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Abstract
We consider the problem for whichK di�erent types of data are collected to characterize

an associated inference task, with this performed forM distinct tasks. It is assumed that
the parameters associated with the model for data type (modality) k may be represented
in the form of a mixture model, with the M tasks representingM draws from the mixture.
We wish to simultaneously infer mixture models across allK modality types, using data
from all M tasks. Considering tasksm1 and m2, we wish to impose the belief that if the
data associated with modality k are drawn from the same mixture component (implying
a similarity between tasks m1 and m2), then it is more probable that the associated data
from modality j 6= k will also be drawn from the same component. On the other hand,it
is anticipated that there may be \random e�ects" that manife st idiosyncratic behavior for
a subset of the modalities, even when similarity exists between the other modalities. The
model employed utilizes a hierarchical Bayesian formalism, based on the local partition
process. Inference is examined using both Markov chain Monte Carlo (MCMC) sampling
and variational Bayesian (VB) analysis. The method is illustrated �rst with simulated data
and then with data from two real applications. Concerning the latter, we consider analysis
of gene-expression data and the sorting of annotated images.

Keywords: Clustering, Nonparametric Bayesian, Hierarchical Model,Multi-Task Learn-
ing, Dirichlet Process, Blocked Gibbs Sampling, CollapsedGibbs Sampling, Variational
Bayesian, Mixture Model, Hidden Cause, Random E�ect, Sparse Factor Analysis, Data
Fusion.

1. Introduction

Traditional methods of information retrieval, clustering or classi�cation are typically based
on one class of data. However, with the development of modernmultimedia, a given item
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may have joint representation in terms of words, images, audio, video, and other forms.
It is of interest to develop techniques that process these often disparate types of data
simultaneously, to infer inter-relationships between di� erent information sources. While
this framework is of interest in the modern world of ubiquitous multi-media information
sources, it is also of general interest in multi-modality sensing. For example, in medicine
one typically employs di�erent tests and measurements to diagnose and treat an illness.
The joint integration of these disparate data is of interest, as is the desire to examine
the relationship between the multi-modality data from a given patient and a database of
previous related data from other patients.

In the above examples the multi-modality data are observable. There are also problems
that may be posed in terms of multiple latent modalities, or factors. An important example
of this is Bayesian factor analysis (Carvalho et al.; Pournara and Wernish, 2007; Fokoue,
2004; Knowles and Ghahramani, 2007), and in this case the di�erent \modalities" corre-
spond to the latent factors. We again want to perform clustering of factors across multiple
(e:g:, gene-expression) samples, but wish to do so in a 
exible manner, as detailed further
below.

A variety of methods from Bayesian statistics have been applied to multi-modality learn-
ing (Taskar et al., 2001; Jeon et al., 2003; Brochu et al., 2003; Barnard et al., 2003; Blei
and Jordan, 2003; Wood et al., 2006; Airoldi et al., 2008; Kemp et al., 2004, 2006; Xu
et al., 2006), with a focus on inferring the associations among the di�erent types of data. In
(Taskar et al., 2001; Jeon et al., 2003; Brochu et al., 2003),the relational data are considered
as data pairs, and a generative model mixes the distinct datadistributions in the relational
feature space, to capture the probabilistic hidden causes.Authors (Barnard et al., 2003;
Blei and Jordan, 2003) have also extended the simple mixturemodels in (Taskar et al.,
2001; Brochu et al., 2003) by using the latent Dirichlet allocation (LDA) model (Blei et al.,
2003) to allow the latent causes to be allocated repeatedly within a given annotated im-
age. The Indian bu�et process (IBP) prior (Gri�ths and Ghahr amani, 2005) has been used
(Wood et al., 2006) to structure learning with in�nite hidde n causes. Recent extension of
the latent stochastic blockmodel (Wang and Wong, 1987) applied mixture modeling based
on a Dirichlet process prior for relational data, where eachobject belongs to a cluster and
the relationships between objects are governed by the corresponding pair of clusters (Kemp
et al., 2004, 2006; Xu et al., 2006). However, a limitation ofsuch a model is that each ob-
ject can only belong to one cluster. Since many relational data sets are multi-faceted (i.e.
proteins or social actors), researchers (Airoldi et al., 2008) have relaxed the assumption of
single-latent-role for actors, and developed a mixed membership model for relational data.
The objective of integrating data from multiple modalities or \views" has also motivated
non-Bayesian approaches. For example, the problem of interest here is also related to pre-
vious \multi-view" studies (Livescu et al., 2008), in which a given item is viewed from two
or more distinct perspectives.

In this paper we considerK modalities associated with each \task"; a total of M tasks
are considered. It is assumed that the data associated with each of the tasks represent
draws from a mixture model. We wish to impose the belief that if data from modality k in
tasks m1 and m2 are drawn from the same mixture, it is more probable that modality j 6= k
will also be drawn from a shared mixture model. This extends previous multi-task learning
algorithms based upon the Dirichlet process (DP) (Xue et al., 2007), in which if sharing
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existed between tasksm1 and m2, then all model components across these two tasks were
shared in the same way (termed here \global" sharing). At the other extreme, one may
employ an independent DP to each of theK modalities, and in this case sharing, when it
occurs, is only enforced \locally" within a given modality. The goal of mixing global and
local sharing motivated the matrix stick-breaking process(MSBP) (Dunson et al., 2008).
While the MSBP has proven successful in applications (Dunson et al., 2008), it leads to
substantial computational di�culties as number of tasks an d modalities increases, and is
lack of interpretability.

This limitation of MSBP motivated development of the local p artition process (LPP)
prior for characterizing the joint distribution of multipl e model parameters, with this per-
formed within a Bayesian hierarchical model (Dunson). An LPP is constructed through
a locally-weighted mixture of global and local clusterings, of which each clustering can be
accomplished by a DP; therefore, it allows dependent local clustering and borrowing of
information among di�erent modalities (with respective mo del parameters). The original
LPP model assumed that all data in a task are drawn from a single distribution. We are
here interested in the case for which the data from a given task are assumed to be drawn
from a mixture model; this motivates extending the original LPP by replacing the DP-
type local and global components with hierarchical Dirichlet process (HDP) (Teh et al.,
2006) construction; this new model is referred to as HLPP. A slice sampling (Walker, 2007)
inference engine was developed for the original LPP model in(Dunson). However, such
an MCMC inference algorithm converges slowly, especially for a large number of tasks.
Therefore, additional contributions of this paper include development of a combination of
collapsed (MacEachern, 1998) and blocked (Ishwaran and James, 2001) Gibbs sampling; we
also develop a variational Bayesian (VB) (Beal, 2003) inference formulation for the HLPP
model.

