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Overview

Goal: Given candidate models τ̂1(·), ..., τ̂K(·) for the
individual treatment effect (ITE), how do we select the best
one, given that we don’t know the true ITE function τ(·) (i.e.
half of the potential outcomes are missing)?

Key idea: Find a proxy τ̃ (called “plug-in tau” in the paper)
such that the ranks of the errors of the candidate models
w.r.t. the proxy matches the ranks of the errors of the
candidates w.r.t. the true ITE function τ(·) – more on this
later.

Note: this work makes the standard assumptions of ignorability,
overlap, and consistency. X ∈ Rp are covariates, T ∈ {0, 1} are
treatments, and Y ∈ R are outcomes.
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Evaluation of Individual Treatment Effect (ITE) models

Typically, the quality of an individual treatment effect (ITE) model
is measured by a quantity known as the precision in estimation of
heterogeneous effect (PEHE), defined as

Rtrue(τ̂) , EX
[
(τ(X)− τ̂(X))2

]
, (1)

Rtrue(τ̂) is also called the true risk of the model τ̂(·), and τ(·) is
the true ITE (which we do not have access to for real-world
datasets).
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Proxy for true risk

The key idea of this paper is that we don’t need a good proxy for
the true risk, we only need a proxy which preserves the rank
order of candidate models.

More precisely, for a candidate model τ̂ ∈M (where M is a model
class), we would like to design a proxy risk function R̂(τ̂) which
satisfies:

Rtrue (τ̂) ≤ Rtrue
(
τ̂ ′
)
⇒ R̂ (τ̂) ≤ R̂

(
τ̂ ′
)
, ∀ τ̂ , τ̂ ′ ∈M. (2)

Let’s refer to (2) as the “rank-preserving” property.
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How do we design a good proxy R̂?

Consider a risk proxy R̂ of the form:

R̂ (τ̂) :=
1

n

n∑
i=1

(τ̃ (Xi, Ti, Yi)− τ̂ (Xi))
2 (3)

where τ̃ is called a “plug-in”. Hence, the problem boils down to
finding a good plug-in, namely a plug-in τ̃ such that R̂ has the
rank-preserving property.

Note: Using the above setup, if we were to obtain a good plug-in
τ̃ , we could not use it as the estimate of τ itself (on test samples)
since it uses Xi, Ti, Yi as inputs – i.e. in this setup, τ̃ can only be
used for evaluation, not prediction.
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Desirable properties of the plug-in τ̃

Proposition

Suppose that a given plug-in τ̃ is an unbiased estimator for the
true ITE (i.e., E [τ̃ (X,T, Y ) | X] = τ(X)), then, the expectation
of the performance estimator R̂ is decomposed into the true
performance metric and the MSE of the given plug-in τ̃ :

E
[
R̂ (τ̂)

]
= Rtrue (τ̂) + E

[
(τ(X)− τ̃(X,T, Y ))2

]
︸ ︷︷ ︸

independent of τ̂

(4)

Which yields, for 2 different candidate models τ̂1 and τ̂2:

E
[
R̂ (τ̂1)

]
− E

[
R̂ (τ̂2)

]
= Rtrue (τ̂1)−Rtrue (τ̂2) (5)

This is close to the rank-preserving property, but not quite the
same since we are taking the difference in the expected values of
R̂, not the R̂ values themselves. This motivates us to consider the
finite-sample uncertainty of R̂.
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Decomposition of R̂(τ̂) for finite samples

As a reminder:

R̂(τ̂) ,
1

n

n∑
i=1

(τ̃ (Xi, Ti, Yi)− τ̂ (Xi))
2 , (6)

which can be decomposed as:

R̂ (τ̂) =
1

n

n∑
i=1

(τ(Xi)− τ̂(Xi))
2

︸ ︷︷ ︸
converges to Rtrue(τ̂)

