
Infinitely Imbalanced Logistic Regression

Art B. Owen

Journal of Machine Learning Research, April 2007

Presenter: Ivo D. Shterev

– p. 1/19



Outline

Motivation

Introduction

Numerical Examples

Notation

Silvapulle’s Results

Overlap Conditions

Technical Lemmas

Main Results

Example

– p. 2/19



Motivation

Binary classification problems.

Two imbalanced classes - one class is very rare compared to
the other.

Applications include fraud detection, drug discovery, modeling
of rare events in political sciences, etc.
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Introduction

We have the observation

Y ∈ {0, 1}

where 0 is in the common case, and 1 is in the rare case.

The limiting logistic regression coefficient β(N) satisfies

x̄ =

∫

exp(x′β)xdF0(x)
∫

exp(x′β)dF0(x0)

where F0 is the distribution of X given Y = 0, x̄ is the average
of the sample values xi for which y = 1.

when F0 = N (µ0,Σ0), then

lim
N→∞

β(N) = Σ−1
0 (x̄ − µ0)
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Numerical examples

Suppose there are N observations (X|Y = 0) ∼ N (0, 1), and a
single observation (x|y = 1) = 1. The logistic regression for this
case is

(xi, yi) =
(

Φ−1(
i − 1

2

N
), 0

)

, for i = 1, ..., N

(xN+1, yN+1) = (1, 1)

where Φ(·) is the cumulative distribution function of X.

as N increases the problem becomes more imbalanced.
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Numerical Examples

it seems that

lim
N→∞

α = − log N

lim
N→∞

β = 1

– p. 6/19



Numerical Examples

it seems that

α(N) = const − log N

lim
N→∞

β = 0
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Numerical Examples

it seems that β does not converge to a useful limit.
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Notation

Data (x, y), where x ∈ R
d and y ∈ {0, 1}. Observations n with

y = 1, and N with y = 0, where n ≪ N . Denote
(x|y = 1) = (x11, ...,x1n), (x|y = 0) = (x01, ...,x0N ).

the logistic regression model is

Pr(Y = 1|X = x) =
exp(α + x′β)

1 + exp(α + x′β)

where α ∈ R and β ∈ R
d. The log-likelihood in logistic

regression is

l(α,β) =
n

∑

i=1

(

α + x′

1iβ − log
(

1 + exp(α + x′

1iβ)
)

)

−
N

∑

i=1

log
(

1 + exp(α + x′

0iβ)
)

– p. 9/19



Notation

centering the logistic regression around x̄ = 1
n

∑n

i=1 x1i, gives

l(α,β) = nα +

n
∑

i=1

(x1i − x̄)′β

−
n

∑

i=1

log
(

1 + exp
(

α + (x1i − x̄)′β
)

)

− N

∫

log
(

1 + exp
(

α + (x − x̄)′β
)

)

dF0(x)

the study is focussed on the maximum likelihood estimate
(MLE) (α̂, β̂).

the centered α̂0 = α̂ + x̄′β̂, while β̂ stays the same.

lim
N→∞

α̂ = −∞, but β̂ does not necessarily diverge.
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Silvapulle’s Results

Theorem 1: For y = 1 let z1i = (1,x′

1i)
′ for i = 1, ..., n1. For

y = 0 let z0i = (1,x′

0i)
′ for i = 1, ..., n0. Let θ = (α,β′)′.

then the logistic regression model has

Pr(Y = y|X = x) =
exp(z′θ)

1 + exp(z′θ)

employ two convex cones

Cj =

nj
∑

i=1

kjizji|kji > 0 , j ∈ {0, 1}.

assume that the n0 + n1 by d + 1 matrix with rows taken from
zji, has rank d + 1. Iff C0 ∩ C1 6= ∅, then a unique finite MLE

θ̂ = (α̂, β̂
′

) exists.
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Silvapulle’s Results

Lemma 2: Define the convex hull of the x’s for y = 0 and y = 1

Hj =

nj
∑

i=1

λjixji|λji > 0 ,
nj
∑

i=1

λji = 1

C0 ∩ C1 6= ∅ is equivalent to H0 ∩ H1 6= ∅.