We demonstrate the proposed model by �rst using simulated data, followed by consid-
eration of data from two real applications, i.e. gene-expression analysis and the analysis of
annotated images. For the gene-expression analysis application, the HLPP prior is applied
to a sparse factor analysis model (Carvalho et al.; Pournaraand Wernish, 2007; Fokoue,
2004; Knowles and Ghahramani, 2007) to select the importantfactors and genes related to a
disease; for the annotated-image application, the HLPP model is specialized to two modal-
ities (image and text features, i.e. K = 2), with the goal of organizing/sorting multiple
image-annotation pairs.

The remainder of the paper is organized as follows. In Section 2 we review the basic
LPP model, and in Section 3 we extend this to an HLPP formulation. Section 4 develops
the MCMC-based sampling scheme, as well as the VB inference formulation. A simulation
example is presented in Section 5. The gene analysis and image-annotation applications are
discussed in Section 6 and 7, respectively. Section 8 concludes the paper.

2. Local Partition Process

Assume M tasks for which we wish to infer models, and each task is characterized by K
di�erent feature types (\modalities"). Our goal is to jointly design mixture models for each
of the K modalities, with the data in the M tasks representingM draws from the composite
mixture model. We seek to learn models for allK modalities simultaneously, allowing
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information from one modality to in
uence the mixture model for the other modalities. In
the discussion that follows, for simplicity we assume the data from each of theK modalities
are observable. In one of the real examples considered below(annotated images) the features
are observable, while in the other example the \modalities"correspond to di�erent sparse
factors in a factor model (Carvalho et al.; Pournara and Wernish, 2007; Fokoue, 2004), and
therefore the modalities are latent.

The data for task m 2 f 1; 2; � � � ; M g are X m = f x (m)
lk gL m ;K

l=1 ;k=1 , whereL m represents the

number of samples in taskm, and x (m)
lk represents thel th sample in task m associated with

modality k. It is assumed that when measuring thel th sample, data from all K modalities
are acquired simultaneously; this is generalized when considering the text-image example
in Section 7.4. Let x (m)

lk � f k(� (m)
lk ), for k = 1 ; 2; � � � ; K ; m = 1 ; 2; � � � ; M ; l = 1 ; 2; � � � ; L m ;

where f k(�) is the likelihood for the kth modality, and � (m)
lk represents the associated model

parameters for the mth task, kth modality, and lth sample. We initially assume the same
parameter � (m)

k for all samplesl , with this generalized in Section 3.
At one extreme, within the prior the parameters associated with the di�erent modalities

may be drawn independently, using independent DP priors foreach modality:

� (m)
k � Gk ; Gk � DP( � k ; H k); k = 1 ; 2; � � � ; K ; m = 1 ; 2; � � � ; M (1)

This formulation does not impose (within the prior) statist ical correlation between the
modalities. As another extreme, one may consider a shared DPprior across all modalities:

� (m) � G; G � DP(� 0;
KY

k=1

H k); m = 1 ; 2; � � � ; M (2)

where � (m)
k represents the kth set of parameters associated with� (m) , and H k denotes

the base measure for thekth modality. The clustering properties being imposed via the
priors in (1) and (2) may be understood by recalling that a draw G � DP(�; H ) may
be constructed asG =

P 1
j =1 vj � � j , with v = f vj g1

j =1 denoting the probability weights
sampled from a stick-breaking process with parameter� , and � � j denoting a probability
measure concentrated at� j (Muliere and Tardella, 1998), with the � j drawn i.i.d. from
H ; for notational convenience, we denote the draw ofv as v � Stick(� ). Hence, in (1) the
clustering is imposed \locally" (independently) for each of the K modalities, while in (2)
the clustering is imposed \globally" (simultaneously) across allK modalities. The \global"
clustering shown in (2) is similar to the methods developed in (Taskar et al., 2001; Jeon
et al., 2003; Brochu et al., 2003; Barnard et al., 2003; Blei and Jordan, 2003; Wood et al.,
2006); the disadvantage of such an approach is that global sharing doesn't account for
random e�ects (for example) that may yield localized di�ere nces in some of the modalities.
On the other hand, purely local sharing does not account for expected statistical correlations
between theK modalities within a given task. We seek to impose the belief that if tasks m1

and m2 for modality k1 are characterized by the same model parameters� �
k1

, then it is more
likely that tasks m1 and m2 for modality k2 will share the same parameter� �

k2
; however,

the model should also allow random e�ects, in which some of the modalities from tasksm1

and m2 have distinct model parameters, despite the fact that many of the K modalities
share parameters (in other words, within the prior we allow partial sharing of parameters
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across theK modalities). We also desire that (1) and (2) are di�erent lim iting cases of our
model.

To obtain a prior that addresses such a goal, (Petrone et al.,2008) proposed a hybrid
functional DP that allows local allocation to clusters thro ugh a latent Gaussian process.
Although the formulation is 
exible, the use of a latent proc ess to allow random e�ects
in a subset of the modalities presents di�culties in the inference procedure. To avoid the
complication of a latent Gaussian process, (Dunson) proposed a simpler model constructed
through a weighted mixture of global and local clusterings (recall that \global" clustering
occurs when allK modalities share parameters between tasks, and \local" clustering corre-
sponds to independent clustering within a particular modality). The local partition process
(LPP) is represented as

x (m)
lk � f k (� (m)

k ); l = 1 ; 2; � � � ; L m ; k = 1 ; 2; � � � ; K ; m = 1 ; 2; � � � ; M
(

� (m)
k = # (m)

k if z(m)
k = 0

� (m)
k � Gk if z(m)

k = 1
; k = 1 ; 2; � � � ; K ; m = 1 ; 2; � � � ; M

z(m)
k � � k � 0 + (1 � � k )� 1; k = 1 ; 2; � � � ; K ; m = 1 ; 2; � � � ; M

� k � Beta(1; � k ); k = 1 ; 2; � � � ; K

# (m) � G; m = 1 ; 2; � � � ; M

G � DP(� 0;
KY

k=1

H k)

Gk � DP( � k ; H k); k = 1 ; 2; � � � ; K (3)

where# (m) = f # (m)
k gK

k=1 ; z(m)
k = i denotes the class of clustering associated with modality

k in task m (i = 0 corresponds to global clustering and i = 1 to local clustering); � k

and 1� � k respectively denote the probabilities of global and local clusterings for modality
k. Additionally, one may place gamma priors on the parameters� = f � k0gK

k0=0 and � =
f � kgK

k=1 . We typically favor � k near zero such that � k is likely to be near one, implying
that most of the modalities are clustered in the same manner across theM tasks. However,
with (relatively small) probability � k , the kth modality will be clustered in an idiosyncratic
manner, constituting \random e�ects". To simplify notatio n below, we henceforth represent
the 2nd to 6th lines in (3) as � (m)

k � LPP( � ; G; f Gk gK
k=1 ) for k = 1 ; 2; � � � ; K and m =

1; 2; � � � ; M .

