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Abstract – The relevance vector machine (RVM) is applied for feature-vector 

quantization (codebook design) and for density-function estimation in high-dimensional 

feature space. The RVM represents a Bayesian extension of the widely applied support 

vector machine (SVM). The use of RVMs for quantization and density-function 

estimation is explored with application to discrete and continuous HMMs, respectively, 

with comparisons provided to traditional Lloyd codebook design and Gaussian-mixture-

model density-function estimation. The RVM-HMM algorithm is employed for multi-

aspect target classification, although such is of general utility in HMM applications. 

Example results are presented for measured multi-aspect acoustic scattering data from 

several underwater elastic targets. 

 

I. Introduction 

 

  When performing data classification one typically must address the problems of 

feature-vector quantization [1] and density-function estimation [2]. Vector quantization 

plays a critical role in such algorithms as self-organizing feature maps (SOFMs)  [3], while 

density-function estimation is important for Bayesian processing [4], as well as in other 

classifiers.  
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  In this paper we address the problem of quantization and density-function 

estimation via a new algorithm: the relevance vector machine (RVM) [5]. An RVM 

represents an extension of the recently developed support vector machine (SVM) [6]. An 

SVM develops a functional mapping between an input vector x and a target output t (often 

a scalar). For classification problems, the t represents the identity of the item to be 

classified (e.g. t= ± 1 for the binary-hypothesis problem), while for regression t is often a 

continuous function of x (e.g. density-function estimation). In training an SVM one is 

given a set of training-data pairs {xn,tn}n=1,N , and the algorithm learns the function 

bKtf nn

N

n
n +=∑

=

)()(
1

xx,x α  for mapping the testing vector x to the target t=f(x). In this 

expression the strength of the Lagrange multiplier nα reflects the importance of training 

example xn, K(x, xn) is a kernel that quantifies the similarity between x and xn in a 

prescribed sense, and b is an offset. For an SVM the expression K(x, xn) must be a Mercer 

kernel [6], which implies that K(x, xn) is characteristic of an inner product between )( xϕ  

and )( nxϕ  in the space defined by a general mapping )( ⋅ϕ . Most of the Lagrange 

multipliers are zero, except those along the support of the decision surface [7]. 

 

  While the SVM is a very attractive classifier, manifesting performance 

comparable to or better than nearly all classifiers, based on experience with a wide range of 

data sets [7], it does have some drawbacks. For example, the restriction to Mercer kernels 

can be limiting, and while the number of support vectors (training examples xn with 

nonzero nα ) is typically a small percentage of the training data, the number of support 

vectors grows linearly with the available training data [8]. The RVM is based on a 

Bayesian formalism, with which we again learn functional mappings of the form 

0
1

)()( wKwf n

N

n
n +=∑

=

xx,x . However, now )( nK xx,  is viewed simply as a basis function, 

and therefore it need not be a Mercer kernel. Moreover, the weights wn are typically mostly 

zero, as in the SVM. However, in the RVM the non-zero weights correspond to the most 

“relevant” training data, in the sense that they capture the data’s underlying distribution – 

the “relevant” data does not in general reside along the decision boundary, and therefore for 
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large data sets the RVM typically yields a sparser representation than the SVM [7] (more 

weights wn are zero than are Lagrange multipliers nα ). 

 

 For the work reported here, the RVM has a set of particularly important attributes. 

First, this algorithm seeks to determine the “most relevant” training data for 

classification, without requiring one to specify a priori the number of relevance vectors 

desired or expected. This is a particularly important attribute for vector quantization (VQ) 

[1], since most VQ algorithms require one to set the number of codes at the start 

(although this number can be refined while training) [9]. In addition, the sparse rendering 

of the function 0
1

)()( wKwf n

N

n
n +=∑

=

xx,x  is of importance for density-function 

estimation, based on empirical histogram data. Here the target function t is the histogram, 

and the function 0
1

)()( wKwf n

N

n
n +=∑

=

xx,x  yields a smooth approximation to the density 

function. If, for example, K(x, xn) is representative of a multivariate Gaussian density 

function centered at xn, then 0
1

)()( wKwf n

N

n
n +=∑

=

xx,x  is analogous to the widely used 

Gaussian-mixture model (GMM) [10]. The advantage of the RVM is that one need not 

specify a priori the number of Gaussian mixtures, while such is typically required in 

most expectation-maximization (EM) [11] approximations to the GMM. The RVM 

therefore offers significant potential in two important areas of classifier design: 

quantization and density-function design. 

 

 We consider these applications of the RVM within a hidden Markov model 

(HMM), since a discrete HMM requires vector quantization and a continuous HMM 

requires state-dependent density-function estimation [12]. The performance of an RVM 

for HMM design is compared with performance accrued via traditional Lloyd encoding 

[13] (discrete HMM) and via GMM density-function estimation [10] (continuous HMM). 

  

 While use of RVMs for discrete and continuous HMMs is of general interest, 

including for speech processing [10], in this paper we focus on the use of an HMM for 
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multi-aspect target classification. In this setting the HMM is employed to fuse the 

information in M backscattered waveforms, corresponding to viewing an unknown target 

at M target-sensor orientations. The use of an HMM for such applications has been 

addressed in several recent publications [12,14], and therefore only essential details are 

discussed here. We have previously considered multi-aspect target classification via 

discrete and continuous HMMs [12]. In this paper we consider the use of the RVM to 

optimize the design of such classifiers. 

 

The remainder of the paper is organized as follows.  In Sec. II we summarize use 

of an HMM as a multi-aspect target classifier. A brief summary of the feature-extraction 

techniques is presented in this section. The relevance vector machine (RVM) is discussed 

in Sec. III, for classification and regression. The application of the RVM to quantization 

and density-function estimation is discussed in Sec. IV, applicable to discrete and 

continuous HMMs. A performance analysis of the RVM-based discrete and continuous 

HMM is discussed in Sec. V, for noise-free and noisy (cluttered) data, with comparison 

to more-traditional approaches (Lloyd encoding and Gaussian mixture models). 