Proof: Suppose that x0 ∈ H0 ∩ H1, then z0 = (1,x′

0)
′ ∈ C0 ∩ C1.

Conversely, suppose that z0 ∈ C0 ∩ C1. Then we can write

z0 =

n0
∑

i=1

k0i

(

1

x0i

)

=

n1
∑

i=1

k1i

(

1

x1i

)

find K, the common positive value for
∑n0

i=1 k0i and
∑n1

i=1 k1i.
Choose λji = kji/K, then
x0 =

∑n0

i=1 λ0ix0i =
∑n1

i=1 λ1ix1i ∈ H0 ∩ H1.
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Overlap Conditions

Assume some overlap between x1 and the distribution F0, to
get interesting results.

let Ω = {ω ∈ R
d|ω′ω = 1} be the unit sphere in R

d.

Definition 3: F on R
d has the point x∗ surrounded if

∫

(x−x∗)′ω>ǫ

dF (x) > δ

holds for some ǫ > 0, some δ > 0 and all ω ∈ Ω.

If F has the point x∗ surrounded, then there exist η and γ
satisfying

inf
ω∈Ω

∫

(x−x∗)′ω>0

dF (x) ≥ η > 0
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Overlap Conditions

and

inf
ω∈Ω

∫

[

(x − x∗)
′ω

]

+
dF (x) ≥ γ > 0

where Z+ = max(Z, 0).

For Theorem 1 (Lemma 2) to hold, is it sufficient that there is
some point x∗ that is surrounded by both F0 and F1.

In the infinitely imbalanced case it is expected that F0 will
surround almost all x, but it is not required. It is not sufficient
that F0 surrounds only one x∗, but it is sufficient that F0

surrounds x̄.

It is not necessary that F1 surrounds x̄.
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Technical Lemmas

Lemma 4: For α, z ∈ R

exp(α + z) ≥ log
(

1 + exp(α + z)
)

≥
[

log
(

1 + exp(α)
)

+
z exp(α)

1 + exp(α)

]

+

≥
[ z exp(α)

1 + exp(α)

]

+

=
z+ exp(α)

1 + exp(α)

Lemma 5: Let n ≥ 1 and x1, ...,xn ∈ R
d be given. Assume that

F0 surrounds x̄ = 1
n

∑n

i=1 x1i and that 0 < N < ∞. Then l(α,β)

has a unique maximizer (α̂, β̂).
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Main Results

Lemma 6: Under the conditions of Lemma 5, let α̂ and β̂

maximize l. Let η satisfy
∫

(x−x∗)′ω>ǫ
dF (x) ≥ η > 0. Then, for

N ≥ 2n
η

we have exp(α̂) ≤ 2n
Nη

.

Lemma 7: Under the conditions of Lemma 5, let α̂ and β̂

maximize l. Then lim
N→∞

sup ‖β̂‖ < ∞.

Theorem 8: Let n ≥ 1 and x1, ...,xn ∈ R
d and suppose that F0

satisfies the tail condition
∫

exp(x′β)(1 + ‖x‖)dF0(x) < ∞ for
∀β ∈ R

d (F0 has too heavy tails), and surrounds x̄ = 1
n

∑n

i=1 xi.

Then the maximizer (α̂, β̂) of l satisfies

lim
N→∞

∫

exp(x′β̂)xdF0(x)
∫

exp(x′β̂)dF0(x)
= x̄
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Main Results

In the limit N → ∞ the logistic regression (β̂) depends on the
x1, ...,xn only through x̄.
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Example

Suppose F0 is a Gaussian mixture

F0 =

K
∑

k=1

λkN (µk,Σk) , λk > 0 and
∑K

k=1 λk = 1

if at least one of Σk has full rank, then F0 will surround the
point x̄ and the solution to β is defined through

x̄ =

∑K

k=1 λk(µk + Σkβ) exp(β′µk + 1
2
β′

Σkβ)
∑K

k=1 λk exp(β′µk + 1
2
β′

Σkβ)

or

0 =
K

∑

k=1

λk(µk + Σkβ − x̄) exp(β′µk +
1

2
β′

Σkβ)
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Example

Solving the equation can be done by convex optimization,
using Newton’s method with O(d3) computations per iteration.
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