In the limit � k ! 1 , we have� k = 0, z(m)
k = 1 and f x (m)

lk gL m
l=1 are generated through

local (independent) clustering for k = 1 ; 2; � � � ; K ; in this case, we obtain (1). In the limit
� k ! 0, we have� k = 1, z(m)

k = 0 and f x (m)
lk gL m

l=1 are generated via global clustering; in
this case, we obtain (2). For the general case 0< � k < 1 and hence 0< � k < 1, the
global clustering and local clusterings are combined by themixing weight � k and 1 � � k

for k = 1 ; 2; � � � ; K . This model allows a greater degree of 
exibility than the matrix stick-
breaking process (MSBP) (Dunson et al., 2008), which was developed with the same basic
goals (the MSBP model may achieve (1) as a limiting case, but not (2)).
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Dunson proved the following clustering properties of the LPP model (Dunson):

Pr( � (m1 )
k1

= � (m2 )
k1

) =
�

1
1 + �

� �
1

2 + �

� �
� +

2
1 + �

�

Pr( � (m1 )
k1

= � (m2 )
k1

; � (m1 )
k2

= � (m2 )
k2

) =
�

1
1 + �

� 2 �
1

2 + �

� 2
" �

� +
2

1 + �

� 2

+
4�

(1 + � )2

#

(4)

Consequently, LPP has the properties:

i) Pr( � (m1 )
k1

= � (m2 )
k1

j� (m1 )
k2

= � (m2 )
k2

) � Pr( � (m1 )
k1

= � (m2 )
k1

), for all k1 6= k2 and m1 6= m2.

ii) Pr
�h

Pr( � (m1 )
k1

= � (m2 )
k1

j� (m1 )
k2

= � (m2 )
k2

) � Pr( � (m1 )
k1

= � (m2 )
k1

)
i

2 S
�

> " , for any Borel

subsetS � [0; 1], k1 6= k2, m1 6= m2, and for some" > 0.

In the limit � k ! 1 for k = 1 ; 2; � � � ; K , equality is achieved in Property i); while in the
limit � k ! 0 for k = 1 ; 2; � � � ; K , Pr( � (m1 )

k1
= � (m2 )

k1
j� (m1 )

k2
= � (m2 )

k2
) = 1. Therefore, when

0 < � k < 1 , if data f x (m1 )
lk 2

g
L m 1
l=1 and f x (m2 )

lk 2
g

L m 2
l=1 are contained within the same cluster, it

is more probable that f x (m1 )
lk 1

g
L m 1
l=1 and f x (m2 )

lk 1
g

L m 2
l=1 will be in the same cluster. Property ii)

implies that any degree of positive dependence in local clustering is supported by the LPP
prior.

3. Integration of HDP and LPP

The LPP assumes all data in a task are drawn from a model with the same parameters,
i.e. x (m)

lk � f k(� (m)
k ) for l = 1 ; 2; � � � ; L (m)

k . We now wish to extend this to a mixture

model for � (m)
lk . To employ the LPP global and local clustering, with extension to a mixture

model, we may substitute the DP-type local and global components of the original LPP
with hierarchical Dirichlet processes (HDP) (Teh et al., 2006).

To construct an HDP, a probability measure G0 � DP( 
; H ) is �rst drawn to de�ne
the base measure for each task, and then the measure associated with the mth task is
G(m) � DP( �; G 0); the parameters associated with the data in taskm are drawn i.i.d.
from G(m) , therefore manifesting a mixture model within the task. BecauseG0 is drawn
from a DP, it is almost surely composed of a discrete set of atoms, and these atoms are
shared across theM tasks, with di�erent mixture weights (Teh et al., 2006). The HDP
model is denoted as HDP(�; 
; H ).

The hierarchical LPP (HLPP) is expressed as

x (m)
lk � f k(� (m)

lk ); � (m)
lk � LPP( � ; G(m) ; f G(m)

k gK
k=1 );

l = 1 ; 2; � � � ; L m ; k = 1 ; 2; � � � ; K ; m = 1 ; 2; � � � ; M

G(m)
k � HDP( � k ; 
 k ; H k ); k = 1 ; 2; � � � ; K ; m = 1 ; 2; � � � ; M

G(m) � HDP( � 0; 
 0;
KY

k=1

H k); m = 1 ; 2; � � � ; M (5)

The global set of atoms are shared across the tasks withz(m)
k = 0 for k = 1 ; 2; � � � ; K , with

the similarity in the global clustering controlled by the gl obal task-speci�c atom weights;
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the local set of atoms are shared across the tasks withz(m)
k = 1 for modality k, with the

similarity in the local clustering controlled by the local t ask-speci�c atom weights.
In the limit � k ! 1 , we have� k = 0, z(m)

k = 1 for k = 1 ; 2; � � � ; K , yielding

� (m)
lk � G(m)

k ; l = 1 ; 2; � � � ; L m ; k = 1 ; 2; � � � ; K ; m = 1 ; 2; � � � ; M

G(m)
k � HDP( � k ; 
 k ; H k ); k = 1 ; 2; � � � ; K ; m = 1 ; 2; � � � ; M (6)

In this case the tasks are clustered locally (HDP is appliedindependentlyacross the di�erent
modalities). In the limit � k ! 0, we have� k = 1, z(m)

k = 0 for k = 1 ; 2; � � � ; K , yielding

� (m)
l � G(m) ; l = 1 ; 2; � � � ; L m ; m = 1 ; 2; � � � ; M

G(m) � HDP( � 0; 
 0;
KY

k=1

H k); m = 1 ; 2; � � � ; M (7)

where � (m)
l = f � (m)

lk gK
k=1 . In this case all of the tasks are clustered globally (the HDP

clustering is performedsimultaneously across allK modalities). For the general case 0<
� k < 1 , 0 < � k < 1, similar to the original LPP model, the global clustering and local
clusterings are combined by the mixing weight� k and 1� � k for k = 1 ; 2; � � � ; K .

We obtain similar clustering properties to those of the LPP model:

i) Pr( � (m1 )
l1k1

= � (m2 )
l2k1

j� (m1 )
l3k2

= � (m2 )
l4k2

) � Pr( � (m1 )
l1k1

= � (m2 )
l2k1

), for all k1 6= k2, m1 6=

m2, l1 2 f 1; 2; � � � ; L (m1 )
1 g, l2 2 f 1; 2; � � � ; L (m2 )

1 g, l3 2 f 1; 2; � � � ; L (m1 )
2 g and l4 2

f 1; 2; � � � ; L (m2 )
2 g.

ii) Pr
�h

Pr( � (m1 )
l1k1

= � (m2 )
l2k1

j� (m1 )
l3k2

= � (m2 )
l4k2

) � Pr( � (m1 )
l1k1

= � (m2 )
l2k1

)
i

2 S
�

> " , for any Borel

subsetS � [0; 1], k1 6= k2, m1 6= m2, l1 2 f 1; 2; � � � ; L (m1 )
1 g, l2 2 f 1; 2; � � � ; L (m2 )

1 g,

l3 2 f 1; 2; � � � ; L (m1 )
2 g, l4 2 f 1; 2; � � � ; L (m2 )

2 g, and for some" > 0.