Conclusions and further research are discussed in Sec. VI. 

 

II. Discrete and Continuous HMMs 

 

Assume that we measure a sequence of M waveforms, each of which is mapped to 

a feature vector, yielding the sequence of feature vectors }{ 21 Mv,...,v,v . Moreover, 

assume that the kth HMM, Tk , is composed of kN states. The likelihood of the feature-

vector sequence }{ 21 Mv,...,v,v  given target Tk is expressed as 

)p()p())p(p()p(
1 1 1

2121 klmiklM

N
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l
kmkikM TsssTsTsTsT

k k k

⋅⋅⋅⋅⋅⋅⋅⋅⋅=∑∑ ∑
= = =

,,,v,v,vv,...,v,v       (1) 

where si represents the ith state of target Tk , and )p( kim Ts ,v represents the likelihood of 

observing feature vector vm in state si. As a consequence of the Markov-model 

assumption, we have k
jl

k
im

k
iklmi aaTsss ⋅⋅⋅≈⋅⋅⋅ π)p( ,,  where, for target Tk, 

k
iπ represents the 

probability that state si is sampled on the first observation, and k
ima represents the 
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probability of transitioning from state si to sm on consecutive measurements. Based on 

this underlying Markov-model assumption, the multiple summations in (1) are computed 

efficiently via the forward-backward algorithm [15,16]. Alternatively, instead of 

summing over all possible state sequences, one can determine the most likely state 

sequence (and associated likelihood) via the Viterbi algorithm [17].  

 

 The principal distinction between a discrete and continuous HMM is found in 

computation of )p( kim Ts ,v . In a discrete HMM, each continuous (arbitrary) feature 

vector vm is mapped to one of a set of discrete (finite) codes. The set of codes define a 

codebook C={c1, c2, …, cK}, with each code ck residing in feature space. The codebook 

may be designed via numerous approaches [1,9], although the Lloyd algorithm [13] is 

most often applied, with the final set of codes dictated by the available training data. 

Once the codebook is in place, there are also many forms of quantization one may use 

[18], although typically the mapping mm cv →  is effected in a nearest-neighbor sense: 

kmmm cvcv −≤− , ∀  mk ≠ . After having realized this quantization, the required 

likelihoods simplify to the state-dependent probability-mass functions (pmfs) )p( kim Ts ,c . 

The principal utility of the discrete HMM vis-à-vis its continuous counterpart is found in 

only requiring the pmfs )p( kim Ts ,c , as opposed to the more-general density functions 

)p( kim Ts ,v . This algorithmic simplification is vitiated by the distortion [1] realized in the 

mapping mm cv → . 

 

 For a continuous HMM, no quantization is applied and one attempts to model the 

state-dependent densities )p( kim Ts ,v  directly. This is typically effected via a Gaussian-

mixture model 

])(,;[)p( 2

1

ki,
j

ki,
j

J

j

ki,
jki

ki,

GaTs σImv,v ∑
=

≈           (2) 

where ])(,;G[ 2ki,
j

ki,
j σImv  represents a multivariate Gaussian density function, with mean 

(in feature space) ki,
jm  and diagonal covariance 2)( ki,

jσI . To satisfy the properties of a 
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density function we require 
1

1
i,kJ

i,k
j

j

a i,k
=

= ∀∑ , where Ji,k represents the number of 

Gaussians used to represent state si of target Tk. 

 

 From the above discussion we note that the principal distinction between the 

discrete and continuous HMMs is found in the fact that the former performs vector 

quantization, with state-dependent density functions represented via pmfs, while the latter 

attempts to model the state-dependent density functions directly, usually in terms of a 

Gaussian-mixture model (GMM). This therefore introduces two problems of ubiquitous 

interest in pattern recognition: vector quantization and continuous density-function 

estimation. We address these issues via an extension of the newly introduced relevance 

vector machine (RVM) [5,19], and examine RVM performance in the context of HMM-

based multi-aspect classification (see the Appendix). As discussed in the subsequent 

sections, by determining the most “relevant” training data, the RVM autonomously 

determines the number and position of codes required for quantization of a given data set. 

Further, these “relevant” training examples may be used to determine the number of 

Gaussians required in the GMM approximation to a given density function. 

Consequently, the RVM, as applied here, addresses the problems of determining the 

required number of codes and mixtures required respectively for discrete and continuous 

density-function estimation [19].  

 

III.  Relevance Vector Machine 

 

The support vector machine (SVM) [6] has become widely established as one of 

the leading approaches to pattern recognition and machine learning. It expresses 

predictions in terms of a linear combination of kernel functions [8] centered on a subset 

of the training data, known as support vectors. The SVM makes “hard” classifications, 

rather than generating the likelihood that given data is associated with a particular 

class. Recently, Tipping [5] has formulated a probabilistic model whose functional form 

is equivalent to the SVM.  It achieves comparable recognition accuracy to the SVM while 

making probabilistic predictions [5,19], with the facility to utilize arbitrary basis 
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functions (e.g. non-Mercer kernels [7]). Moreover, while the SVM defines support 

vectors along the decision boundary, the RVM selects “relevant” training examples that 

capture the underlying statistical distribution of the training data. The relevant vectors are 

not necessarily along the decision boundary, and it has been found that the number of 

RVM relevant vectors is often much smaller than the required number of SVM support 

vectors, for representative data sets [5].  

