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Introduction

Gaussian mixture model
Bayesian learning: MCMC, Laplace approximation (not for hidden variables)
Variational Bayesian learning: suitable for models with hidden variables)

Stochastic complexity (main contribution of the paper: upper and lower
bounds on the variational stochastic complexity)

Variational stochastic complexity
e the accuracy of the variational Bayesian learning

e the influence of the hyperparameters on the learning process




Gaussian mixture model
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Bayesian learning

X" ={x,x,,..x,} P, (x) = true distribution

p(O] X") = Z(X)qo( )Hp(x|o) 0

Z (X ") =normalization constant (marginal likelihood, evidence)

F(X")=-logZ(X") == Bayesian stochastic complexity
Fo(X") =—logZ,(X") = F(X")-S(X")

normalized Bayesian stochastic complexity
S(X") = Z logp, (x;) == empirical entropy

=1

(01 X") =~ (1X 1 SP(H, (0)0(0) 2

H. (0) = lelog pFE;(IT';) == empirical Kullback information



Variational Bayesian learning (1/2)

F(X") = —log[ T 0] | plx, v 10)d0

= —log[ ¥ p(X",¥",0)d0
2

Y" ={y1, Vorens yn} == hidden variables

n n n q¥",0|Xx")
F(X")< E Y'o| X"l do

= |E[Q] == variational free energy
q(¥", 01 X")=Q(¥" [ X")r(¢] X") (3)
Theorem 1: If the functional F[q]is minimized under the constraint (3) then the
variational posteriors, r (@ | X”) and Q(Yn |X”) satisfy
r(01X") = p(0)exp{logp(X",¥" |)

r

Q(Y"x")

n n 1 n n
Q(Y | X ) — C—exp<logp(X ! Y | 0)>r(0|X”) M. J. Beal, Variational algorithms for

Q approximate Bayesian inference, 2003



Variational Bayesian learning (2/2)

F(X") = mgn F[q] == variational stochastic complexity

If(Xn)—F(X”)=rfr1j?n KL(q(¥",01X") | p(¥",0]X"))

F,(X")=F(X")-S(X") == normalized variational stochastic complexity

Lemma 2:
F(X") = mi{q){KL(r(ﬁ | X™) || ¢(8)) - (logCq +S(X ™))} (4)
Co= Zexp<logp(X”,Yn |¢9)>
y" r(e|x")
0., = argamin{KL(r(H 10) 1| 9(0)) - (logCy () +S(X "))} (5)

5 - <0>r(0|X”)

M. J. Beal, Variational algorithms for
approximate Bayesian inference, 2003



Main results (1/3)

P, (x) == true distribution
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Suppose that the true distribution can be realized by the model, with K components
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Main results (2/3)

Theorem 3: Assume the conditions (4) and (5). Then the normalized variational

stochastic complexity F (X ") satisfies

Alogn+nH,_(0,)+C,<F,(X")<Alogn+C,

with probability 1 for an arbitrary natural number N where C,,C, are constants

independent of N and the coefficients 4,2 are given by
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Main results (3/3)

Corollary 4: Assume the conditions (4) and (5). Then the average of the

normalized variational stochastic complexity F,(X") satisfies
Alogn+E _,[nH, (6,,)]+C, <E_.[F(X")]< Alogn+C,
where EXn IS the expectation over all sets of training samples.
Proof of Theorem 3:
« derivations for the variational posteriors r(#|X") and Q(¥Y"|X")

- evaluation of KL(r(¢|X")|l¢(0)) and logC, +S(X") in Lemma 2
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Applications of the bounds

* investigate the properties of the iterative algorithm in VB learning.

« examine whether the algorithm converges to the optimal variational
posterior, instead of local minima.

* the variational stochastic complexity is used as a criterion for model
selection in VB learning.
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