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Abstract

The number of states in a hidden Markov model is an important parameter that has a critical impact on

the inferred model. Bayesian approaches to addressing this issue include the nonparametric hierarchical

Dirichlet process, which does not extend to a variational Bayesian solution. We present a fully conjugate,

Bayesian approach to determining the number of states in a hidden Markov model, which does have

a variational solution. The infinite-state hidden Markov model presented here utilizes a stick-breaking

construction for each row of the state transition matrix, which allows for a sparse utilization of the

same subset of observation parameters by all states. In addition to our variational solution, we discuss

retrospective and collapsed Gibbs sampling methods for MCMC inference. We demonstrate our model

on a music recommendation problem containing 2,250 pieces of music from the classical, jazz and rock

genres.

I. INTRODUCTION

The hidden Markov model (HMM) [28] is an effective means for statistically representing sequential

data, and has been used in a variety of applications, including the modeling of music and speech [4][5],

target identification [10][29] and bioinformatics [15]. These models are often trained using the maximum-

likelihood Baum-Welch algorithm [28][14], where the number of states is preset and a point estimate of

the parameters is returned. However, this can lead to over- or under-fitting if the underlying state structure

is not modeled correctly.

Bayesian approaches to automatically inferring the number of states in an HMM have been investigated

in the MCMC setting using reversible jumps [9], as well as a nonparametric, infinite-state model that

utilizes the hierarchical Dirichlet process (HDP) [31]. This latter method has proven effective [27], but a

lack of conjugacy between the two levels of Dirichlet processes prohibits fast variational inference [6],

making this approach computationally prohibitive when modeling very large data sets.
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To address this issue, we propose the stick-breaking hidden Markov model (SB-HMM), a fully conjugate

prior for an infinite-state HMM that does have a variational solution. In this model, each row of the

transition matrix is given an infinite dimensional stick-breaking prior [18][19], which has the nice property

of sparseness on the same subset of locations. Therefore, for an ordered set of states, as we have with an

HMM, a stick-breaking prior on the transition probabilities encourages sparse usage of the same subset

of states.

To review, the general definition of a stick-breaking construction of a probability mass function [19],

p = (p1, . . . , pd+1), is as follows,

pi = Vi

i−1∏

j=1

(1− Vj)

pd+1 = 1−
d∑

i=1

pi

Vi ∼ Beta(υi, ωi) (1)

for i = 1, . . . , d and a set of non-negative, real parameters υ = (υ1, . . . , υd) and ω = (ω1, . . . , ωd). In

this definition, d can be finite or infinite, with the finite case also known as the generalized Dirichlet

distribution [12][34]. When infinite, different settings of υ and ω result in a variety of well-known priors

reviewed in [19]. For the model presented here, we are interested in using the stick-breaking prior on

the ordered set of states of an HMM. The stick-breaking process derives its name from an analogy to

iteratively breaking the proportion Vi from the remainder of a unit-length stick,
∏i−1

j=1(1− Vj). As with

the standard Dirichlet distribution discussed below, this prior distribution is conjugate to the multinomial

distribution parameterized by p and therefore can be used in variational inference [6].

Another prior on a discrete probability vector is the finite symmetric Dirichlet distribution [24][20],

which we call the standard Dirichlet prior. This distribution is denoted as Dir(p; α
L , . . . , α

L), where α is

a non-negative, real parameter and L is the dimensionality of the probability vector, p. This distribution

can be viewed as the standard prior for the weights of a mixture model (the relevance of the mixture

model to the HMM is discussed in Section 3), as it is the more popular of the two conjugate priors

to the multinomial distribution. However, for variational inference, the parameter α must be set due to

conjugacy issues, which can impact the inferred model structure. In contrast, for the case where υi = 1,

the model in (1) allows for a gamma prior on ωi, removing the need to select this value a priori.

This nonparametric uncovering of the underlying state structure will be shown to improve model

inference, as demonstrated on a music recommendation problem, where we analyze 2,250 pieces of
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music from the classical, jazz and rock genres. We will show that our model has comparable or improved

performance over other approaches, including the standard finite Dirichlet distribution prior, while using

substantially fewer states. This performance is quantified via measures of the quality of the top ten

recommendations for all songs using the log-likelihood ratio between models as a distance metric.

We motivate our desire to simplify the underlying state structure on practical grounds. The computing

of likelihood ratios with hidden Markov models via the forward algorithm requires the integrating out of

the underlying state transitions and is O(n2) in an n-state model. For use in an environment where many

likelihood ratios are to be calculated, it is therefore undesirable to utilize hidden Markov models with

superfluous state structure. The calculation of 22502 likelihoods in our music recommendation problem

will show a substantial time-savings. Furthermore, when many HMMs are to be built in a short period

of time, a fast inference algorithm, such as variational inference may be sought. For example, when

analyzing a large and evolving database of digital music, it may be desirable to perform HMM design

quickly on each piece. When computing the N2 relationships between the pieces, computational efficiency

manifested by a parsimonious HMM state representation is of interest.

The remainder of the paper is organized as follows: We review the hidden Markov model in Section 2.

Section 3 provides a review of hidden Markov models with finite-Dirichlet and Dirichlet process priors.

In Section 4 we review the stick-breaking process and its finite representation as a generalized Dirichlet

distribution, followed by the presentation of the stick-breaking HMM formulation. Section 5 discusses

two MCMC inference methods and variational inference for the SB-HMM. For MCMC in particular, we

discuss retrospective and collapsed Gibbs samplers, which serve as benchmarks to validate the accuracy

of the simpler and much faster variational inference algorithm. Finally, we demonstrate our model on

synthesized and music data in Section 6, and conclude in Section 7.

II. THE HIDDEN MARKOV MODEL

The hidden Markov model [28] is a generative statistical representation of sequential data, where an

underlying state transition process operating as a Markov chain selects state-dependent distributions from

which observations are drawn. That is, for a sequence of length T , a state sequence S = (s1, s2, . . . , sT )

is drawn from p(st|st−1, . . . , s1) = p(st|st−1), as well as an observation sequence, X = (x1, x2, . . . , xT ),

from some distribution p(xt|θst
), where θst

is the set of parameters for the distribution indexed by st.

An initial-state distribution, p(s1), is also defined to begin the sequence.