The proofs are presented in Appendices A and B.

4. Posterior Computation

4.1 Stick-Breaking Construction of Draw from HDP

Assume that we wish to draw parameter � (m)
l from G(m) , where G(m) � DP( �; G 0) and

G0 � DP( 
; H ). This may be represented via the stick-breaking construction as

� (m)
l �

1X

i =1

v(m)
i �

� ( m )
i

; l = 1 ; 2; � � � ; L m ; m = 1 ; 2; � � � ; M

v (m) � Stick(� ); m = 1 ; 2; � � � ; M

� (m)
i �

1X

j =1

! j � � j ; i = 1 ; 2; � � � ; 1 ; m = 1 ; 2; � � � ; M

! � Stick(
 )

� j � H ; j = 1 ; 2; � � � ; 1 (8)
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Through the introduction of two indicator variables, the ex pression in (8) may now be
expressed as

� (m)
l = �

� ( m )

�
( m )
l

; l = 1 ; 2; � � � ; L m ; m = 1 ; 2; � � � ; M

� (m)
l � Mult( v (m) ); l = 1 ; 2; � � � ; L m ; m = 1 ; 2; � � � ; M

v (m) � Stick(� ); m = 1 ; 2; � � � ; M

� (m)
g � Mult( ! ); g = 1 ; 2; � � � ; 1 ; m = 1 ; 2; � � � ; M

! � Stick(
 )

� j � H ; j = 1 ; 2; � � � ; 1 (9)

In (9) the indicator � (m)
g represents which atom in the setf � j g1

j =1 is associated with the
gth stick in G(m) , recognizing that the same atom may be used for multiple sticks. The
indicator � (m)

l de�nes which atom from G(m) the l th sample in task m is drawn from. The
advantage of (9) is that consecutive components in the hierarchy are in the conjugate-
exponential family, aiding inference. The inference in (Teh et al., 2006) was performed
using a Chinese-franchise construction, rather than a stick-breaking framework; the latter
is useful for inference via the combination of collapsed (MacEachern, 1998) and blocked
(Ishwaran and James, 2001) Gibbs sampling and VB inference (Beal, 2003).

The detailed HLPP model is
8
>><

>>:

x (m)
lk � f k(� (m)

k(0;� ( m )

0�
( m )
0l

)
) if z(m)

k = 0

x (m)
lk � f k(� (m)

k(1;� ( m )

k�
( m )
kl

)
) if z(m)

k = 1
;

l = 1 ; 2; � � � ; L m ; k = 1 ; 2; � � � ; K ; m = 1 ; 2; � � � ; M

z(m)
k � � k � 0 + (1 � � k)� 1; k = 1 ; 2; � � � ; K ; m = 1 ; 2; � � � ; M

� k � Beta(1; � k ); k = 1 ; 2; � � � ; K

� (m)
k0l � Mult( v (m)

k0 ); l = 1 ; 2; � � � ; L m ; k0 = 0 ; 1; � � � ; K ; m = 1 ; 2; � � � ; M

v (m)
k0 � Stick(� k0); k0 = 0 ; 1; � � � ; K ; m = 1 ; 2; � � � ; M

� (m)
k0g � Mult( ! k0); k0 = 0 ; 1; � � � ; K ; m = 1 ; 2; � � � ; M ; g = 1 ; 2; � � � ; 1

! k0 � Stick(
 k0); k0 = 0 ; 1; � � � ; K

� k(i;j ) � H k ; i = 0 ; 1; j = 1 ; 2; � � � ; 1 ; k = 1 ; 2; � � � ; K (10)

wheref � k(0;j )gJ
j =1 and f � k(1;j )gJ

j =1 respectively represent the global and local set of atoms

for modality k; v(m)
0j is the j th component of the global task-speci�c atom weights v (m)

0 ,

and v(m)
kj is the j th component of the local task-speci�c atom weights v (m)

k . The tasks

that have similar global clustering will have similar v (m)
0 ; while the tasks that have similar

local clustering for a given modality k will have similar v (m)
k . While the model may appear

somewhat complicated, we note that the last �ve lines in (10) correspond to repeated
application of the last �ve lines of the HDP representation in (9); k = 0 corresponds to
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\global" HDP, and k = 1 ; � � � ; K correspond to the independent \local" HDPs on the
respectiveK modalities. As before, the indicatorz(m)

k de�nes whether the atoms associated
with the kth modality in task m come from the \global" or \local" atoms.

For inference purposes, we truncate the number of sticks inG(m) and G(m)
k to T, and

the number of sticks in G0 and G0k to J (see the truncation properties of the stick-breaking
representation discussed in Muliere and Tardella, 1998); we imposeT � J . Since � =
f � k0gK

k0=0 , � = f � kgK
k=1 and 
 = f 
 k0gK

k0=0 are key hyper-parameters controlling the
probability of global and local clusterings, we also place Gamma hyper-priors on them to
allow the data to inform about their values, i.e. � k0 � Ga(a� ; b� ), � k � Ga(a� ; b� ) and

 k0 � Ga(a
 ; b
 ).

To save space, we only present the Gibbs sampling procedure and VB update equations
for variables that are unique to the current analysis; the reader is referred to (Teh et al.,
2006) and (An et al., 2008) for related expressions employedwithin the HDP model.

4.2 Combination of Collapsed and Blocked Gibbs Sampling

We follow Bayes' rule to derive the full conditional distrib ution for each random variable in
the posterior distribution

p(� jX ; 	 ) =
p(X j� )p(� j	 )R

p(X j� )p(� j	 ) d�
(11)

where � =
n

f � k(i;j )g; f ! k0g; f v (m)
k0 g; f � kg; f � (m)

k0g g; f � (m)
k0l g; f z(m)

k g
o

are hidden variables of

interest, X = f x (m)
lk g are observed variables and	 = ff � k0g; f � kg; f 
 k0g; 
 g are hyper-

parameters (
 denotes the hyper-parameters ofH k(� k(i;j ))). The conditional posterior
computation proceeds through the following steps:

� Sample� k(i;j ) for i = 0 ; 1; k = 1 ; 2; � � � ; K and j = 1 ; 2; � � � ; J from

p(� k(0;j ) j � � � ) / H k(� k(0;j ))

2

6
6
6
4

Y

m;l :z( m )
k =0 ;� ( m )

0�
( m )
0l

= j

f k(x (m)
lk ; � k(0;j ))

3

7
7
7
5

;

p(� k(1;j ) j � � � ) / H k(� k(1;j ))

2

6
6
6
4

Y

m;l :z( m )
k =1 ;� ( m )

k�
( m )
kl

= j

f k(x (m)
lk ; � k(1;j ))

3

7
7
7
5

(12)

Note that if no observation is assigned to a speci�c cluster,then the parameters are
drawn from the prior distribution H k(� k(i;j )). Also, if the prior is conjugate to the
likelihood then sampling is greatly simpli�ed. However, non-conjugate priors can be
accommodated using rejection sampling or Metropolis-Hastings steps.

