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Proof of Theorem 3.1

Each inequality is obtained by first applying Lemma 3.2 and then Lemma 3.3,
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Theorem 3.2 holds according to the upper bound of KL divergence and the proof is straightforward.

Proof of Theorem 3.3

To see the first inequality in (17), we have
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holds for any µ ∈ Rp. Note that f(µ,D) is an upper bound of g(µ,D), f1(µ∗) ≤ g1(µ∗) (the proof is
straightforward). Thus the first inequality in (18a) holds . The second inequality holds since µ∗ is the global
minimum of g1(µ). To see the second inequality in (17), we have that
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holds for any (µ,D) ∈ Rp × Sp++. The first inequality in (18b) holds since f(µ,D) is a upper bound of
g(µ,D); the second inequality holds since (µ̂, D̂) is the global minimum of f(µ,D).

Bayesian Lasso Model (Scaled Case)

According to [1], the Bayesian Lasso model with the scale-mixture of normal representation is as follows,

y|x, σ2 ∼ Nn(y; Φx, σ2In)
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σ2 ∼ InvGamma(σ2; a, b)

λ2 ∼ Gamma(λ2; r, s) (1)
where representation of Laplace distribution as a scale mixture of normals (with an exponential mixing density)
is exploited,

t

2
exp (−t|z|) =

∫ ∞
0

1√
2πs

exp (−z2/(2s)) t
2

2
exp (−t2s/2)ds (2)

where t > 0, t = λ/σ, s = σ2τ2j = σ2/γj .

Data-Augmentation Gibbs Sampler

The full likelihood can be written as follows,
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where Dτ = diag(1/γ1, . . . , 1/γp).

• Full Conditional distribution of x:
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• Full Conditional distribution of γj = 1/τ2j :
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Mean-field VB

We seek a variational distribution q(Θ; Γ) to approximate the exact posterior p(Θ; Γ), where Θ ≡
{x,γ, σ2, λ2}, Γ are the variational parameters. Consider the variational expression,
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Note that the term p(y) is a constant with respect to Γ, and therefore the evidence lower bound F̃ (Γ) is max-
imized when the Kullback-Leibler divergence KL(q(Θ; Γ)||p(Θ|y)) is minimized. To make the computation
of F̃ (Γ) tractable, we assume q(Θ; Γ) has a factorized form,
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With appropriate choice of qi, the variational expression F̃ (Γ) may be evaluated analytically. Maximizing the
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The update equations are as follows,

• Update for x:
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The lower bound F̃ (Γ) can be calculated very straightforwardly both for tracking the monotonic increase
and for possibly setting a convergence criterion.
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〈lnσ−2〉 = ψ(â)− ln(b̂), 〈σ−2〉 = â/b̂ (17)
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and those 〈ln γj〉 terms canceled out.
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