For an HMM, the state transitions are discrete and therefore have multinomial distributions, as does

the initial-state probability mass function (pmf). We assume the model is ergodic, or that any state can
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reach any other state in a finite number of steps. Therefore, states can be revisited in a single sequence

and the observation distributions reused. For concreteness, we define the observation distributions to be

discrete, multinomial of dimension M . Traditionally, the number of states associated with an HMM is

initialized and fixed [28]; this is a nuisance parameter that can lead to over-fitting if set too high or

under-fitting if set too low. However, to complete our initial definition we include this variable, D, with

the understanding that it is not fixed, but to be inferred from the data.

With this, we define the parameters of a discrete HMM:

A = D ×D matrix where entry aij represents the transition probability from state i to j

B = D ×M matrix where entry bij represents the probability of observing j from state i

π = D dimensional probability mass function for the initial state.

The data generating process may be represented as

xt ∼ Mult(bst,1, bst,2, . . . , bst,M )

st ∼ Mult(ast−1,1, ast−1,2, . . . , ast−1,D), t ≥ 2

s1 ∼ Mult(π1, π2, . . . , πD)

The observed and hidden data, X and S respectively, combine to form the “complete data,” for which

we may write the complete-data likelihood,

p(X, S|A,B, π) = πs1

T−1∏

t=1

ast,st+1

T∏

t=1

bst,xt

with the data likelihood, p(X|A, B, π), obtained by integrating over the states using the forward algo-

rithm [28].

III. THE HIDDEN MARKOV MODEL WITH DIRICHLET PRIORS

It is useful to analyze the properties of prior distributions to assess what can be expected in the

inference process. For hidden Markov models, the priors typically given to all multinomial parameters

are standard Dirichlet distributions. Below, we review these common Dirichlet priors for finite and infinite-

state hidden Markov models. We also note that the priors we are concerned with are for the state transition

probabilities, or the rows of the A matrix. We assume separate M -dimensional standard Dirichlet priors

for all rows of the B matrix throughout this paper (since the M -dimensional observation alphabet is

assumed known, as is typical), though this may be generalized to other data-generating modalities.
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A. The Dirichlet Distribution

The standard Dirichlet distribution is conjugate to the multinomial distribution and is written as

f(p1, . . . , pD|β1, . . . , βD) =
Γ(

∑
i βi)∏

i Γ(βi)

D∏

i=1

pβi−1
i (2)

with the mean and variance of an element, pi, being,

E[pi] =
βi∑
i βi

, V[pi] =
βi(

∑
i βi − βi)

(
∑

i βi)2(
∑

i βi + 1)
(3)

This distribution can be viewed as a continuous density on the D− 1 dimensional simplex in RD, since

0 ≤ pi ≤ 1 for all i and
∑D

i=1 pi = 1. When
∑

i βi ¿ D, draws of p are sparse, meaning that most of

the probability mass is located on a subset of p. When seeking a sparse state representation, one might

find this prior appealing and suggest that the dimensionality, D, be made large (much larger than the

anticipated number of states), allowing the natural sparseness of the prior to uncover the correct state

number. However, we discuss the issues with this approach in Section III-C.

B. The Dirichlet Process

The Dirichlet process [17] is the extension of the standard Dirichlet distribution to a measurable space

and takes two inputs: a scalar, non-negative precision, α, and a base distribution, G0, defined over the

measurable space (Θ,B). For a partition of Θ into disjoint sets, B = {B1, . . . , BD}, where
⋃

i Bi = Θ,

the Dirichlet process is defined as

(G(B1), . . . , G(BD)) ∼ Dir(αG0(B1), . . . , αG0(BD)) (4)

Because G0 is a continuous distribution, the Dirichlet process is infinite-dimensional, i.e. D → ∞. A

draw, G, from a Dirichlet process is expressed G ∼ DP (αG0) and can be written in the form

G =
∞∑

i=1

piδθi

The location, θi, associated with a measure, pi, is drawn from G0. In the context of an HMM, each θi

represents the parameters for the distribution associated with state i from which an observation is drawn.

The key difference between the distribution of Section III-A and the Dirichlet process is the infinite extent

of the Dirichlet process. Indeed, the finite-dimensional Dirichlet distribution is a good approximation to

the Dirichlet process under certain parameterizations [20].

To link the notation of (2) with (4), we note that α =
∑

i βi. When these βi are uniformly parameterized,
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choosing α < ∞ means that βi → 0 for all i as D → ∞. Therefore, the expectation as well as the

variance of pi → 0. Ferguson [17] showed that this distribution remains well defined in this extreme

circumstance. Later, Sethuraman [30] showed that we can still draw explicitly from this distribution.

1) Constructing a Draw from the Dirichlet Process: Sethuraman’s constructive definition of a Dirichlet

prior allows one to draw directly from the infinite-dimensional Dirichlet process and is one instance of

a stick-breaking prior included in [19]. It is written as,

G =
∞∑

i=1

piδθi
, pi = Vi

i−1∏

j=1

(1− Vj) (5)

Vi ∼ Beta(1, α), θi ∼ G0 (6)

From Sethuraman’s definition, the effect of α on a draw from the Dirichlet process is clear. When

α → 0, the entire stick is broken and allocated to one component, resulting in a degenerate measure

at a random component with location drawn from G0. Conversely, as α → ∞, the breaks become

infinitesimally small and G converges to the empirical distribution of the individual draws from G0,

reproducing G0 itself.

When the space of interest for the DP prior is not the data itself, but rather a parameter, θ, for a

distribution, p(x|θ), from which the data is drawn, a Dirichlet process mixture model results [2] with the

following generative process,

xi|θi ∼ p(x|θi), θi|G ∼ G, G|αG0 ∼ DP (αG0) (7)

C. The Dirichlet Process Hidden Markov Model

Dirichlet process mixture modeling is relevant because hidden Markov models may be viewed as a

special case of state-dependent mixture modeling where each mixture shares the same support, but has

different mixing weights. These mixture models are linked in that the component selected at time t from

which we draw observation xt also indexes the mixture model to be used at time t+1. Using the notation

of Section II, and defining θi ≡ (bi1, . . . , biM ), we can write the state-dependent mixture model of a

discrete HMM as

xt|θst
∼ Mult(θst

), θst
|st−1 ∼ Gst−1 , Gi =

D∑

j=1

aijδθj
(8)

where it is assumed that the initial state has been selected from the pmf, π. From this formulation, we

see that we are justified in modeling each state as an independent mixture model with the condition that
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respective states share the same observation parameters, θj . For unbounded state models, one might look

to model each transition as a Dirichlet process. However, a significant problem arises when this is done.