9



� Sample! k0j for k0 = 0 ; 1; � � � ; K and j = 1 ; 2; � � � ; J by generating

p(! 0
k0j j � � � ) /

Beta
�

1 +
P M

m=1

P T
g=1 1(� (m)

k0g = j ); 
 k0 +
P M

m=1

P T
g=1

P J
h:h>j 1

�
� (m)

k0g = h
��

;

j = 1 ; 2; � � � ; J � 1;

! 0
k0J = 1 (13)

and constructing ! k0j = ! 0
k0j

Q j � 1
h=1 (1 � ! 0

k0h).

� Samplev(m)
k0g for k0 = 0 ; 1; � � � ; K ; g = 1 ; 2; � � � ; T and m = 1 ; 2; � � � ; M by generating

p(v0(m)
k0g j � � � ) / Beta

0

@1 +
L mX

l=1

1(� (m)
k0l = g); � k0 +

L mX

l=1

TX

h:h>g

1(� (m)
k0l = h)

1

A ;

g = 1 ; 2; � � � ; T � 1;

v0(m)
k0T = 1 (14)

and constructing v(m)
k0g = v0(m)

k0g

Q g� 1
h=1 (1 � v0(m)

k0h ).

� Sample� k for k = 1 ; 2; � � � ; K from

p(� k j � � � ) / Beta

 

1 +
MX

m=1

1(z(m)
k = 0) ; � k +

MX

m=1

1(z(m)
k = 1)

!

(15)

� Sample � (m)
k0g for k0 = 0 ; 1; � � � ; K ; g = 1 ; 2; � � � ; T and m = 1 ; 2; � � � ; M from a multi-

nomial distribution with probabilities

p(� (m)
0g = j j � � � ) / p(� (m)

0g = j jf � (m)
0g0 gg06= g; 
 0)

Q
k:z( m )

k =0 ;l :� ( m )
0l = g

f k (x(m)
lk ; � k(0;j ))

=

�
1+

P
g06= g 1(� ( m )

0g0 = j )

1+ 
 0+
P

g06= g 1(� ( m )
0g0 � j )

Q
h<j


 0+
P

g06= g 1(� ( m )
0g0 >h )

1+ 
 +
P

g06= g 1(� ( m )
0g0 � h)

�

Q
k:z( m )

k =0 ;l :� ( m )
0l = g

f k(x(m)
lk ; � k(0;j ))

;

p(� (m)
kg = j j � � � ) / p(� (m)

kg = j jf � (m)
kg0 gg06= g; 
 k )1(z(m)

k = 1)
Q

l :� ( m )
kl = g

f k(x(m)
lk ; � k(1;j ))

=

�
1+

P
g06= g 1(� ( m )

kg 0 = j )

1+ 
 k +
P

g06= g 1(� ( m )
kg 0 � j )

Q
h<j


 k +
P

g06= g 1(� ( m )
kg 0 >h )

1+ 
 k +
P

g06= g 1(� ( m )
kg 0 � h)

�

1(z(m)
k = 1)

Q
l :� ( m )

kl = g
f k(x(m)

lk ; � k(1;j ))

(16)
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� Sample � (m)
k0l for k0 = 0 ; 1; � � � ; K ; l = 1 ; 2; � � � ; L m and m = 1 ; 2; � � � ; M from a

multinomial distribution with probabilities

p(� (m)
0l = gj � � � ) / p(� (m)

0l = gjf � (m)
0l0 gl06= l ; � 0)

Q
k:z( m )

k =0
f k (x(m)

lk ; �
k(0;� ( m )

0g )
)

=

�
1+

P
l 06= l 1(� ( m )

0l 0
= g)

1+ � 0 +
P

l 06= l 1(� ( m )
0l 0

� g)

Q
h<g

� 0+
P

l 06= l 1(� ( m )
0l 0

>h )

1+ � 0+
P

l 06= l 1(� ( m )
0l 0

� h)

�

Q
k:z( m )

k =0
f k(x(m)

lk ; �
k(0;� ( m )

0g )
)

;

p(� (m)
kl = gj � � � ) / p(� (m)

kl = gjf � (m)
kl 0 gl06= l ; � k )1(z(m)

k = 1) f k (x(m)
lk ; �

k(1;� ( m )
kg )

)

=

�
1+

P
l 06= l 1(� ( m )

kl 0 = g)

1+ � k +
P

l 06= l 1(� ( m )
kl 0 � g)

Q
h<g

� k +
P

l 06= l 1(� ( m )
kl 0 >h )

1+ � k +
P

l 06= l 1(� ( m )
kl 0 � h)

�

1(z(m)
k = 1) f k (x(m)

lk ; �
k(1;� ( m )

kg )
)

(17)

� Sample z(m)
k for k = 1 ; 2; � � � ; K , and m = 1 ; 2; � � � ; M from a Bernoulli distribution

with probabilities

p(z(m)
k = 0 j � � � ) / p(z(m)

k = 0 jf z(m)
k00 gk006= k ; � k )

Q L m
l=1 f k(x(m)

lk ; �
k(0;� ( m )

0�
( m )
0l

)
)

=
1+

P
k 006= k 1(z( m )

k 00 =0)

1+ � k +
P

k 006= k 1(z( m )
k 00 � 0)

Q L m
l=1 f k (x(m)

lk ; �
k(0;� ( m )

0�
( m )
0l

)
)

;

p(z(m)
k = 1 j � � � ) / p(z(m)

k = 1 jf z(m)
k00 gk006= k ; � k )

Q L m
l=1 f k(x(m)

lk ; �
k(1;� ( m )

k�
( m )
kl

)
)

=

�
1+

P
k 006= k 1(z( m )

k 00 =1)

1+ � k +
P

k 006= k 1(z( m )
k 00 � 1)

� k +
P

k 006= k 1(z( m )
k 00 > 0)

1+ � k +
P

k 006= k 1(z( m )
k 00 � 0)

�

Q L m
l=1 f k(x(m)

lk ; �
k(1;� ( m )

k�
( m )
kl

)
)

(18)

In the above sampling procedure, we use collapsed Gibbs sampling for the three indicator
variables � k0g, � (m)

k0l and z(m)
k , since the corresponding prior variables! k0, v (m)

k0 and � can be
marginalized out. For example, if we use blocked Gibbs sampling, (16) should be

p(� (m)
0g = j j � � � ) / ! 0j

Y

k:z( m )
k =0 ;l :� ( m )

0l = g

f k(x(m)
lk ; � k(0;j ));

p(� (m)
kg = j j � � � ) / ! kj 1(z(m)

k = 1)
Y

l :� ( m )
kl = g

f k (x(m)
lk ; � k(1;j )) (19)

In this general case, collapsed Gibbs sampling improves upon blocked Gibbs sampling by
marginalizing out the stick variables for the indicators, therefore dealing with them more
exactly. As discussed in (MacEachern, 1998), iff k(�) is a multinomial distribution and its
prior is a Dirichlet distribution, we can further marginali ze out � k(i;j ) . However, here we
just consider the general case.