− 2

n

n∑
i=1

(τ̂ (Xi)− τ (Xi)) (τ̃ (Xi, Ti, Yi)− τ (Xi))︸ ︷︷ ︸
W:source of uncertainty

+
1

n

n∑
i=1

(τ(Xi)− τ̃(Xi, Ti, Yi))
2

︸ ︷︷ ︸
independent of τ̂

. (7)
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Variance minimization

Considering the previous expression, we can write the difference in
R̂(τ̂1) and R̂(τ̂2) as:

R̂(τ̂1)− R̂(τ̂2) =
1

n

n∑
i=1

(τ(Xi)− τ̂1(Xi))
2

︸ ︷︷ ︸
converges to Rtrue(τ̂1)

− 1

n

n∑
i=1

(τ(Xi)− τ̂2(Xi))
2

︸ ︷︷ ︸
converges to Rtrue(τ̂2)

− 2

n

n∑
i=1

(τ̂1 (Xi)− τ (Xi)) (τ̃ (Xi, Ti, Yi)− τ (Xi))

+
2

n

n∑
i=1

(τ̂2 (Xi)− τ (Xi)) (τ̃ (Xi, Ti, Yi)− τ (Xi))

(8)

Hence, for R̂ to satisfy the rank preserving property, we must
optimize τ̃ so that the last 2 terms cancel out. This motivates the
minimization of V(W) (W defined on the previous slide).
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Variance upper-bound

Theorem

Suppose that the plug-in τ̃ is unbiased for the ITE and the output
of the plug-in τ̃ for an instance is independent of that of other
instances. Then, we have the upper bound of the variance of W as
follows:

V (W) ≤ 4Cmaxn
−1 EX [V (τ̃(X,T, Y ) | X)] , (9)

where Cmax = supx∈X (τ(x)− τ̂(x))2.

Hence, we can write the variance upper-bound minimization as:

min
τ̃∈Θ

EX [V (τ̃(X,T, Y ) | X)] ,

s.t. E[τ̃(X,T, Y ) | X] = τ(X). (10)

where Θ is a pre-defined class of plug-ins τ̃ .



References

How can we get plug-in τ̃ in practice?

First, we define a class of plug-in τ̃ building on the doubly robust
estimator.

Definition

The doubly robust plug-in τ̃DR for a given triplet (X,T, Y ) is
defined as follows:

τ̃DR(X,T, Y ; f1, f0)

:=
T − e(X)

e(X)(1− e(X))
(Y − fT (X)) + f1(X)− f0(X), (11)

where f1, f0 are regressors, and e(X) := P (T = 1|X).

Given true propensity scores and a regression function, the
proposed plug-in τ̃ is unbiased against the true ITE, i.e.,

E [τ̃DR(X,T, Y ; f1, f0) | X] = τ(X). (12)
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Training τ̃DR

The previously described minimization problem is:

min
τ̃∈Θ

EX [V (τ̃(X,T, Y ) | X)] ,

s.t. E[τ̃(X,T, Y ) | X] = τ(X). (13)

Given the true propensity score e(X), τ̃DR has the advantage of
satisfying the unbiasedness constraint. But how do we minimize
the variance of τ̃DR?
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Training τ̃DR

Proposition

Given true propensity scores and a regression function, the
expected conditional variance of the proposed plug-in τ̃DR can be
represented as:

EX [V (τ̃DR(X,T, Y ; f1, f0) | X)]

= ζ + EX

{ ∑
t∈{0,1}

√
wt(X)(ft(X)−mt(X))}2

 , (14)

where

wt(X) :=
t(1− 2e(X)) + e(X)2

e(X)(1− e(X))
,mt(x) := EY (t)[Y (t) | X = x],

and ζ is a constant w.r.t. the models f1, f0.
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Training τ̃DR

Based on the previous expression for the variance, we can
formulate the minimization problem as:

min
f∈F

EX

{ ∑
t∈{0,1}

√
wt(X)(ft(X)−mt(X))}2

 , (15)

but unfortunately, this is impossible to minimize directly, since we
do not have access to counterfactual outcomes (i.e., we would be
missing a value of mt(X) for every X).
The solution? Find a tractable upper bound!
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Another upper bound