Specifically, in Sethuraman’s representation of the Dirichlet process, each row, i, of the infinite state

transition matrix would be drawn as follows,

Gi =
∞∑

j=1

aijδθij
, aij = Vij

j−1∏

k=1

(1− Vik), Vij ∼ Beta(1, α), θij ∼ G0 (9)

where aij is the jth component of the infinite vector ai. However, with each θij indexing a state, it

becomes clear that since p(θm = θn) = 0 for m 6= n when G0 is continuous, the probability of a

transition to a previously visited state is zero. Because G0 is continuous, this approach for solving an

infinite-state HMM is therefore impractical.

1) The Hierarchical Dirichlet Process Hidden Markov Model: To resolve this issue, though developed

for more general applications than the HMM, Teh et al. [31] proposed the hierarchical Dirichlet process

(HDP), in which the base distribution, G0, over Θ is itself drawn from a Dirichlet process, making G0

almost surely discrete. The formal notation is as follows,

Gm ∼ DP (βG0), G0 ∼ DP (αH) (10)

The HDP is a two-level approach, where the distribution on the points in Θ is shifted from the

continuous H to the discrete, but infinite G0. In this case, multiple draws for Gm will have substantial

weight on the same set of atoms (i.e., states). We can show this by writing the top-level DP in stick-

breaking form and truncating at K, allowing us to write the second-level DP explicitly,

G0 =
K∑

i=1

piδθi
, pi = Vi

i−1∏

j=1

(1− Vj), Vi ∼ Beta(1, α), θi ∼ H (11)

(Gm(θ1), Gm(θ2), . . . , Gm(θK)) ∼ Dir(βp1, βp2, . . . , βpK) (12)

where G(θi) is a probability measure at location θi. Therefore, the HDP formulation effectively selects

the number of states and their observation parameters via the top-level DP and uses the mixing weights

as the prior for a second-level Dirichlet distribution from which the transition probabilities are drawn.

The lack of conjugacy between these two levels means that a truly variational solution [6] does not exist.
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IV. THE HIDDEN MARKOV MODEL WITH STICK BREAKING PRIORS

A more general class of priors for a discrete probability distribution is the stick-breaking prior [19].

As discussed above, these are priors of the form

pi = Vi

i−1∏

j=1

(1− Vj)

Vi ∼ Beta(υi, ωi) (13)

for i = 1, 2, . . . and the parameters υ = (υ1, υ2, . . . ) and ω = (ω1, ω2, . . . ). This stick-breaking process is

more general than that for drawing from the Dirichlet process, in which both the Beta(1, α)-distributed

random variables and the atoms associated with the resulting weights are drawn simultaneously. The

representation of (13) is more flexible in its parametrization, and in that the weights have been effectively

detached from the locations in this process. As written in (13), the process is infinite, however, when υ

and ω terminate at some finite number, d, with pd+1 ≡ 1−∑d
i=1 pi, the result is a draw from a generalized

Dirichlet distribution (GDD) [12][34]. Since the necessary truncation of the variational model means that

we are using a GDD prior for the state transitions, we briefly review this prior below.

For the GDD, the density function of V = (V1, . . . , Vd) is

f(V ) =
d∏

i=1

f(Vi) =
d∏

i=1

Γ(υi + ωi)
Γ(υi)Γ(ωi)

V υi−1
i (1− Vi)ωi−1 (14)

Following a change of variables from V to p, the density of p is written as,

f(p) =
d∏

i=1

(
Γ(υi + ωi)
Γ(υi)Γ(ωi)

pυi−1
i

)
pωd−1

d+1 (1− P1)ω1−(υ2+ω2) × · · · × (1− Pd−1)ωd−1−(υd−1+ωd−1) (15)

which has a mean and variance for an element, pi,

E[pi] =
υj

∏j−1
`=1 ω`∏j

`=1(υ` + ω`)
, V[pi] =

υj(υj + 1)
∏j−1

`=1 ω`(ω` + 1)∏j
`=1(υ` + ω`)(υ` + ω` + 1)

(16)

When ωi =
∑d

j=i+1 υj for i < d, and leaving ωd = ωd, the GDD reverts to the standard Dirichlet

distribution of (2).

We will refer to a construction of p from the infinite process of (13) as p ∼ SB(υ,ω) and from

(15) as p ∼ GDD(υ, ω). For a set of N integer-valued observations, Xn
iid∼ Mult(p), the posterior

of the respective priors are parameterized by υ′ and ω′, where υ′i = υi +
∑N

n=1 1(Xn = i) and ω′i =
∑

j>i

∑N
n=1 1(Xn = j), where 1(·) is an indicator function that equals one when the argument is true

and zero otherwise and is used to count the number of times the random variables are equal to values of
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interest. This posterior calculation will be used in deriving update equations for MCMC and variational

inference.

A. The Stick Breaking Hidden Markov Model

For the stick-breaking hidden Markov model (SB-HMM), we model each row of the infinite state

transition matrix, A, with a stick-breaking prior of the form of (13), with the state-dependent parameters

drawn iid from a base measure, G0.

Gi =
∞∑

j=1

aijδθj

ai
iid∼ SB(υ, ω)

θj
iid∼ G0 (17)

for i = 1, 2, . . . and j = 1, 2, . . . and where υ = (υi1, υi2, . . . ) and ω = (ωi1, ωi2, . . . ). The initial state

pmf, π, is also constructed according to an infinite stick-breaking construction. The key difference in

this formulation is that the state transition pmf, ai, for state i has an infinite stick-breaking prior on the

domain of the positive integers, which index the states. That is, the random variable, Vij ∼ Beta(υij , ωij),

is defined to correspond to the portion broken from the remainder of the unit length stick belonging to

state i, which defines the transition probability from state i to state j. The corresponding state-dependent

parameters, θj , are then drawn separately, effectively detaching the construction of B from the construction

of A. This is in contrast with Dirichlet process priors, where these two matrices are linked in their

construction, thus requiring an HDP solution as previously discussed.

We observe that this distribution requires an infinite parametrization. However, to simplify this we

propose the following generative process,

Gi =
∞∑

j=1

aijδθj

aij = Vij

j−1∏

k=1

(1− Vik)

Vij ∼ Beta(1, αij)

θj
iid∼ G0

αij
iid∼ Gamma(c, d) (18)

where we have fixed υi = 1 for all i and changed ω to α to emphasize the similar function of this variable
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in our model as that found in the finite Dirichlet model. Doing this, we can exploit the conjugacy of the

gamma distribution to the Beta(1, α) distribution to provide further flexibility of the model. As in the

Dirichlet process, the value of α has a significant impact in our model, as does the setting of the gamma

hyperparameters. For example, the posterior of a single αij is

p(αij |Vij , c, d) = Gamma(c + 1, d− ln(1− Vij)) (19)

Allowing c, d → 0, the posterior expectation is E[αij |Vij ] = −1/ ln(1 − Vij). We see that when Vij is

near one, a large portion of the remaining stick is broken, which drives the value of αij down, with the

opposite occurring when Vij is near zero. Therefore, one can think of the gamma prior on each αij as

acting as a faucet that is opened and closed in the inference process.

