213 0233 Uiy |MEAN| 1870 0.1744 02246 01875 0.1607 0.1865 01383 0.1588
STD [ 00600  0.0460 0.0524 00565 00455 0.289  0.0267 _0.0299 STD [ 00270 00270 00337 00272 00228 0.0156 0.0201 _0.0261
S MEAN | 0.3928  0.3311 03847  0.4470  0.4128  0.2840  0.2296  0.2535 Buildings MEAN | 02073 0.1970  0.2456  0.2050  0.1772  0.1999  0.1490  0.1752
STD | 01151 00118 01184 01182 0.0919 0.0669 0.0608  0.0682 STD [ 00753 00812 00958 00772 00652  0.0489 0.0569 0.0675
Office MEAN | 0.4441 0.3920 0.4465 04838 0.4386 03133 0.2539 0.2767 Office MEAN | 0.1935 0.1838 0.2273 0.1930 0.1674 0.1898 0.1311 0.1465
STD 0.0701 0.0985 0.0976 0.0743  0.0551 0.0521  0.0490  0.0489 STD 0.0425  0.0479 0.0543 0.0442  0.0351  0.0230  0.0319  0.0355
Cows MEAN | 0.2705 0.2369 0.2825 0.3251 0.3189 02306 0.1773  0.1912 Cows MEAN | 0.1814  0.1415 0.1790 0.1487 0.1304 0.1696 0.1088  0.1252
STD 0.1008  0.0899  0.0941 0.1025  0.0943  0.0546  0.0542  0.0622 STD 0.0634  0.0660 0.0826 0.0669  0.0560  0.0375  0.0502  0.0582
Flowers MEAN | 04193 0.3770  0.4240 0.4879 04462 03092 0.2415  0.2648 Flowers MEAN | 02948  0.2238 0.2773 0.2275 0.1975 02173 0.1598 0.1847
STD 0.1405  0.1434  0.1422  0.1570  0.1233  0.0775  0.0702  0.0814 STD 0.1270  0.0967 0.1212  0.0942  0.0801 0.0614 0.0705 0.0834
TABLE 1

MEAN AND STANDARD DEVIATION OF THE RECONSTRUCTION ERROR FOR EACH CLASS IN THE DATASET. THE BOLD

NUMBERS REPRESENT THE BEST TWO AMONG ALL THE CS ALGORITHMS UNDER COMPARISON.

B. Performance with noisy measurements

In all experiments presented above we assumed the CS measurements v were noise free. We now test
the reconstruction performance with noisy measurements, and therefore within TS-BCS now the Gaussian
precision «q accounts for negligibly small coefficients and additive noise.

Assume additive white Gaussian noise n € " is introduced in the CS measurements. The noisy
measurements ¥ = v + 17, where v is the noise-free measurements, and each component of n is i.i.d.
drawn from a Gaussian distribution A'(0, «~!). The noise variance 1/« defines the signal-to-noise ratio
(SNR), represented as SNR(dB) = 20log;, (||v]|e,/||nlle,). Note that when performing CS inversion,
the noise variance is not assumed known, and o is inferred in the CS inversion.

Figure 2 shows the reconstruction error vs. SNR when number of measurements n = 4000. It is
observed that when SN R > 30 dB, all the algorithms perform well. However, when the SNR becomes
lower, the TS-BCS algorithm for both DCT coefficients and wavelet coefficients are less sensitive to the
noise, and performs particularly better than the other algorithms when the SNR is very low. This may

be attributed to the fact that noisy measurements are naturally accounted for within the Bayesian linear-
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regression model. In addition, we observe that the performances for a block-DCT and wavelet-based

reconstruction are comparable.
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Comparison of the reconstruction error given number of measurements n = 4000, under noisy measurements.

A hierarchical Bayesian model has been developed to characterize the statistics of the coefficients

in a block-DCT or wavelet transform of natural images, and this model has been employed within a

CS inversion algorithm. The framework explicitly imposes sparseness in the inferred coefficients, also

constituting a Markovian structure between different spectral components. The model is particularly

designed for the implementation of the variational Bayesian inference, so that the computation time may

be significantly reduced compared to the MCMC-based model in a previous study [9]. The inversion

algorithm allows direct utilization of a signal decomposition that is compatible with JPEG, and therefore

the inferred coefficients may be directly employed within a subsequent JPEG encoder.

Based upon extensive tests with natural images, we observe that exploitation of the statistical structure

in the block-DCT and wavelet representations yields state-of-the-art CS inversion quality, relative to many

of the existing algorithms in the CS literature. The VB inference greatly reduces the computation time,

with minimal increase of the reconstruction error, compared to the MCMC inference.
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