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1. Conventional SVM

We consider the problem of classifying m points {xi} in the n

dimensional real space Rn, represented by the m × n matrix A.

Let A+ denote the points whose membership belongs to class 1;
A− denotes the points whose membership belongs to class 0. D

is a diagonal matrix whose ith diagonal entry is the label yi.

The conventional SVM with a linear kernel is given by the
following quadratic programming problem with parameter c > 0

minimize
1

2
‖w‖2 + ceT ρ (1)

s.t. D(Aw − be) ≥ e − ρ

ρi ≥ 0, i = 1, . . . , m
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1. Conventional SVM (Cont.)
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Figure 1: The conventional SVM classifier: two parallel bounding planes are
devised to approximately separating A− from A+.

Multisurface Proximal Support Vector Machine Classification via Generalized Eigenvalues – p. 4/14



2. Proximal SVM

A simple and fundamental change to the optimization problem (1)
results in the proximal SVM. We replace the inequality constraint
by an equality and replace ρ with ‖ρ‖2.

The proximal SVM is given by the following optimization problem:

minimize
1

2
‖w‖2 + c‖ρ‖2 (2)

s.t. D(Aw − be) = e − ρ

The planes are not bounding planes any more, but can be thought
of as “proximal planes”, around which the points of each class are
clustered, and the planes are pushed apart as far apart as
possible.

The proximal SVM optimization problem offers an analytical
solution.
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2. Proximal SVM (Cont.)

o
 X


o


o


o


o


o


o


o


o


o
o


o


o


o


o


o


o


o


o


o


o


X


X


X


X

X


X
 X


X


X


X


X


X


X


X


X


X
A-


A+


1
 
 
 b
w
x
T


1
 
 
 b
w
x
T


b
w
x
T
  
w


2

Margin=


+


-
=


=


=


Figure 2: The proximal SVM classifier: the two parallel planes are devised so
that around which points of the sets A− and A+ cluster.
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3. Multisurface Proximal SVM

The multisurface proximal SVM drops the parallelism condition on
the proximal planes and require that each plane be as close as
possible to one of the data sets and as far as possible from the
other one.
The problem involves seeking two unparallel planes:
x

T
w1 − b1 = 0 and x

T
w2 − b2 = 0.

To obtain the first plane, minimize the distances between the
points in class 0 and the plane, at the same time maximize the
distances between the points in class 1 and the plane. This leads
to the following optimization problem:

min
w1,b1

‖A−
w1 + b1e‖

2 + c(‖w1‖
2 + b2

1)

‖A+w1 + b1e‖2
(3)

Multisurface Proximal Support Vector Machine Classification via Generalized Eigenvalues – p. 7/14



3. Multisurface Proximal SVM (Cont.)

Let G
△
= [A− − e]T [A− − e] + cI

Let H
△
= [A+ − e]T [A− − e], z

△
=

[

w

b

]

The optimization problem (3) becomes:

min
z 6=0

z
T Gz

zT Hz
(4)

The above objective function is known as Rayleigh quotient.
Under the condition that H is positive definite, the Rayleigh
quotient ranges over the interval [λ1, λn+1] for normalized z,
where λ1 and λn+1 are the minimum and maximum eigenvalues
of the generalized eigenvalue problem:

Gz = λHz (5)
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3. Multisurface Proximal SVM (Cont.)

The requirement of H to be positive definite means that the
columns of matrix [A+ − e] are linearly independent.

The linear independence condition is not restrictive for many
classification problems for which m0 ≫ n and m1 ≫ n, where m0

and m1 denote the number of data points belonging to class 0
and 1, respectively.

The authors also claim that the linearly independent condition is a
sufficient but not necessary condition.

The second plane x
T
w2 − b2 = 0 can be obtained in a similar way

by solving the following optimization problem:

min
w2,b2

‖A+
w2 + b2e‖

2 + c(‖w2‖
2 + b2

2)

‖A−w2 + b2e‖2
(6)
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3. Multisurface Proximal SVM (Cont.)

The above results can be extended to nonlinear multisurface
classifiers using kernels. A kernel-based nonlinear surface can be
obtained by generalizing (3) to the following:

min
u1,b1

‖K(A−, AT )u1 + b1e‖
2 + c(‖u1‖

2 + b2
1)

‖K(A+, AT )u1 + b1e‖2
(7)

The optimization problem (7) can also be solved as (3).

The multisurface proximal SVM has the following two advantages:
first, it is more effective in solving the “cross-plane” problem (Fig.
3); second, for the linear kernel classifier, very large data sets can
be handled by multisurface proximal SVM provided the input
space dimension n is moderate in size.
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3. Multisurface Proximal SVM (Cont.)

Figure 3: The “cross plane” learned by multisurface proximal SVM and linear
proximal SVM respectively.
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4. Simulation Results
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4. Simulation Results (Cont.)
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4. Simulation Results (Cont.)
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