Therefore, the value of the hyperparameter d is important to the model. If d → 0, then it is possible for

E[αij |Vij ] to grow very large, effectively turning off a state transition, which may encourage sparseness

in a particular transition pmf, ai, but not over the entire state structure of the model. With c → 0, the

value of d has the effect of ensuring that, under the conditional posterior of αij ,

E[αij |Vij ] <
1
d

(20)

which will mitigate this effect. The stick-breaking hidden Markov model has therefore been designed to

accommodate an infinite number of states, with the statistical property that only a subset will be used

with high probability.

B. The Marginal Stick-Breaking Construction

To further analyze the properties of this prior, we discuss the process of integrating out the state

transition probabilities by integrating out the random variables, V , of the stick-breaking construction.

This will be used in the collapsed Gibbs sampler discussed in the next section. To illustrate this idea

with respect to the Dirichlet process, we recall that marginalizing G yields what is called the Chinese

restaurant process (CRP) [1]. In sampling from this process, observation θN+1 is drawn according to the

distribution

θN+1|θN , . . . , θ1 ∼
k∑

i=1

ni

α + N
δθi

+
α

α + N
G0 (21)

where ni is the number of previous observations that used parameter θi. If the α component is selected,

a new parameter is drawn from G0. In the CRP analogy, ni represents the number of customers sitting

at the table θi. A new customer sits at this table with probability proportional to ni, or a new table with
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probability proportional to α. The empirical distribution of (21) converges to G as N →∞. Below, we

detail a similar process for drawing samples from a single, marginalized stick-breaking construction, with

this naturally extended to the state transitions of the HMM.

In (13), we discussed the process for constructing p from the infinite stick-breaking construction using

beta-distributed random variables, V = {V1, V2, . . . }. The process of sampling from p is also related to

V in the following way: Instead of drawing integer-valued samples, C ∼ p, one can alternatively sample

from V by drawing random variables Zj ∈ {0, 1}, from Bernoulli(Vj) with p(Zj = 1) = Vj and setting

C = arg minj Zj = 1. That is, by sampling sequentially from V1, V2, . . . , and terminating when a one

is drawn, setting C to that respective index. Figure 1(a) contains a visualization of this process using a

tree structure, where we sample paths until terminating at a leaf node.

We now consider sampling from the marginalized version of this distribution by sequentially sampling

from a set of two-dimensional Pólya urn models. As with the urn model for the DP, we can sample

observation ZN+1 from a marginalized beta distribution having prior hyperparameters υ and ω and

conditioned on observations Z1, . . . , ZN as follows,

ZN+1|ZN , . . . , Z1 ∼ υ + n1

υ + ω + N
δ1 +

ω + n0

υ + ω + N
δ0 (22)

where nk is the number of previous samples taking value k, or nk =
∑N

n=1 1(Zn = k) and n1 +n0 = N .

The function δ1 indicates that ZN+1 = 1 with probability (υ + n1)/(υ + ω + N) and the corresponding

probability for δ0. This equation arises by performing the following integration of the random variable,

µ ∼ Beta(υ, ω),

P (ZN+1|ZN , . . . , Z1, υ, ω) =
∫ 1

0
P (ZN+1|µ)P (µ|ZN , . . . , Z1, υ, ω) dµ (23)

where P (ZN+1|µ) = µ if ZN+1 = 1 and P (ZN+1|µ) = 1− µ if ZN+1 = 0.

As with the CRP, this converges to a sample from the beta distribution as N → ∞. Figure 1(b)

contains the extension of this to the stick-breaking process. As shown, each point of intersection of the

tree follows a local marginalized beta distribution, with paths along this tree selected according to these

distributions. The final observation is the leaf node at which this process terminates. In keeping with

other restaurant analogies, we tell the following intuitive story to accompany this picture.

Person N walks down a street containing many Chinese restaurants. As he approaches each restaurant,

he looks inside to see how many people are present. He also hears the noise coming from other restaurants

down the road and is able to perfectly estimate the total number of people who have chosen to eat at one
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of the restaurants he has not yet seen. He chooses to enter restaurant i with probability (υi+ni)/(υi+ωi+
∑∞

j=i nj) and to continue walking down the road with probability (ωi+
∑∞

j=i+1 nj)/(υi+ωi+
∑∞

j=i nj),

which are probabilities nearly proportional to the number of people in restaurant i and in restaurants still

down the road, respectively. If he reaches the end of populated restaurants, he continues to make decisions

according to the prior shared by all people. This analogy can perhaps be called the “Chinese restaurant

district.”

(a) (b)

Fig. 1. The tree structure for drawing samples from (a) an infinite stick-breaking construction and (b) the marginalized stick-
breaking construction. The parameters for (a) are drawn exactly and fixed. The parameters of (b) evolve with the data and
converge as

∑∞
i=1 nsi → ∞. Beginning at the top of the tree, paths are sequentially chosen according to a biased coin flip,

terminating at a leaf node.

To extend this idea to the HMM, we note that each leaf node represents a state, and therefore sampling

a state at time t according to this process also indexes the parameters that are to be used for sampling

the subsequent state. Therefore, each of the trees in Figure 1 is indexed by a state, with its own count

statistics. This illustration provides a good indication of the natural sparseness of the stick-breaking prior,

as these binary sequences are more likely to terminate on a lower indexed state, with the probability of

a leaf node decreasing as the state index increases.

V. INFERENCE FOR THE STICK BREAKING HIDDEN MARKOV MODEL

In this section, we discuss Markov chain Monte Carlo (MCMC) and variational Bayes (VB) inference

methods for the SB-HMM. For Gibbs sampling MCMC, we derive a retrospective sampler that is similar
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to [25] in that it allows the state number to grow and shrink as needed. We also derive a collapsed inference

method [22], where we marginalize over the state transition probabilities. This process is similar to other

urn models [21], including that for the Dirichlet process [11].

A. MCMC Inference for the SB-HMM: A Retrospective Gibbs Sampler

We define D to be the total number of used states following an iteration. Our sampling methods require

that only the D utilized states be monitored for any given iteration, along with state D + 1 drawn from

the base distribution, a method which accelerates inference.