The full posterior p(� jX ; 	 ) can be constructed by collecting a su�cient number of
samples after the above iteration stabilizes (Gilks and Spiegelhalter, 1996). In our analysis
of the MCMC sampler, we have considered and con�rmed the convergence tests as described
in (Geweke, 1992) and (Raftery and Lewis, 1992).
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4.3 Variational Bayesian (VB) Inference

Although MCMC typically yields accurate results (with su�c ient samples) (Gilks and
Spiegelhalter, 1996), it often requires signi�cant computational resources and the conver-
gence of the algorithm is often di�cult to diagnose. Variati onal Bayes (VB) inference (Beal,
2003) is an alternative method for approximating likelihoods and posteriors. Instead of di-
rectly estimating p(� jX ; 	 ), variational methods seek a distribution q(� ) to approximate
the true posterior distribution p(� jX ; 	 ). Considering the log \marginal likelihood", i.e.
the integration in the denominator of (11)

logp(X j	 ) = L (q(� )) + DKL (q(� )kp(� jX ; 	 )) (20)

where

L (q(� )) =
Z

q(� ) log
p(X j� )p(� j	 )

q(� )
d� (21)

and

DKL (q(� )kp(� jX ; 	 )) =
Z

q(� ) log
q(� )

p(� jX ; 	 )
d� (22)

Since the Kullback-Leibler (KL) divergence between the approximation q(� ) and true pos-
terior p(� jX ; 	 ) denoted by DKL (q(� )kp(� jX ; 	 )) is nonnegative, from (20) the approx-
imation of the true posterior p(� jX ; 	 ) using q(� ) can be achieved by maximization of
L (q(� )), which forms a strict lower bound on logp(X j	 ),

logp(X j	 ) � L (q(� )) (23)

For computational convenience,q(� ) is expressed in a factorized form, with the same func-
tional form as the priors p(� j	 ) and each parameter is represented by its own conjugate
prior. For the HLPP model proposed in this paper, we assume

q(� ) = q
�

f � k(i;j )g; f ! k0g; f v (m)
k0 g; f � kg; f � (m)

k0g g; f � (m)
k0l g; f z(m)

k g
�

=

2

4
KY

k=1

1Y

i =0

JY

j =1

q(� k(i;j ))

3

5

"
KY

k0=0

q(! k0)

# "
MY

m=1

KY

k0=0

q(v (m)
k0 )

# "
KY

k=1

q(� k )

#

�

2

4
MY

m=1

KY

k0=0

TY

g=1

q(� (m)
k0g )

3

5

"
KY

k0=0

MY

m=1

L mY

l=1

q(� (m)
k0l )

# "
KY

k=1

MY

m=1

q(z(m)
k )

#

(24)

In the VB algorithm, the maximization of the lower bound in (2 1) is realized by taking
functional derivatives with respect to each term in (24), while �xing the other q(�) distribu-
tions and setting @L(q)=@q(�) = 0 (Beal, 2003). The update equations for the variational
posterior are listed as follows.

� Update � k(i;j ) for i = 0 ; 1; k = 1 ; 2; � � � ; K and j = 1 ; 2; � � � ; J according to

logq(� k(0;j )) / logH k(� k(0;j )) +

" P M
m=1

P K
k=1 q(z(m)

k = 0)
P T

g=1 q(� (m)
0g = j )

P L m
l=1 q(� (m)

0l = g) log f k (x (m)
lk ; � k(0;j ))

#

;

logq(� k(1;j )) / logH k(� k(1;j )) +

" P M
m=1

P K
k=1 q(z(m)

k = 1)
P T

g=1 q(� (m)
kg = j )

P L m
l=1 q(� (m)

kl = g) log f k (x (m)
lk ; � k(1;j ))

#

(25)
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If the prior is conjugate to the likelihood then we can easilyget the update equations.

� Update ! 0
k0j for k0 = 0 ; 1; � � � ; K and j = 1 ; 2; � � � ; J � 1 according to

q(! 0
k0j ) = Beta( ! 0

k0j ; ~
 (1)
k0j ; ~
 (2)

k0j )

~
 (1)
k0j = 1 +

P M
m=1

P T
g=1 q(� (m)

k0g = j ); ~
 (2)
k0j = 
 k0 +

P M
m=1

P T
g=1

P J
h:h>j q(� (m)

k0g = h)(26)

Since ! k0j = ! 0
k0j

Q j � 1
h=1 (1 � ! 0

k0h), updating of ! 0
k0 is equivalent to updating the pos-

terior of ! k0.

� Update v(m)
k0g for k0 = 0 ; 1; � � � ; K ; g = 1 ; 2; � � � ; T and m = 1 ; 2; � � � ; M according to

q(v0(m)
k0g ) = Beta( v0(m)

k0g ; ~� (m;1)
k0g ; ~� (m;2)

k0g );

~� (m;1)
k0g = 1 +

P L m
l=1 q(� (m)

k0l = g); ~� (m;2)
k0g = � k0 +

P L m
l=1

P T
h:h>g q(� (m)

k0l = h) (27)

Since v(m)
k0g = v0(m)

k0g

Q g� 1
h=1 (1 � v0(m)

k0h ), updating of v0(m)
k0 is equivalent to updating the

posterior of v (m)
k0 .

� Update � k for k = 1 ; 2; � � � ; K according to

q(� k ) = Beta( � k ; ~� k1; ~� k2);
~� k1 = 1 +

P M
m=1 q(z(m)

k = 0) ; ~� k2 = � k +
P M

m=1 q(z(m)
k = 1) (28)

� Update � (m)
k0g for k0 = 0 ; 1; � � � ; K ; g = 1 ; 2; � � � ; T and m = 1 ; 2; � � � ; M according to a

multinomial distribution with probabilities

q(� (m)
0g = j ) / exp

 P j � 1
h=1 [ (~
 (2)

0h ) �  (~
 (1)
0h + ~
 (2)

0h )] + [  (~
 (1)
0j ) �  (~
 (1)

0j + ~
 (2)
0j )]

+
P K

k=1 q(z(m)
k = 0)

P L m
l=1 q(� (m)

kl = g) log f k(x (m)
lk ; � k(0;j ))

!

;

q(� (m)
kg = j ) / exp

 P j � 1
h=1 [ (~
 (2)

kh ) �  (~
 (1)
kh + ~
 (2)

kh )] + [  (~
 (1)
kj ) �  (~
 (1)

kj + ~
 (2)
kj )]

+
P K

k=1 q(z(m)
k = 1)

P L m
l=1 q(� (m)

kl = g) log f k(x (m)
lk ; � k(1;j ))

!