 
Given a set of training examples Nnnn t ,,x 1}{ =  (tn is real-valued for regression and 

represents labels for classification, e.g. t= 1±  in the binary case), we wish to learn a 

model of the dependency of the targets tn on the inputs xn, with the objective of making 

accurate predictions of t for previously unseen values of x. The prediction for t(x) is of 

the form 

                        ∑
=

+=
N

i
iiKwwt

1
0 )()( xx,wx;                                        (3) 

where the output is a linearly-weighted sum of N generally nonlinear kernel functions.  

Hence, training involves estimation of appropriate values for the parameters (or weights) 

w = (w0, w1, w2, . . . ,wN).  

 

The RVM represents a Bayesian framework for obtaining good generalization 

performance to classification and regression tasks while the inferred predictors are often 

very sparse (most weights are zero). While the SVM tries to minimize the training error 

of the data under the constraint of maximum smoothness (for regression), an RVM uses a 

fully probabilistic framework and introduces priors on the model weights, governed by a 

set of hyperparameters, one associated with each weight. Sparsity is achieved since the 

posterior distributions of many of the weights are sharply (indeed infinitely) peaked 

around zero. The training vectors associated with non-zero weights are called ‘relevance’ 

vectors, motivated by the principle of automatic relevance determination [20]. 

Relevance-vector classifiers have demonstrated comparable performance to SVMs, often 

using significantly fewer kernel functions. This leads to reduced model complexity and 

often to better generalization. 
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A. Sparse Bayesian learning for regression 
 
 

Given a data set of input-target pairs {xn, tn}n=1,N and assuming that the targets are 

samples from a model, with additive noise, 

               tn  =  y( xn; w) + εn            (4) 

where the parameters εn are independent samples from a noise process, assumed for 

algorithmic simplicity to be iid zero-mean Gaussian with variance 2σ .  

Thus ))(())(( 22 σσ ,nnnn xytN,xy |tp = , where the notation specifies a Gaussian distribution 

over tn with mean y(xn) and variance 2σ .
  The likelihood of the data set can be written as 

                         )
2

(exp)2()p( 2

2
222

σ
πσσ

Φwt
w,|t / −

−= −N                (5) 

where  t = (t1 . . .  tN), w = (w0 . . .  wN) and Φ is the N ×(N+1) ‘design’ matrix with Φ =[ 

φ(x1),φ(x2), . . . , φ(xN)]T, wherein φ(xn) = [1, K(xn, x1), K(xn, x2), . . . ,K(xn, xN)]T, K being 

the kernel. A preference for a sparse representation is encoded in the RVM by making a 

zero-mean Gaussian prior distribution over w, 

      p(w|α) = ∏
=

N

i 0

N (wi|0,αi
-1),           (6) 

with N+1 hyperparameters }{ 0 Nαα ,....,α = . Although one may choose pattern-specific 

priors on the α ’s, we have used uniform hyperpriors [5] in our research. Once the priors 

are defined, the posterior over all unknowns given the data may be computed using 

Bayes' rule as follows    

         
)p(

)p()p()p(
22

2

t
α,w,α,w,|tt|α,w, σσσ ⋅=                                  (7) 

Given a new test vector, x*, predictions are made for the corresponding target t* in terms 

of the predictive distribution as 

      p(t*| t) = ∫ p(t*|w, α, σ 2) p(w, α, σ 2| t) dw dα dσ 2.         (8) 

Since the posterior p(w,α,σ2| t) cannot be computed directly, it is decomposed as, 
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    p(w,α,σ 2| t) = p(w|t,α,σ 2) p(α,σ 2| t)   with    p(t|w,α,σ2) ≡  p(t|w,σ2)          (9) 

and the posterior distribution over the weights can be computed analytically since its 

normalizing integral, ∫= wα|ww,|tα,t )dp()p()( 22 σσ|p  is a convolution of two 

Gaussian distributions. The posterior distribution over the weights is thus given by 

                      
)}()(

2
1exp{)2(

)p(
)p()p()p(

1T212)1(

2

2
2

µwµw||

α,|t
α|ww,|tα,t,|w

// −∑−−∑=

⋅=

−−+− Nπ

σ
σσ

              (10) 

where the posterior covariance and mean are Σ and µ respectively with  

      Σ = (σ-2 ΦTΦ+ A)-1 

          µ = σ-2 Σ ΦT t                 (11) 

with A = diag (α0 ,α1 , . . . ,αN). 

 

The hyperparameter posterior p(α,σ2| t) can be approximated by a delta-function 

at its most-probable values αMP. Thus, relevance vector ‘learning’ is the search for the 

hyperparameter posterior mode, i.e. the maximization of p(α,σ2| t) ∝   p(t|α, σ2) 

p(α).p(σ2) with respect to α and 2σ . For the case of uniform hyperparameters, 

maximization of the term p(t |α, σ 2) is given by, 

                                    p(t | α,σ 2) = ∫ p(t| w,σ 2) p(w|α) dw,                               (12) 

          =    (2π)-N/2 |σ2 I + ΦA-1Φ |-1/2 exp{-
2
1 tT (σ2I + ΦA-1Φ)-1t}     

For α, differentiation of (12), equating to zero and rearranging, following the approach of 

[20], gives 

      α new
i  = 2

i

i

µ
γ

 and    γi ≡1-αi Σii                               (13) 

where µi being the ith posterior mean weight and Σii is the ith diagonal element of the 

posterior weight covariance computed with the current α and σ 2 values. For the noise 

variance σ 2, differentiation leads to the re-estimate, 
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∑−

−
=

i iN γ
σ

2
new2)(

wΦt
                    (14) 

where N refers to the number of training data examples. Re-estimated 2σα, are used in 

the calculation of µand∑ . During iterative re-estimation, many of the αi tend to 

infinity. Hence, the associated p(wi|t,α,σ 2) becomes highly peaked at zero. The 

corresponding basis functions are thus pruned, and sparsity is realized. 
 