The full posterior of our model can be written as p(A,B, π, {S}N
1 , α, απ|X), where {S}N

1 represents

N sequences of length T . Following Bayes’ rule, we sample each parameter from its full conditional

posterior as follows:

(1) Sample αij from its respective gamma-distributed posterior

αij ∼ Ga (c + 1, d− ln(1− Vij)) (24)

Draw new values for αiD and the new row of A from the Gamma(c, d) prior.

(2) Construct the state transition probabilities of A from their stick-breaking conditional posteriors:

Vij ∼ Beta


1 +

N∑

n=1

uA
ij(n), αij +

N∑

n=1

D∑

k=j+1

uA
ik(n)


 , ai1 = Vi1, aij = Vij

j−1∏

k=1

(1− Vik)

(25)

where for sequence n, uA
ij(n) ≡ ∑T−1

t=1 1(st = i, st+1 = j), the count of transitions from state i to state

j. Set ai,D+1 = 1−∑D
j=1 aij and draw the D + 1 dimensional probability vector from the GDD prior.

(3) Sample the innovation parameters, αj
π, for π from their gamma-distributed posteriors

αj
π ∼ Ga

(
τπ1 + 1, τπ2 − ln(1− V π

j )
)

(26)

(4) Sample π from its stick-breaking conditional posterior:

V π
j ∼ Beta

(
1 + uπ

j , αj
π +

N∑

n=1

1(sn
1 > j)

)
, π1 = V π

1 , πj = V π
j

j−1∏

k=1

(1− V π
k ) (27)

for j = 1, 2, . . . , D with uπ
j ≡

∑N
n=1 1(sn

1 = j), the number of times a sequence begins in state j. Set
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πD+1 = 1−∑D
j=1 πj .

(5) Sample each row, i = 1, 2, . . . , D of the observation matrix from its Dirichlet conditional posterior:

(bi1, . . . , biM ) ∼ Dir

(
β1 +

N∑

n=1

uB
i1(n), . . . , βM +

N∑

n=1

uB
iM (n)

)
(28)

where for sequence n, uB
ij(n) ≡ ∑T

t=1 1(st = i, xt = m), the number of times x = m is observed while

in state i. Draw a new atom from the base distribution (bD+1,1, . . . , bD+1,M ) ∼ Dir(β1, . . . , βM ).

(6) Sample each new state sequence from the conditional posterior, defined for a given sequence as:

p(s1|x1, s2, A, B,π) ∝ p(s1)p(x1|s1)p(s2|s1)

p(st|xt, st−1, st+1, A, B,π) ∝ p(st|st−1)p(xt|st)p(st+1|st) 2 ≤ t ≤ T − 1

p(sT |xT , st−1, A, B,π) ∝ p(xT |sT )p(sT |sT−1) (29)

(7) Set D equal to the number of unique states drawn in (6) and prune away any unused states.

This process iterates until convergence [3], at which point each uncorrelated sample of (1-6) can be

considered a sample from the full posterior. In practice, we find that it is best to initialize with a large

number of states and let the algorithm prune away, rather than allow for the state number to grow from a

small number, a process that can be very time consuming. We also mention that, as the transition weights

of the model are ordered in expectation, a label switching procedure may be employed [26][25], where

the indices are reordered based on the state membership counts calculated from uA such that these counts

are decreasing with an increasing index number.

B. MCMC Inference for the SB-HMM: A Collapsed Gibbs Sampler

It is sometimes useful to integrate out parameters in a model, thus collapsing the structure and reducing

the amount of randomness in the model [22]. This process can lead to faster convergence to the stationary

posterior distribution. In this section, we discuss integrating out the infinite state transition probabilities,

ai, which removes the randomness in the construction of the A matrix. These equations are a result of

the discussion in Section IV-B. The following modifications can be made to the MCMC sampling method

of Section V-A to perform collapsed Gibbs sampling:
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(1) To sample αij , sample Vij as in Step (2) of Section V-A using the previous values for αij . This is

only for the purpose of resampling αij as in Step (1) of Section V-A. See [16] for a similar process for

marginalized DP mixtures.

(2) The transition probability, aij , is now constructed using the marginalized beta probabilities

aij =
1 + nij

1 + αij +
∑∞

k=j nik

j−1∏

`=1

αi` +
∑∞

m=`+1 nim

1 + αi` +
∑∞

m=` nim

A similar process must be undertaken for the construction of π. Furthermore, we mention that the state

sequences can also be integrated out using the forward-backward algorithm for additional collapsing of

the model structure.

C. Variational Bayes Inference for the SB-HMM

Variational Bayesian inference [6][32] is motivated by the equality
∫

θ
Q(θ) ln

Q(θ)
P (θ|X)P (X)

dθ =
∫

θ
Q(θ) ln

Q(θ)
P (X|θ)P (θ)

dθ (30)

which can be rewritten as

lnP (X) = L(Q) + KL(Q||P ) (31)

where θ represents the model parameters and hidden data, X the observed data, Q(θ) an approximating

density to be determined and

L(Q) =
∫

θ
Q(θ) ln

P (X|θ)P (θ)
Q(θ)

dθ, KL(Q||P ) =
∫

θ
Q(θ) ln

Q(θ)
P (θ|X)

dθ (32)

The goal is to best approximate the true posterior p(A,B, π, {S}N
1 , α, απ|X) by minimizing KL(Q||P ).

Due to the fact that KL(Q||P ) ≥ 0, this can be done by maximizing L(Q). This requires a factorization

of the Q distributions, or

Q
(
A, B, π, {S}N

1 ,α, απ

)
= Q(A)Q(B)Q(π)Q({S}N

1 )Q(α)Q(απ) (33)

A general method for performing variational inference for conjugate-exponential Bayesian networks

outlined in [32] is as follows: For a given node in a graph, write out the posterior as though everything

were known, take the natural logarithm, the expectation with respect to all unknown parameters and

exponentiate the result. Since it requires the computational resources comparable to the expectation-

maximization algorithm, variational inference is fast. However, the deterministic nature of the algorithm
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requires that we truncate to a fixed state number, K. As will be seen in the posterior, however, only

a subset of these states will contain substantial weight. We call this truncated version the truncated

stick-breaking HMM (TSB-HMM).