(29)

where  (A) = @
@Alog �( A) and �( �) represents the Gamma function.

� Update � (m)
k0l for k0 = 0 ; 1; � � � ; K ; l = 1 ; 2; � � � ; L m and m = 1 ; 2; � � � ; M according to

a multinomial distribution with probabilities

q(� (m)
0l = g) / exp

0

B
@

P g� 1
h=1 [ (~� (m;2)

0h ) �  (~� (m;1)
0h + ~� (m;2)

0h )]

+[  (~� (m;1)
0g ) �  (~� (m;1)

0g + ~� (m;2)
0g )]

+
P K

k=1 q(z(m)
k = 0)

P J
j =1 q(� (m)

0g = j ) log f k(x (m)
lk ; � k(0;j ))

1

C
A ;

q(� (m)
kl = g) / exp

0

B
@

P g� 1
h=1 [ (~� (m;2)

kh ) �  (~� (m;1)
kh + ~� (m;2)

kh )]

+[  (~� (m;1)
kg ) �  (~� (m;1)

kg + ~� (m;2)
kg )]

+
P K

k=1 q(z(m)
k = 1)

P J
j =1 q(� (m)

kg = j ) log f k(x (m)
lk ; � k(1;j ))

1

C
A(30)
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� Update z(m)
k for k = 1 ; 2; � � � ; K , and m = 1 ; 2; � � � ; M according to a Bernoulli

distribution with probabilities

q(z(m)
k = 0) / exp

 
[ ( ~� k1) �  ( ~� k1 + ~� k2)] +

P L m
l=1

P T
g=1P J

j =1 q(� (m)
0g = j )q(� (m)

0l = g) log f k(x (m)
lk ; � k(0;j ))

!

;

q(z(m)
k = 1) / exp

 
[ ( ~� k2) �  ( ~� k1 + ~� k2)] +

P L m
l=1

P T
g=1P J

j =1 q(� (m)
kg = j )q(� (m)

kl = g) log f k(x (m)
lk ; � k(1;j ))

!

(31)

The local maximum of the lower bound L (q) is achieved by iteratively updating the
parameters of the variational distributions q(�) according to the above equations. Each
iteration guarantees to either increase the lower bound or leave it unchanged. We terminate
the algorithm when the change in L (q) is negligibly small. L (q) can be computed by
substituting the updated q(�) and the prior distributions p(� j	 ) into (21). To mitigate
sensitivity of VB to initialization considerations and loc al-optimal solutions, we typically
run the VB algorithm multiple times with di�erent initializ ations, and select the result with
the maximum lower bound.

In the analysis considered here we perform VB inference on the original model, since
this was relatively e�cient computationally. One may alter natively perform VB inference
on the collapsed model (MacEachern, 1998; Teh et al., 2007),as applied to the combination
of collapsed and blocked Gibbs sampling discussed in detailabove.

5. Simulation Example

We �rst consider simple synthesized data to illustrate the HLPP model, with the data set
shown in Figure 1. The data are generated withx (m)

lk � N (� (m)
lk ; � (m)� 1

lk ), with K = 5,
M = 4, L m = 10, and

� (m)
l1 = [ � 2 2]T ; l = 1 ; 2; � � � ; 5; m = 1 ; 2;

� (m)
l1 = [2 � 2]T ; l = 6 ; 7; � � � ; 10; m = 1 ; 2;

� (m)
l1 = [2 2]T ; l = 1 ; 2; � � � ; 5; m = 3 ; 4;

� (m)
l1 = [ � 2 � 2]T ; l = 6 ; 7; � � � ; 10; m = 3 ; 4;

� (m)
lk = [ � 5 5]T ; k = 2 ; 3; 4; l = 1 ; 2; � � � ; 5; m = 1 ; 2;

� (m)
lk = [5 � 5]T ; k = 2 ; 3; 4; l = 6 ; 7; � � � ; 10; m = 1 ; 2;

� (m)
lk = [5 5]T ; k = 2 ; 3; 4; l = 1 ; 2; � � � ; 5; m = 3 ; 4;

� (m)
lk = [ � 5 � 5]T ; k = 2 ; 3; 4; l = 6 ; 7; � � � ; 10; m = 3 ; 4;

� (m)
l5 = [ � 10 � 10]T ; l = 1 ; 2; � � � ; 10; m = 1 ; 3;

� (m)
l5 = [10 10]T ; l = 1 ; 2; � � � ; 10; m = 2 ; 4;

� (m)
lk =

�
0:5 0
0 0:5

�
; k = 1 ; 2; � � � ; 5; l = 1 ; 2; � � � ; 10; m = 1 ; 2; 3; 4:

These data are constructed with the following motivations. From Figure 1 we note
that for each task modalities 1-4 are each characterized by two mixture components, with
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modality 5 characterized by a single task-dependent cluster. Note also that modalities 1-
4 have the same mixture construction in tasks 1 and 2, as well as (separately) the same
mixture construction in tasks 3 and 4. The task-dependent properties of modality 5 are
distinct from those of modalities 1-4. Therefore, we anticipate that modalities 1-4 will
exhibit \global" clustering, with tasks 1 and 2 clustered to gether, and similarly tasks 3
and 4 clustered together. By contrast, modality 5 is expected to exhibit distinct \local"
clustering, with tasks 1 and 3 clustered together, and tasks2 and 4 clustered together.
Global clustering across all �ve modalities is clearly inappropriate. However, one may in
principle cluster the data independently across tasks for each of the �ve modalities; this
has motivated the construction of the data in modality 1. Note that the di�erences in the
mixture components for modality 1 are far more subtle than those associated with modalities
2-4. Below we demonstrate that when an independent HDP prioris used for task-dependent
clustering for each of the modalities, the subtleties associated with modality 1 are missed.
By contrast, the HLPP captures the clear clusterings associated with modalities 2-4, and
in so doing \pulls along" the same task clustering for modality 1, thereby improving the
mixture model for modality 1. The HLPP also allows idiosyncratic \local" clustering for
modality 5.
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Figure 1: Synthetic data, wherex1 and x2 represent components of the vectorx .

The HLPP model is implemented for this synthetic data set, with J = 50 and T = 50.
The base distribution is speci�ed asH k =

Q 2
n=1 [N (� kn ; r0n ; t0� kn ) � Ga(� kn ; d0; s0n )] for

k = 1 ; 2; � � � ; 5, with r0n = 0, t0 = 0 :01, d0 = 4, and s0n = 1. We place Gamma priors
Ga(10� 6; 10� 6) on � and 
 , Ga(10� 6; 1) on � . These parameters were not tuned, and many
di�erent settings yield comparable results. The MCMC algorithm described in Section 4.2
is used to obtain samples of posteriors under the HLPP. The results shown below are based
on 10,000 collection samples obtained after a burn-in period of 5,000 iterations. Rapid
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Figure 2: Pairwise posterior probabilities of two data samples being assigned to the same
cluster for the simulation example analyzed using the HLPP,independent HDP
and HDP models. (a) HLPP results; (b) independent HDP results; (c) \global"
HDP results.
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Figure 3: Posterior means and 95% credible intervals for themean parameters of each
modality in the simulation example. The red solid bar indicates the estimates
for the HLPP model, the blue shows those for the independent HDP model, the
green shows those for the HDP model, and the dark shows the true values of the
mean parameters. (a) the �rst dimension of the data; (b) the second dimension
of the data.
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convergence has been observed in the diagnostic tests described in (Geweke, 1992) and
(Raftery and Lewis, 1992).

