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Problem definition

I Matrix factorization

I Given a matrix R of size N ×M
I Find matrices U,V such that R ≈ UV T

I U ∈ RN×D and U ∈ RM×D

I Main ideas of the paper
I Take advantage of existing side information, such as graphs
I Define a Gaussian Process prior over all rows of U (same for

columns of V T )
I The GP covariances KU and KV are given by a priori chosen

kernels



Related approaches

I Probabilistic Matrix Factorization (PMF)1 defines a
zero-mean spherical Gaussian prior for each row of U and
each column of V T

I Bayesian Probabilistic Matrix Factorization (BPMF)2 defines
a full hierarchical prior for each row of U and each column of
V T (means and covariances have Gaussian-Wishart
hyperpriors)

1R. Salakhutdinov and A. Mnih, Probabilistic matrix factorization, in NIPS
2007.

2R. Salakhutdinov and A. Mnih, Bayesian Probabilistic Matrix Factorization
using Markov Chain Monte Carlo, in ICML 2008.



Notation



KPMF generative process

Note: all figures taken from the original paper



Graphical model



KPMF model equations

I Let δn,m = 1 if Rn,m is observed, and zero otherwise

I Likelihood

p(R|U,V , σ2) =
N∏

n=1

M∏
m=1

[N (Rn,m|Un,:,Vm,:, σ
2)]δn,m

I Priors

p(U|KU) =
D∏

d=1

GP(U:,d |0,KU)

p(V |KV ) =
D∏

d=1

GP(V:,d |0,KV )



Log-posterior of KPMF

where A is the total number of observed elements of R and C is a
constant



Gradient descent

where E is the log-posterior and e(n) is a vector with the n-th
element equal to one and all others to zero



Gradient descent
I Updates

I KPMF yields estimates even when there are completely
unobserved rows or columns



Stochastic gradient descent

I The objective can be rewritten as
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where M̃n is the number of observed entries in row n (and
similarly for Ñm)



Stochastic gradient descent



Graphs and side information

I Social network of users represented as a graph G with
adjacency matrix A 3

I Ai ,j = 1 if users i and j are connected, and zero otherwise

I Laplacian matrix L = D − A, where D is a diagonal matrix
containing the node degrees4

3Do not confuse with the number of observed elements of R, also denoted A
4Do not confuse with the number of factors, also denoted D



Graph kernels

I Diffusion kernel
KD = e−βL, with β a bandwith parameter

I Commute time kernel
KCT = L† (pseudoinverse)

I Regularized Laplacian kernel
KRL = (I + γL)−1 , with γ a regularization parameter



Collaborative filtering experiments



Test RMSE and running times



Comparisons



Comparisons



Image restoration experiments

Figure 8: Image restoration results using PMF and KPMF (best viewed in color). From left to right: original
images, corrupted images (regions to be restored are in black), images restored using PMF, and images restored
using KPMF. For KPMF, ∆ equals to 5 when constructing the row and column graphs, and Di�usion kernel with
β = 0 .5 is used to obtain the kernel matrices.



Image restoration RMSE