1) VB-E Step: For the VB-E step, we calculate the variational expectation with respect to all unknown

parameters. For a given sequence, we can write

Q(S) ∝ π̃s1

T−1∏

t=1

ãstst+1

T∏

t=1

b̃st,xt
(34)

To aid in the cleanliness of the notation, we first provide the general variational equations for drawing

from the generalized Dirichlet distribution, which we recall is the distribution that results following the

necessary truncation of the variational model. Consider a truncation to K-dimensions and let mi be the

expected number of observations from component i for a given iteration. The variational equations can

be written as

〈lnVi〉 = ψ(1 + mi)− ψ


1 + αi +

K∑

j=i

mj




〈ln(1− Vi)〉 = ψ


αi +

K∑

j=i+1

mj


− ψ


1 + αi +

K∑

j=i

mj




〈ln p1〉 = 〈lnVi〉

〈ln pk〉 = 〈lnVk〉+
k−1∑

j=1

〈ln(1− Vj)〉 2 ≤ k < K

〈ln pK〉 =
K−1∑

j=1

〈ln(1− Vj)〉 (35)

Where ψ(·) represents the digamma function. See [8] for further discussion. We use the above steps with

the appropriate count values, 〈πi〉 or 〈nij〉, inserted for mi to calculate the variational expectations for

π̃ and ãi

π̃ = exp [〈lnπ〉] , ãi = exp [〈ln ai〉]

Where ãi is the ith row of the transition matrix. This requires use of the expectation 〈αij〉 = c′ij

d′ij
, where

c′ij and d′ij are the posterior parameters of αij . The variational equation for b̃ij is

b̃ij = exp


ψ(βj + 〈oij〉)− ψ




M∑

j=1

βj + 〈oij〉




 (36)
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The values for 〈πi〉, 〈nij〉 and 〈oij〉 are outputs of the forward-backward algorithm from the previous

iteration. Given these values for π̃, ãi and b̃ij , the forward-backward algorithm is employed as usual.

2) VB-M Step: Updating of the variational posteriors in the VB-M step is a simple updating of the

sufficient statistics obtained from the VB-E step. They are as follows

Q(A) =
K∏

i=1

GDD(υ′i,ω
′
i)

Q(B) =
K∏

i=1

Dir(β1 + 〈oi1〉, . . . , βM + 〈oiM 〉)

Q(π) = GDD
(
υ′π, ω′π

)

Q(α) =
K∏

i=1

K−1∏

j=1

Ga (c + 1, d− 〈ln(1− Vij)〉)

Q(απ) =
K−1∏

i=1

Ga (τπ1 + 1, τπ2 − 〈ln(1− Vπi)〉) (37)

where υ′ and ω′ are the respective posterior parameters calculated using the appropriate 〈n〉 and 〈α〉
values. This process iterates until convergence to a local optimal solution.

VI. EXPERIMENTAL RESULTS

We demonstrate our model on both synthetic and digital music data. For synthetic data, this is done

on a simple HMM using MCMC and variational Bayes inference. We then provide a comparison of

our inference methods on a small-scale music problem, which is done to help motivate our choice of

variational Bayes inference for a large-scale music recommendation problem, where we analyze 2,250

pieces of music from the classical, jazz and rock genres. For this problem, our model will demonstrate

comparable or better performance than several algorithms while using substantially fewer states than the

finite Dirichlet HMM approach.

A. MCMC Results on Synthesized Data

We synthesize data from the following HMM to demonstrate the effectiveness of our model in

uncovering the underlying state structure:

A =




0 1/2 0 1/2

1/2 0 1/2 0

1/2 0 0 1/2

0 1/2 1/2 0




B =




0 0 1

1 0 0

0 1 0

1/3 1/3 1/3




π =




1/4

1/4

1/4

1/4




(38)
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From this model were generated N = 100 sequences of length T = 15. We placed Gamma(10−6, 0.1)

priors on each αij and Dir(2/3, 2/3, 2/3) priors for the observation matrix. We select c = 10−6 as

an arbitrarily small number. The setting of d = 0.1 is a value that requires some care, and we were

motivated by setting a bound of αij < 10 as discussed in Section IV-A. We ran 10,000 iterations using

the Gibbs sampling methods outlined in Sections V-A and V-B and plot the results in Figures 2 and 3.

Because we are not sampling from this chain, but are only interested in the inferred state number, we

do not distinguish between burn-in and collection iterations.

It is observed that the state value does not converge exactly to the true number, but continually tries

to innovate around the true state number. To give a sense of the underlying data structure, a threshold is

set, and the minimum number of states containing at least 99% of the data is plotted in red. This value

is calculated for each iteration by counting the state memberships from the sampled sequences, sorting

in decreasing order and finding the resulting distribution. This is intended to emphasize that almost all

of the data clusters into the correct number of states, whereas if only one of the 1,500 observations

selects to innovate, this is included in the total state number of the blue line. As can be seen, the red

line converges more tightly to the correct state number. In Figure 3, we see that collapsing the model

structure shows even tighter convergence with less innovation [22].

We mention that the HDP solution also identifies the correct number of states for this problem, but as

we are more interested in the variational Bayes solution, we do not present these results here. Our main

interest here is in validating our model using MCMC inference.

Fig. 2. Synthesized Data - State occupancy as a function of Gibbs sample number. A threshold set to 99% indicates that most
of the data resides in the true number of states, while a subset attempts to innovate.
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Fig. 3. Synthesized Data - State occupancy as function of sample for collapsed Gibbs sampling. The majority of the data again
resides in the true state number, with less innovation.

B. Variational Results on Synthesized Data

Using the same sequences and parametrization as above, we then built 500 TSB-HMM models,

truncating to 30 states and defining convergence to be when the fractional change in the lower bound

falls below 10−5. In Figure 4, we show the number of states as a function of iteration number averaged

over 500 runs for the TSB-HMM compared with the standard Dirichlet HMM models with α = 1.

For this toy problem, both models converge to the same state number, but the TSB-HMM converges

noticeably faster. We also observe that the variational solution does not converge exactly to the true state

number on average, but slightly overestimates the number of states. This may be due to the local optimal

nature of the solution. In the large-scale example, we will see that these two models do not converge to

the same state numbers; future research is required to discover why this may be.

To emphasize the impact that the inferred state structure can have on the quality of the model, we

compare our results with the EM-HMM [7]. For each state initialization shown in Figure 5, we built

100 models using the two approaches and compared the quality of the resulting models by calculating

the negative log-likelihood ratio between the inferred model and the ground truth model using a data

sequence of length 5,000 generated from the true model. The more similar two HMMs are statistically,

the smaller this value should be. As Figure 5 shows, for the EM algorithm this “distance” increases

with an increasingly incorrect state initialization, indicating poorer quality models due to overfitting. Our

model is shown to be relatively invariant to this initialization.
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Fig. 4. The number of occupied states as a function of iteration number averaged over 500 runs. As can be seen, the truncated
stick-breaking HMM converges more quickly to the simplified model.