At convergence of the hyperparameter estimation procedure, the predictive 

distribution is represented as  

    p(t*| t, αMP, σ 2
MP ) = ∫ p (t* | w, σ 2

MP ) p(w | t, αMP, σ 2
MP ) dw      (15) 

Since both terms in the integrand are Gaussian, this is readily computed, giving 

p(t*| t, αMP, σ 2
MP ) = N(t* |y*,Iσ 2

* ),          (16) 

where y* = µTΦ(x*) and 2 2 * *
* ( ) ( )T

MP x xσ σ Φ Φ= + ∑ . The predictive mean is 

intuitively y(x*;µ), or the basis functions weighted by the posterior mean weights, many 

of which will typically be zero.  
 

B.  RVM-based classification  

 

Relevance vector classification pursues an essentially identical Bayesian 

framework as regression with the difference being that the labels (t’s) are now discrete 

rather than real values. The objective is to predict the posterior probability p(x|i) for each 

class i, given the input x. Since the estimated output y could assume any real value 

),( +∞−∞ , we define the posterior probability of an observation x by applying the logistic 

sigmoidal link function )e1(1)( yy −+= /ρ , with ∑
=

+=
N

n
nn wKwy

1
0)()( xx,x . Adopting 

the Bernoulli distribution for p(t|x), the likelihood of an observed label t={t1,…,tN} is 

expressed as 

           ∏
=

−−=
N

n

t
n

t
n

nn yy
1

1)}];({1[)};({)p( wxwxw|t ρρ       (17) 

where }1,0{∈nt . Note that, by this construct, the algorithm seeks to make y(x) large when 
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x is associated with class t=1, while making it small when associated with t=0 (we 

employ a different definition of the binary-classification target function vis-à-vis the  

1±=t  used in the SVM [7]). The probability that y(x) is associated with class t=1 is 

quantified as ))(( xyρ , with the probability of being associated with class t=0 expressed 

as 1- ))(( xyρ . Since the marginal likelihood cannot be obtained in a closed form, unlike 

the regression case, an approximate method is chosen [20] which is based on the 

Laplace’s method. For a current, fixed value of α , the covariance of the posterior 

weights,∑ , is calculated as 1T )( −+=∑ ABΦΦ where }{ 10 Nααα ,.....,,A= . The ‘most 

probable’ weights wMP are defined as BtΦw T
MP ∑= . Since the classification case is 

treated as “noise free” case, MPw  is directly used in place of µ  (from the regression 

case). The equivalent iterative optimization of hyperparameters follows as in regression.  

 

IV.  RVM Qantization and Density-Function Estimation 

 

The RVM algorithm summarized in Sec. III has been applied for classification 

problems as well as for regression of one-dimensional signals [5]. In the subsequent 

section we demonstrate how the “relevance” vectors extracted via RVM may be applied 

as codes for quantization, and we demonstrate how RVM may be applied for density-

function estimation in high-dimensional feature space.  
 

A. Relevance-vector quantization 
 

The Lloyd (also termed K-means) algorithm [13] is a well-established technique 

for vector quantization. Despite being a fast and efficient approach for codebook design, 

it may converge to local minima. Consequently, codebook initialization plays a crucial 

role in algorithm performance. In addition, one must set the codebook size in advance, 

before optimizing the design of the codes. 

 

To address these issues, we have augmented the RVM-based classification 

technique to quantize the feature space. We assign a single class label (e.g. ‘+1’) to all 

feature vectors to be quantized. Specifically, for N training examples we have the labeled 
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data {xn,1}n=1,N. The quantization step seeks to discretely model the distribution of the 

training data in feature space, and here we seek to push 1))(( →my xρ  for all 

Nnnm ,xx 1}{ =∈ ; this corresponds to making y(xm) as large as possible for all 

Nnnm ,xx 1}{ =∈ . The trained RVM model corresponds to a sparse set of relevance vectors, 

those with non-zero weights wn in the representation ∑
=

+=
N

n
nn wKwy

1
0)()( xx,x . The 

extracted relevance vectors are here treated as codes. It has been demonstrated that the 

relevance vectors capture the distribution of the underlying training data, without the 

need to set the number of codes a priori. 

 

It is of interest to examine how this codebook design procedure is related to the 

Lloyd algorithm, which seeks to find a set of codes that minimize the average distortion 

between the training data and the codes. The RVM algorithm designs a set of weights wn 

that make the function ∑
=

+=
N

n
nn wKwy

1
0)()( xx,x  as large as possible for x a member of 

the training set, i.e. we seek to maximize ∑
=

=
N

n
nmnm Kwy

1
),()( xxx for all Nnnm ,xx 1}{ =∈ , 

where we set w0=0 for reasons discussed below. The kernel K(xm, xn) can be viewed as an 

inverse-distance measure, between training examples xm and xn, taking on its largest 

value when xm=xn. The RVM has two competing goals: maximize y(xm) for all 

Nnnm ,xx 1}{ =∈ , with this constrained by the hyperparameters [18] which reward a sparse 

representation. The constraint is important, since otherwise all wn will be large, to 

maximize y(xm). The algorithm implicitly defines a set of representative training data xn, 

here used as codes, that are relatively close to a neighborhood (cluster) of other training 

examples, with closeness quantified via the kernel. The output of this process is 

consistent with the motivations of the Lloyd algorithm, but here one need not set the 

number of codes a priori – the RVM determines the number of codes (relevance vectors) 

by balancing the two competing metrics in the constrained optimization problem. 

Moreover, initially the hyperparameters are set to give each training example equal 
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likelihood of being a “relevant” vector, and therefore we do not have to initialize the 

codes). 

 

The kernel K(xm,xn) permits a general, nonlinear means of defining “closeness” in 

feature space. If one chooses, for example, a kernel based on the widely applied radial 

basis functions [21], )exp()( 22 η/xxx,x nmnmK −−= , then the distance measure is 

directly analogous to the Euclidean distortion typically employed in Lloyd codebook 

design. However, other kernels can be employed to generalize the definition of closeness 

in feature space. 