Theorem

Let G be a family of functions g : R → Y and suppose that, for
any given t ∈ {0, 1} and w : X × {0, 1} → R≥0, there exists a
positive constant BΦ such that the per-unit expected loss
functions obey 1

BΦ
· `wh,Φ(Ψ(r), t) ∈ G where Ψ is the inverse image

of Φ. Then, the following inequality holds:

EX [{
∑

t∈{0,1}

√
wt(X)(ft(X)−mt(X))}2]

≤ 2
(
εw1
F1

(h,Φ) + εw0
F0

(h,Φ)

+BΦIPMG

(
pΦ

0 , p
Φ
1

)
− 2σ2

)
, (16)

where εwt
Ft

(h,Φ) :=
∫
X `

w
h,Φ(x, T = t)pt(x)dx for t ∈ {0, 1}

and σ is a constant w.r.t. ft.
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Putting it all together: model selection in practice

Algorithm (Counterfactual Cross-Validation (CF-CV))

Require: A set of candidate ITE predictors M = {τ̂1, ..., τ̂|M|}; an
observational validation dataset V = {Xi, Ti, Y }ni=1; and a
trade-off hyperparameter α.

1: Estimate the propensity score.
2: Train f (X,T ) by minimizing the factual errors + IPM loss

using samples in V.
3: Calculate the plug-in τ̃DR for samples in V.
4: Estimate performance of candidate predictors in M based on

the performance estimator R̂ and τ̃DR.
Ensure: A selected predictor: τ̂∗ = arg minτ̂∈M R̂ (τ̂).
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Experimental Procedure

Conducted experiments on IHDP100 dataset [1] (a dataset
with real covariates, but with simulated potential outcomes &
treatment assignment – consists of 100 realizations, each with
35/35/30 train/val/test split).

For each realization, trained 25 candidate models (e.g.
decision tree, random forest, ridge regressor), ranked the
candidate models using the proxy R̂ on the validation set, and
examined the ranked candidates’ relative performances on the
test set (measured by Rtrue).

Measured the quality of the proxy R̂ (relative to Rtrue) via
Regret and Spearman Rank Correlation.

Regret is defined as Regret = Rtrue(τ̂selected)−Rtrue(τ̂best)
Rtrue(τ̂best)

, where

τ̂selected = arg minτ̂∈M R̂(τ̂) is the model selected by R̂ and
τ̂best = arg minτ̂∈MRtrue (τ̂) is the best model in M.
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Baselines

The first two baselines used are proxies of the form

R̂ =
1

n

n∑
i=1

(τ̃(Xi, Ti, Yi)− τ̂(Xi))
2, (17)

for different choices of τ̃ :

IPW validation: τ̃IPW (Xi, Ti, Yi) = Ti
e(Xi)

Yi − 1−Ti
1−e(Xi)

Yi

Plug-in validation: τ̃plug−in(Xi) = τ̃
(1)
i − τ̃

(0)
i , where τ̃

(1)
i

and τ̃
(0)
i are predictions for the potential outcomes. CFR [2] is

used as the predictor, for a fair comparison with CF-CV

τ -risk:

R̂τ (τ̂) =
1

n

n∑
i=1

((Yi −m(Xi))− (Ti − e(Xi))τ̂(Xi))
2

where m(·) is the expectation of observed outcome E[Y |X].
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Results
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Conclusion

This paper presented a way to select the “best” model from a
set M of candidate models via a proxy R̂, which is shown to
approximately satisfy the rank-preserving property.

The authors employ a plug-in model τ̃ which enjoys an
unbiasedness property (w.r.t. the true effect τ) given the true
propensity e(X) (though this has to be estimated in practice),
and show that we can approach the rank-preserving property
by minimizing the conditional variance of τ̃ – an upper bound
of which yields a CFR-type objective.
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