Fig. 5. The negative log-likelihood ratio between the inferred HMM and the true HMM displayed as a per-observation average.
The TSB-HMM is shown to be invariant to state initialization, while the EM-HMM experiences a degradation in quality as the
number of states deviates from the true number.

C. A Comparison of MCMC and Variational Inference Methods on Music Data

To assess the relative quality of our MCMC and variational Bayes approaches, we consider a small-

scale music recommendation problem. We select eight pieces each from the classical, jazz and rock

genres for a total of 24 pieces (see Table 1) that are intended to cluster by genre. Furthermore, the first

and last four pieces within each genre are also selected to cluster together, though not as distinctly.

From each piece of music, we first extracted 20-dimensional MFCC features [13], ten per second.

Using these features, we constructed a global codebook of size M = 50 using k-means clustering with

which we quantized each piece of music. For each inference method, we placed Gamma(10−6, 0.1)

priors on each αij and adaptively set the prior on the observation statistics to be Dir(gi
0 + 10−6), where

gi
0 is the empirical pmf of observations for the ith piece of music. For the retrospective and collapsed
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Classical Piece Jazz Piece Rock Piece
Joseph Haydn String Quartet 64-5 I John Coltrane Giant Steps Jimi Hendrix Purple Haze
Joseph Haydn String Quartet 74-3 I John Coltrane Cousin Mary Jimi Hendrix Love or Confusion
Joseph Haydn String Quartet 76-2 I John Coltrane Spiral Jimi Hendrix Foxy Lady
Joseph Haydn String Quartet 77-1 I John Coltrane Mr. P.C. Jimi Hendrix Can You See Me
Joseph Haydn Symphony 101 Mvt III Miles Davis Walkin’ Neil Young Tell Me Why
Joseph Haydn Symphony 102 Mvt III Miles Davis Blue ’n’ Boogie Neil Young Only Love Can Break Your Heart
Joseph Haydn Symphony 103 Mvt III Miles Davis Seven Steps to Heaven Neil Young Harvest Moon
Joseph Haydn Symphony 104 Mvt III Miles Davis Well, You Needn’t Neil Young Heart of Gold

TABLE I
A LIST OF MUSIC PIECES USED BY GENRE. THE DATA IS INTENDED TO CLUSTER BY GENRE, AS WELL AS BY SUBGENRE

GROUPS OF SIZE FOUR.

MCMC methods, we used 7,000 burn-in iterations to ensure proper convergence [3] and 3,000 collection

iterations, sampling every 300 iterations. Also, ten TSB-HMM models are built for each piece of music

using the same convergence measure as in the previous section.

To assess quality, we consider the problem of music recommendation where for a particular piece of

music, other pieces are recommended based on the sorting of a distance metric. In this case, we use a

distance based on the log-likelihood ratio between two HMMs, which is obtained by using data generated

from each model as follows

D(HMM1,HMM2) = −1
2

ln
p(xHMM1 |HMM2)
p(xHMM1 |HMM1)

− 1
2

ln
p(xHMM2 |HMM1)
p(xHMM2 |HMM2)

(39)

where xHMM is a set of sequences generated from the indicated HMM; in this paper, we use the original

signal to calculate this distance and the expectation of the posterior to represent the models. For this

small problem, the likelihood was averaged over the multiple HMMs before calculating the ratio.

Figure 6 displays the kernel maps of these distances, where we use the radial basis function with

a kernel width set to the 10% quantile of all distances to represent proximity, meaning larger boxes

indicate greater similarity. We observe that the performance is consistent for all inference methods and

uniformly good. The genres cluster clearly and the subgenres cluster as a whole, with greater similarity

between other pieces in the same genre. In Figure 7, we show the kernel map for one variational Bayes

run, indicating consistency with the average. We also show a plot of the top four recommendations for

each piece of music for this variational Bayes run showing with more clarity the clustering by subgenre.

From these results, we believe that we can be confident in the results provided in the next section, where

we only consider variational Bayes inference and build only one HMM per piece of music. We also

mention that this same experiment was performed with the HDP-iHMM of Section III-C1 and produced

similar results using MCMC sampling methods. However, as previously discussed, we cannot consider

this method for fast variational inference.
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(a) (b) (c)

Fig. 6. Kernel maps for (a) retrospective MCMC (b) collapsed MCMC (c) variational Bayes (averaged over 10 runs). The
larger the box, the larger the similarity between any two pieces of music. The variational Bayes results are very consistent with
the MCMC results.

(a) (b)

Fig. 7. (a) Kernel map for one typical variational Bayes run, indicating good consistency with the average variational run. (b)
A graphic of the four closest pieces of music. The performance indicates an ability to group by genre as well as subgenre.

D. Experimental Results on a 2,250 Piece Music Database

For our large-scale analysis, we used a personal database of 2,250 pieces of music, 750 each in the

classical, jazz and rock genres. Using two minutes selected from each piece of music, we extracted

ten, 20 dimensional MFCC feature vectors per second and quantized using a global codebook of size

100, again constructing this codebook using the k-means algorithm on a sampled subset of the feature

vectors. We built a TSB-HMM on each quantized sequence with a truncation level of 50 and using the

prior settings of the previous section. For inference, we devised the following method to significantly
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accelerate convergence: Following each iteration, we check the expected number of observations from

each state and prune those states that have smaller than one expected observation. Doing so, we were

able to significantly reduce inference times for both the TSB-HMMs and the finite Dirichlet HMMs.

As previously mentioned, the parameter α has a significant impact on inference for the finite Dirichlet

HMM (here also initialized to 50 states). This is seen in the box plots of Figure 8, where the number of

utilized states increases with an increasing α. We also observe in the histogram of Figure 9 that the state

usage of our TSB-HMM reduces to levels unreachable in the finite Dirichlet model. Therefore, provided

that the reduced complexity of our inferred models does not degrade the quality of the HMMs, our model

is able to provide a more compact representation of the sequential properties of the data.

This compactness can be important in the following way: As noted in the introduction, the calculation

of distances using the approach of the previous section is O(n2), where n is the number of states.