 

As alluded to above, one necessary modification to the RVM classification 

scheme deals with the offset w0. In a binary classification problem, w0 behaves as a 

scaling (bias) of the threshold between the two hypotheses. The use of RVM for 

quantization involves data solely from a single class. Therefore, we have eliminated w0 

from the design matrix while training the RVM model. The new design matrix Φ  is of 

size NxN and represented as Φ = [φ(x1), φ(x2), . .  , φ(xN)]T, where φ(xn) = [K(xn, x1), 

K(xn, x2), . . . ,K(xn, xN)]T.  

 

The constrained-optimization discussed above favors a sparse representation. The 

balance between sparseness and maximizing ∑
=

=
N

n
nmnm Kwy

1
),()( xxx for all 

Nnnm ,xx 1}{ =∈  is not made explicit in the form, for example, of a Lagrangian (as in an 

SVM [7]), rather sparseness is invoked via the hyperparameters [5]. We have found it 

useful to make the following augmentation of the hyperparameters, to assure that the 

codebook is not overly sparse. The importance of each relevance vector (or code) is 

defined in terms of its distance from L of its nearest neighbors (determined on each RVM 

iteration, and quantified via the kernel). The modification of the hyperparameters α is 

given by 

       Ni
Pi

i
i ,...,1=∀= αα *                   (18a) 
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∑

=

= M

m
m

m
mP

1
λ

λ    and  ∑
∈

=
mn S nm

m ,Kx xx )(
1λ              (18b) 

where Sm defines a set of the L closest training examples to xm, as defined by the kernel. 

The further apart the members of Sm, the larger the parameter mλ , implying that the 

hyper-parameter *
iα is made smaller than it otherwise would be. From (6) we note that 

this reduction of *
iα increases the likelihood that training data in less-densely populated 

regions of feature space may be employed as relevant vectors (codes). In the results 

presented in Sec. V, we have set L=3.  
 

B. Novelty detection 
 

 Assume again that we are given a set of labeled data {xn,1}n=1,N characteristic of a 

particular (single) phenomena labeled S, and our goal is to determine the likelihood that a 

new vector x is associated with S, defined as )p( Sx . For example, S may be 

characteristic of a particular HMM state. As we discuss in the next section, a rigorous 

means of estimating )p( Sx is to generate a histogram based on the available training data 

{xn,1}n=1,N, from which regression is used to form a smooth estimate of )p( Sx . We first 

suggest a simpler alternative, representative of a simple extension of the RVM 

quantization algorithm discussed in the previous section. 

 

 Assume that RVM quantization is effected as discussed in the previous section, 

from which we yield the representation ∑
=

=
N

n
nnKwy

1
),()( xxx . In Sec. IVA the RVM was 

employed to develop a codebook C={c1, c2, …, cK}, and the probability of any new 

vector x is effected in a two-step process: we first quantize x in terms of one of the codes 

in C, and then a pmf is used to quantify the probability of observing the associated code 

(and, implicitly, the original vector x). Alternatively, we can quantify the probability of x 

as ))(()p( xx yS ρ≈ , recalling that )e1(1)( yy −+= /ρ  is the sigmoidal function defined 

previously. By construction, using this approach 1)p( ≈Sx for x S∈ , and ideally 
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0)p( ≈Sx  otherwise. It is important to note that )p( Sx  as defined here does not 

represent a likelihood in a rigorous sense (e.g. 1)p( ≠∫ xx dS ), but it has been found to 

be a relatively effective and simple means of distinguishing between S∈x  and S∉x .  

 

 While this construction is not rigorously a density function, we note that it serves 

well as a “novelty detector”. Given a test vector x, we compute )(yρ , which we threshold 

with the scalar T. If )(yρ >T then x is deemed to be associated with the training data 

(associated with the aforementioned set S), and otherwise it is characterized as “novel” 

(i.e., it is representative of a class of data not seen while training). Note that the 

quantization approach in Sec. IVA cannot be used as a novelty detector, since any test 

vector x is necessarily mapped via quantization into one of the codes in C, whether or not 

it is similar to the data {xn}n=1,N used to generate the codebook C. Novelty detectors have 

numerous applications [22], and it is of interest to note that while a novelty detector is 

designed here simply via RVM, SVM-based novelty detectors are less naturally defined 

(e.g. previous SVM novelty detectors have employed an ad hoc hyper-sphere 

construction [23]). 
 

C. RVM density-function estimation  
 

Given a set of observations, a straightforward means of estimating a density 

function is via a histogram. The histogram can be viewed as a uniform quantizer of the 

continuous feature space. The number of histogram bins required to represent a 

distribution increases exponentially with the dimension of the feature space. For example, 

if each feature dimension is discretized uniformly into B bins, one requires BD bins to 

represent a D-dimensional feature space. For large B and D, as found typically, the 

estimated distribution is subpotimal in presence of limited data.  

 

We consider an approach to density-function estimation that builds upon 

quantization concepts discussed in Sec. IVA. We discretize the feature space into a set of 

codes {c1, c2, …, cK}. Using available training data, we calculate the pmf representative 

of the probability of observing each code, where p(ck) represents the probability of code 
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k. We now have the pairs {ck, p(ck)}k=1,K , representing a quantized form of the underlying 

density function, from which we seek the continuous density function p(x). 

      

We can view this as a regression problem: assume we are given samples {ck, 

p(ck)}k=1,K, where ck sample feature space and p(ck) represents a mapping from the feature 

vector to a scalar. Given an arbitrary feature vector x, not in C, regression addresses the 

problem of determining the associated scalar, yielding the density function p(x). 