Therefore, for very large databases of music, superfluous states can waste significant processing power

when recommending music in this way. For example, the distance calculations for our problem took 14

hours, 22 minutes using the finite Dirichlet HMM with α = 1 and 13 hours for our TSB-HMM; much

of this time was due to the same computational overhead. We believe that this time savings can be a

significant benefit for very large scale problems, including those beyond music modeling.

Below, we compare the performance of our model with several other methods. We compare with the

traditional VB-HMM [24] where α = 1 and α = 20, as well as the maximum-likelihood EM-HMM [7]

with a state initialization of 50. We also compare with a simple calculation of the KL-divergence between

the empirical codebook usage of two pieces of music - equivalent to building an HMM with one state.

Another comparison is with the Gaussian mixture model using variational Bayes inference [33], termed

the VB-GMM, where we use a 50-dimensional Dirichlet prior with α = 1 on the mixing weights. This

model is built on the original feature vectors and an equivalent distance metric is used.

To assess quality, in Tables 2-4, we ask a series of questions regarding the top 10 recommendations for

each piece of music and tabulate the probability of a recommendation meeting these criteria. We believe

that these questions give a good overview of the quality of the recommendations on both large and fine

scales. For example, the KL-divergence is able to recommend music well by genre, but on the subgenre

level the performance is noticeably worse; the VB-GMM also performs significantly worse. A possible

explanation for these inferior results is the lack of sequential modeling of the data. We also notice that

the performance of the finite Dirichlet model is not consistent for various α settings. As α increases,

we see a degradation of performance, which we attribute to overfitting due to the increased state usage.

This overfitting is most clearly highlighted in the EM implementation of the HMM with the state number

DRAFT



24

(a) (b)

Fig. 8. (a) A box plot of the state usage for the finite Dirichlet HMMs of 2,250 pieces of music as a function of parameter α
with 50 initialized states. (b) Box plots of the smallest number of states containing at least 99% of the data as a function of α
As can be seen, the state usage for the standard variational HMM is very sensitive to this parameter.

(a) (b)

Fig. 9. (a) A histogram of the number of occupied states using a Gamma(10−6, 0.1) prior on αij and state initialization 50
as well as (b) the smallest number of states containing at least 99% of the data. The reduction in states is greater than that for
any parametrization of the Dirichlet model.

initialized to 50.

We emphasize that we do not conclude on the basis of our experiments that our model is superior to

the finite Dirichlet HMM, but rather that our prior provides the ability to infer a greater range in the

underlying state structure than possible with the finite Dirichlet approach, which in certain cases, such

as our music recommendation problem, may be desirable. Additionally, though we infer αij through the

use of Gamma(c, d) priors, the hyperparameter settings of those priors, specifically d, may still need to

be tuned to the problem at hand. Though it can be argued that a wider range in state structure can be

obtained by a smaller truncation of the Dirichlet priors used on A, we believe that this is a less principled
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approach as it prohibits the data from controlling the state clustering that naturally arises under the given

prior. Doing so would also not be in the spirit of nonparametric inference, which is our motivation here.

Rather, we could see our model being potentially useful in verifying whether a simpler state structure

is or is not more appropriate than what the Dirichlet approach naturally infers in the variational Bayes

setting, while still allowing for this state structure to be inferred nonparametrically.

VII. CONCLUSION

We have presented an infinite-state hidden Markov model that utilizes the stick-breaking construction

to simplify model complexity by reducing state usage to the amount necessary to properly model the

data. This was aided by the use of gamma priors on the α parameters of the beta distributions used

for each break, which acts as a faucet allowing data to pass to higher state indices. The efficacy of our

model was demonstrated in the MCMC and variational Bayes settings on synthesized data, as well as on

a music recommendation problem, where we showed that our model performs as well, or better, than a

variety of other algorithms.

We mention that this usage of gamma priors can also be applied to infinite mixture modeling as well.

The stick-breaking construction of Sethuraman, which uses a Beta(1, α) prior on the stick-breaking

proportions, only allows for a single gamma prior to be placed on the shared α. This is necessary to be

theoretically consistent with the Dirichlet process, but can be too restrictive in the inference process due

to the “left-bias” of the prior. If this were to be relaxed and separate gamma priors were to be placed on

each αi for each break Vi, this problem would be remedied, though the resulting model would no longer

be a Dirichlet process.
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Music Genre Classical Jazz Rock Overall
TSB-HMM 0.9581 0.9269 0.9121 0.9324

DD-HMM, α = 1 0.9627 0.9220 0.9161 0.9336
DD-HMM, α = 20 0.9633 0.9399 0.8225 0.9086

Direct KL 0.9388 0.9213 0.9117 0.9240
EM-HMM, state = 50 0.8597 0.8749 0.9444 0.8930

VB-GMM 0.8933 0.8116 0.8933 0.8661

TABLE II
THE PROBABILITY THAT A RECOMMENDATION IN THE TOP 10 IS OF THE SAME GENRE.

Classical Genre Chamber Orchestral Piano Overall
TSB-HMM 0.7496 0.6968 0.9696 0.8053

DD-HMM, α = 1 0.7380 0.7148 0.9748 0.8092
DD-HMM, α = 20 0.7948 0.6808 0.9128 0.7961

Direct KL 0.6832 0.6608 0.9556 0.7665
EM-HMM, state = 50 0.5660 0.5692 0.8908 0.6753

VB-GMM 0.7124 0.3916 0.8988 0.6676

TABLE III
CLASSICAL - THE PROBABILITY THAT A RECOMMENDATION IN THE TOP 10 IS OF THE SAME SUBGENRE.

Jazz/Rock Genres Saxophone Hard Rock The Beatles
TSB-HMM 0.6951 0.5710 0.4884

DD-HMM, α = 1 0.7092 0.5735 0.4953
DD-HMM, α = 20 0.5919 0.4548 0.4675

Direct KL 0.5968 0.4600 0.3978
EM-HMM, state = 50 0.6311 0.5019 0.3549

VB-GMM 0.5095 0.5310 0.3310

TABLE IV
JAZZ - THE PROBABILITY THAT A TOP 10 RECOMMENDATION FOR SAXOPHONISTS JOHN COLTRANE, CHARLIE PARKER
AND SONNY ROLLINS IS FROM ONE OF THESE SAME THREE ARTISTS. HARD ROCK - THE PROBABILITY THAT A TOP 10

RECOMMENDATION FOR HARD ROCK GROUPS JIMI HENDRIX AND LED ZEPPELIN IS FROM ONE OF THESE SAME TWO
ARTISTS. THE BEATLES - THE PROBABILITY THAT A TOP 10 BEATLES RECOMMENDATION IS ANOTHER BEATLES SONG.
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