 

As discussed in the Introduction, flexibility in choosing a kernel makes the RVM 

an attractive candidate for regression-based estimation of the density function, given a set 

of representative input-output pairs. Although one may choose to use any problem-

specific kernel, we here use the radial basis function (RBF) as a kernel for RVM-based 

quantization (Sec. IVA) and density estimation. Given a set of training features {ck, 

p(ck)}k=1,K , regressive modeling corresponds to estimating  

),;()p(
1

2∑
=

≈
K

j
jjGw σIcxx                       (19) 

Note that the RVM density-function estimation chooses the most-relevant codes cj, with 

associated non-zero weights wj. Therefore, when performing codebook design, for 

ultimate use in density-function estimation via (19), it is desirable that the codebook not 

be overly sparse.  

 

We must assure that the p(x) in (19) integrates to one. Since the RBF basis 

functions can be integrated in closed form, for a D-dimensional feature space 

D
jGd )2(),;( 22 πσσ =∫ Icxx , and therefore we normalize each of the weights 

as ])2([ 2 D
sjj Kww πσ/=′ , where Ks represents the number of relevance vectors used in 

(19). More specifically, Ks represents the number of codes in (19) for which the 

associated weight wj is nonzero. 

 

 It is desirable to examine the similarities and differences between the density-

function estimation summarized in (19), and the traditional GMM summarized in (2). The 
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GMM typically is designed with a fixed number of Gaussian mixtures, and the algorithm 

searches for the optimal Gaussian centroid and standard-deviation. The RVM regression 

summarized in (19), as implemented with RBF basis functions, does not require one to 

set the number of Gaussian mixtures a priori. For simplicity, in (19) we have used basis 

functions with a constant standard deviation σ , although one may readily employ 

multiple basis-function types (e.g. RBF basis functions with multiple, discrete variances) 

[24,25] if desired. Moreover, we note that the RVM regression is applicable to general 

basis functions, not only the RBF representation employed in (19). 

  
V. Results 

 
We have investigated the utility of the RVM as a tool for feature-space 

quantization, novelty detection and density-function estimation, for discrete and 

continuous HMM multi-aspect classification. We consider measured acoustic scattering 

data from five underwater elastic targets [12]. The scattered fields are observed from M 

target-sensor orientations, assuming that the constant angular sampling rate is known, but 

that the target identity and orientation are unknown. Insonification is effected via an 

acoustic wave with bandwidth approximately 11-40 KHz, corresponding to relative target 

dimensions of 4.109.2 ≤≤ ka , where k  is the wavenumber and a is the average radius of 

the targets ( ck /ω= , where ω  is the angular frequency and c is the speed of sound in 

water). The targets are rotationally symmetric, and the backscattered fields are observed 

in a plane bisecting the target exes, with 360 time-domain responses sampled at an 

interval of 10. Features are extracted from each of the M waveforms, as discussed in the 

Appendix. The initial set of results is for noise-free scattering data, with the performance 

for noisy data discussed at the end of this section. 

 

A. Discrete HMM via relevance-vector quantization 

 
 As discussed in Sec. IVA, the codebook derived via Lloyd code design [13] is a 

function of codebook initialization, while relevance-vector quantization (RVQ) does not 

suffer from such problems. To address the initialization dependence of Lloyd encoding, 

one typically considers multiple, random initializations, and the final codebook is 



 
 18 

selected as that yielding the minimum distortion. To compare RVQ to Lloyd encoding, 

we consider scattering data from each of the five targets [14] separately, and address 

codebook design on the associated feature vectors (see Appendix). In Fig. 1 we plot the 

Euclidian distortion for a codebook of dimension K=30, for each of the five targets, with 

codebook design realized via RVQ and Lloyd. The features are “whitened” (normalized) 

in advance such that each feature component is of comparable amplitude. In Fig. 1 we 

present the distortion for 100 random initializations for Lloyd encoding, while a single 

result is shown for RVQ. We see from Fig. 1 that RVQ consistently outperforms Lloyd 

encoding, quantified in terms of distortion, for the same codebook dimension.  

 

In the context of multi-aspect target classification via discrete HMMs, we design 

a single codebook for all five targets [14], and then five discrete HMMs are constructed, 

one for each target. Let O represent the sequence of observed features, and therefore the 

HMMs quantify the likelihood of O for target Tk, )p( kTO . The observation sequence O is 

associated with target Ti if )p()p( ki TT OO > , ∀ Tk. In the results presented here the 

HMMs are trained using scattered-waveform sequences beginning with even angles, and 

testing is performed using sequences beginning with odd angles. In Fig. 2 we plot the 

average classification error for the discrete HMM, as a function of the sequence length. 

As expected, classification performance improves with increasing sequence length. The 

results in Fig. 2 correspond to RVQ codebook design, and we have found that such 

performance is essentially identical to discrete-HMM results computed using Lloyd 

codebook design (to within numerical variability). This suggests that the discrete HMM 

is not overly sensitive to relatively small differences in distortion between two distinct 

codebooks for the same data set. In Fig. 2, and in subsequent examples, the angular 

sampling rate between consecutive waveforms in the sequence is δθ = 05 . 

 

B. Continuous HMM  

 

 In the next set of examples we compare implementation of the continuous HMM 

when the state-dependent density functions )p( kim Ts ,v  in (1) are computed via a GMM 
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representation and via the RVM density-function estimation discussed in Sec. IV. Recall 

that for an HMM used for multi-aspect target classification [14], each state is 

characteristic of a set of contiguous target-sensor orientations for which the statistics of 

the associated feature vectors are stationary. To examine the effectiveness of GMM and 

RVM to model the state-dependent feature statistics, in Fig. 3 we consider data for Target 

1, from the set of five elastic targets [14]. The data was partitioned into five states, 

corresponding to angular sectors [0o, 29o], [30o, 59o], [60o, 70o], [71o, 80o] and [81o, 90o]. 

For each state a GMM and RVM model was developed to characterize variation of the 

state-dependent feature-vector statistics. We then submitted each feature vector to the 

five state-dependent density functions, to examine whether the model associates the 

feature vector with the appropriate state (in a maximum-likelihood sense). In Fig. 3 the 

vertical axis identifies the angle of the feature vector, and the horizontal axis denotes the 

five states, and the colors represent the state-dependent likelihood. We see from Fig. 3 

that the RVM yields a relatively “clean” partitioning of the data into states, while the 

GMM yields some inconsistencies between states. It is important to emphasize, however, 

that the HMM training subsequently optimizes the state partitions and the state-dependent 

statistics [11], so inaccuracies seen in Fig. 3, which represent an initialization to the 

HMM training, can be addressed via HMM training. Nevertheless, the results in Fig. 3 

indicate that the RVM regression performs well in the context of density-function 

estimation, using the algorithm discussed in Sec. IV. 

 

 In Fig. 4 we present continuous-HMM classification performance as a function of 

sequence length, as in Fig. 2. Comparing Figs. 2 and 4, we note a significant 

improvement in performance yielded by the continuous HMM, vis-à-vis its discrete 

counterpart.  Three curves are plotted in Fig. 4, for three different means of modeling the 

state-dependent statistics: (1) traditional GMM; (2) RVM-based density-function 

estimation, as described in Sec. IVC; and (3) RVM-based “novelty detection”, as 

discussed in Sec. IVB. In the context of (3), the probability that feature vector x is 

associated with state S is modeled via the sigmoidal function discussed in Sec. IV, 

))(()p( xx yS ρ= . Approach (3) is a balance between simple vector quantization (with 

the associated distortion) and the relative complexity of full density-function estimation. 
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We see from Fig. 4 that the three approaches yield comparable performance, although the 

two RVM-based density-function estimation algorithms consistently provides superior 

performance. It is noteworthy that the relatively simple sigmoidal model of the density 

function yields performance comparable to that of the more-rigorous density-function 

estimation. 

 

 The results in Figs. 2 and 4 have considered noise-free data. We also considered 

classification when additive colored noise was added to the data. The colored noise was 

generated by convolving white Gaussian noise with the incident pulse, generating random 

data characteristic of incident-wave scattering from a random environment (of interest for 

modeling scattering off the sea bottom of surface) [12]. We have performed detailed 

studies of HMM performance on such noisy data [14], and therefore an extensive 

discussion of such is not reported here. In summary, for noisy data we have found HMM 

performance relatively independent of whether one employs traditional HMM design 

(Lloyd discretization or GMM density function estimation) or the RVM approach 

developed here. We should emphasize, however, that the “traditional” HMM designs 

employed here are based on extensive experience [14] in choosing such parameters as the 

number of Lloyd codes and the number of state-dependent Gaussian mixtures. This 

experience is accrued primarily through trial and error. It is therefore notable that the 

RVM-based HMMs yield comparable performance, since such issues as choosing the 

proper number of codes and the appropriate number of Gaussian mixtures is done 

autonomously via the RVM algorithm (by choosing the “relevant” training data). 

 

C. HMM-based novelty detection 

 

In the previous paragraph we discussed the results of studies with additive noise 

or clutter. Often a more-interesting problem involves distinguishing a target of interest 

from a “false” target. A false target is a localized scatterer, yielding a sequence of 

scattered waveforms, just as the “true” targets of interest. An example of a false target 

may be a rock or a man-made scatterer (but not one of the targets of interest). We assume 

that the classifier(s) are trained to identify the “true” targets of interest, but that the 
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“false” targets have not been seen prior to testing (since the false targets constitute an 

infinite class). To examine the utility of the RVM-based HMM for distinguishing true 

targets (seen while training) from false targets (not seen while training), we have 

performed the following test. We designed five HMMs for the five targets considered in 

the previous example. In addition, we consider six false targets, described in [26], 

representative of the following underwater targets: (1) a blunt-bullet-shape filled metallic 

object (the flat nose is 11.2 cm in diameter, the flat end is 27.3 cm in diameter, and the 

length is 156.8 cm); (2) a truncated-cone-shape filled plastic object (the small end is 50 

cm in diameter, the large end is 98 cm in diameter, and the height of the cone is 47 cm); 

(3) a 50 gallon water-filled drum (85 cm long and 57 cm in diameter); (4) a irregular 

shaped limestone rock; (5) a somewhat smooth granite rock; and (6) a wooden log that 

has been saturated in water (the log is roughly cylindrical, it is 114.5 cm long, one end is 

cut smooth and is about 18 cm in diameter and the other end is very irregular and is 

roughly 9 cm in diameter). All the false targets are submerged in water and insonified in 

a horizontal plane. Each target response is sampled at a 50 angular interval, resulting in 

72 backscattered responses per target. All false-target responses have the same frequency 

support as the underwater elastic shells discussed previously. These six targets were not 

seen by the classifiers prior to testing (i.e., ideally they are deemed by the classifiers as 

“novel”). 

 

We consider binary classification: the target under test is or is not one of the five 

shells seen while training. The performance is quantified in terms of the receiver 

operating characteristic (ROC) shown in Fig. 5. We have five trained HMMs, one for 

each shell target considered in the previous examples. Given an unknown sequence of 

observations, we calculate the likelihood of the given observation sequence conditioned 

on each trained HMM. The maximum of the five HMM outputs is compared against a 

variable threshold, yielding the probability of detection as a function of the false alarm 

rate. We see in Fig. 5 that the continuous HMMs, with RVM-based density-function 

estimation, yields encouraging performance in separating targets seen before (the shells) 

from the false targets not seen previously by the classifier. As expected, as the length of 

the data sequence M increases, we observe an improvement in classification performance.  
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VI. Conclusions 

  

 The relevance vector machine (RVM) [5] has been examined as a tool to address 

two ubiquitous operations in pattern recognition: quantization and density-function 

estimation. The RVM seeks to determine the “most-relevant” training data for each of 

these operations. For quantization, the RVM attempts to determine those feature vectors 

that are most representative of the training data {xn}n=1,N , with the RVM kernel (or basis 

function) used to quantify the similarity of any two feature vectors. An advantage of 

RVM codebook design is that one need not specify a priori the number of anticipated 

codes.  

 

 The quantized data yields a probability mass function (pmf) that quantifies the 

probability of observing each code, as defined by the training data. If we have K codes, 

this yields the pairs {xk,p(xk)}k=1,K, which we have used as training data for an RVM-

based estimation of the underlying density function, via RVM regression. If one employs 

a radial basis function (RBF) kernel [27], the RVM density-function estimation is closely 

related to the widely employed Gaussian-mixture model (GMM) [11]. The advantage of 

the RVM design is that one need not set a priori the number of Gaussian mixtures. The 

RVM can also be extended to arbitrary basis functions (not just RBF), and therefore it is 

more general than GMMs. It is also more general than SVM-based regression (which 

requires Mercer kernels) [28]. 

 

 We have employed RVM-based codebook design and density-function estimation 

in discrete and continuous HMMs, respectively, for multi-aspect target classification 

[12]. Measured acoustic-scattering data from several underwater targets have been 

considered. It has been demonstrated that the RVM-based design compares very 

favorably with the performance of highly optimized HMMs (e.g. the codebook size and 

number of GMMs was optimized via an extensive trial-and-error procedure [12]). 
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Appendix: Features Used in HMM for Target Classification 

 

We assume access to multiple scattered waveforms collected at multiple target-

sensor orientations. The scattered waveforms are assumed measured in the time-domain, 

wherein feature extraction is performed, although the approach is also of utility for 

frequency-domain scattering data. Features are extracted from each of M signals, 

corresponding to scattered waveforms observed at M target-sensor orientations. We have 

extracted temporal moments and matching-pursuits [29] parameters to concisely 

represent the features of the time-domain scattering data. While extracting the temporal 

moments, we normalize the transient waveform, such that it can be viewed as a density 

function. The central higher-order moments yield information on the temporal extent and 

overall shape of the scattered waveform. For discrete time-domain signals y(tk), k =1, 2, 

…, K, the temporal probability density function p(tk) and the central moments ml are 

calculated as  
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The three moment-based features we use for target classification are the standard 

deviation, skewness and kurtosis, defined respectively as 2m=σ , 3
3 σ/m  and 

4
4 σ/m . The first moment m1 (or mean) is highly sensitive to target-sensor distance, and 

therefore it is not used as a feature. 

 

Matching pursuits (MP) is a well-known feature-extraction technique [5], in 

which a dictionary of parametric waveforms is predefined. For acoustic-wave scattering, 

we design a matching-pursuits dictionary, composed of general wavefronts and 

resonances [3], matched to the anticipated scattering physics. Wavefronts have localized 

temporal support, while resonances capture global properties of the waveform. We have 

performed three iterations of the matching-pursuits algorithm to extract the three most 

significant dictionary elements from each scattered waveform. The use of three MP 
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iterations is based on the properties of the scattering data considered here (see Sec. V), 

while in general the appropriate number of iterations is data dependent.  

 

The complete feature vector associated with each transient target response sn is 

given by 

                     }/,/,,,,,,,,,{ 4
4

3
321333122211 σσττωαττωαωαγ mmmn −−=       (A.2)  

where αω,  and τ represent respectively the frequency, decay rate and the time delay of 

the ith extracted waveform from the physics-based MP dictionary (see [29]). Note that we 

use the relative time delay -1kk ττ −  between consecutive extracted time-domain MP 

dictionary elements, rather than the absolute time delay (e.g. kτ ). The former is a 

characteristic of target geometry, while the latter is dictated by the variable target-sensor 

distance.  
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Figure Captions 

 

Figure 1. Distortion introduced by quantizing the features from five submerged elastic 

targets [14]. The horizontal axis identifies each of the 100 random initializations of the 

codebook, in the context of Lloyd quantization. The RVM-based quantization is 

deterministic, and therefore its distortion is constant. Results are shown for K=30 codes. 

(a) Target 1, (b) target 2, (c) target 3, (d) target 4, (e) target 5 

Figure 2. Probability of classification error for five elastic targets [14]. A discrete HMM 

is designed for each target, and the data is associated with that HMM that yields the 

largest likelihood. RVM-based codebook design is employed. 

Figure 3. Density functions are designed to characterize the features of the five states 

characteristic of Target 1. Subsequently, the feature vector associated with each target-

sensor orientation (angle) for Target 1 is submitted to the density function associated with 

each state. Here is plotted (in color scale) the likelihood that the feature vector is 

associated with each of the five states. (a) GMM density-function estimation, (b) RVM-

regression density-function estimation 

Figure 4. Probability of classification error for five elastic targets [14], as in Fig. 2. A 

continuous HMM is designed for each target, and the data is associated with that HMM 

that yields the largest likelihood. Results are shown for state-dependent density function 

estimation via GMM, RVM-regression (Sec. IVC), and RVM novelty detection (Sec. 

IVB). 

Figure 5. Receiver operating characteristic for distinguishing five known targets (the five 

shells considered in Figs. 1-4) – seen while training the classifiers – from six “false” 

targets [26], not seen when training the classifier. The continuous HMMs used to 

characterize the five shell targets employed RVM regression for state-dependent density-

function estimation. Results are shown as a function of multi-aspect sequence length, 

using 5o angular sampling between consecutive measurements. 
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