From the indicators f z(m)
k g5;4

k=1 ;m=1 in the HLPP model, we observed that tasks 1-4
selected global clustering and task 5 selected local clustering. Since the two clusters in
modality 1 are subtle, the good clustering performance of modalities 2-4 helps modality 1
obtain the correct clustering, as indicated above. Figure 2(a) plots the posterior probability
of two data samples being assigned to the same cluster separately for each of the �ve
modalities, as inferred via the HLPP model. It is apparent that the true clustering structure
is well represented by the HLPP model. For comparison, Figures 2(b) and 2(c) present the
corresponding results obtained by the independent HDP model (special case with� k ! 1 )
and global HDP model (special case with� k ! 0), respectively. The similarity matrix of
the independent HDP model is not correct for modality 1, impacting model performance as
discussed further below. Because of the idiosyncratic clustering structure of modality 5, the
similarity matrix of the HDP model is very poor. Figure 3 shows the inferred data-speci�c
posterior means and 95% credible intervals for the mean parameters f � (m)

lk g10;5;4
l=1 ;k=1 ;m=1 via

the HLPP model (red), along with the results for the independent HDP model (blue) and
the HDP model (green). The black lines represent the true values of the mean parameters.
It is clear the posterior densities via the HLPP model are concentrated around the true
values, while there are mistakes for modality 1 via the independent HDP model and for
modality 5 via the HDP model. In addition, the 95% credible intervals from the HLPP
analysis are the tightest, compared with the independent HDP and HDP analysis; this is
attributed to proper global and local sharing explicitly im posed by HLPP.

6. Gene-Expression Analysis Application

To further illustrate the proposed HLPP model, we consider an application to gene-expression
data, here for a Dengue virus study (Fink et al., 2007). The HLPP is applied to sparse factor
analysis (Carvalho et al.; Pournara and Wernish, 2007; Fokoue, 2004; Knowles and Ghahra-
mani, 2007), where the latent factors correspond to the \modalities". The factor scores
represent the data, although now these data are latent. For the Dengue gene-expression
data under study we have expression values at multiple time points after cell exposure with
the virus, and each of the times represents a task; for each task (time) we have multiple
gene-expression samples (from cells exposed to either liveor heat inactivated virus). We
wish to impose the belief that the factor scores, which can beinterpreted as meta-gene
expression levels underlying many genes in a pathway, cluster across tasks (time). How-
ever, as di�erent meta-genes are involved in di�erent biologic pathways and have varying
relationships with viral exposure, the factor scores may vary in their temporal clustering
structure. Therefore, we do not expect all components of thefactor scores to cluster in
the same way. This anticipated phenomenon mitigates the useof global HDP clustering
(i:e:, the same clustering across all factor scores). However, ifwe cluster the individual
components of the factor scores independently, we do not account for anticipated statistical
correlation. This therefore motivates the HLPP construction.
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6.1 Sparse Factor Analysis for Gene Expression Data

Assume y (m)
l is an N � 1 vector representing the gene expressions forN genes, for cell

l at time m, with m = 1 ; 2; � � � ; M and l = 1 ; 2; � � � ; L m . It is assumed that Y =
[y (1)

1 � � � y (1)
L 1

� � � y (M )
1 � � � y (M )

L M
] is already normalized to zero mean in each row. We con-

sider the caseN � K =
P M

m=1 L m , which is typical. The parametric sparse factor analysis
model (Pournara and Wernish, 2007) characterizes dependence in the high-dimensional gen
expression measurements using

y (m)
l = B� (m)

l + � (m)
l ; l = 1 ; 2; � � � ; L m ; m = 1 ; 2; � � � ; M

� (m)
l � N (0; I ); l = 1 ; 2; � � � ; L m ; m = 1 ; 2; � � � ; M

Bnk � N (0; � � 1
nk )); n = 1 ; 2; � � � ; N ; k = 1 ; 2; � � � ; K

� nk � Ga(a0; b0); n = 1 ; 2; � � � ; N ; k = 1 ; 2; � � � ; K

� (m)
nl � N (0; ' � 1

n )); l = 1 ; 2; � � � ; L m ; m = 1 ; 2; � � � ; M ; n = 1 ; 2; � � � ; N

' n � Ga(g0; h0); n = 1 ; 2; � � � ; N (32)

whereBnk is the (n; k)-component of the factor-loading matrix B , and � (m)
l represents the

factor score associated with celll at time m. Typically one sets K , with K � N . Note that
the components ofB are drawn independently from a Student-t distribution, and hence
with appropriate choice of a0 and b0 the matrix B is sparse. Alternatively, one may use a
\spike-slab" sparseness construction, as in (Carvalho et al.); (Pournara and Wernish, 2007)
gives a comprehensive review of di�erent sparseness priorsused for sparse factor analysis.
Both B and all � (m)

l are inferred by the model simultaneously. As discussed in (Carvalho
et al.), since B is \sparse", which means many of the elements ofB are close to zero, each
column ideally will represent a particular biological \pat hway", composed of a relatively
small number of relevant genes related to a given latent factor, which correspond to those
having factor loadings not close to zero. This is discussed further when presenting results
for the time-evolving Dengue virus data (Fink et al., 2007).

6.2 The Extended Factor Model with the HLPP Prior

In the HLPP factor analysis (HLPP-FA) model, the constructi on of B and � (m)
l is unchanged

from above, and therefore for simplicity it is not repeated below. What is di�erent is the
manner in which the factor scores� (m)

l are drawn from the prior. Speci�cally, we have

� (m)
lk � N (� (m)

lk ; � (m)� 1
lk ); (� (m)

lk ; � (m)
lk ) � LPP( � ; G(m) ; f G(m)

k gK
k=1 )

l = 1 ; 2; � � � ; L m ; k = 1 ; 2; � � � ; K ; m = 1 ; 2; � � � ; M

G(m)
k � HDP( � k ; 
 k ; H k ); k = 1 ; 2; � � � ; K ; m = 1 ; 2; � � � ; M

G(m) � HDP( � 0; 
 0;
KY

k=1

H k); m = 1 ; 2; � � � ; M

H k = N � Ga(r0; t0; d0; s0); k = 1 ; 2; � � � ; K (33)

where here (� lk ; � lk ) = � lk . Note that (32) assumes that the latent factors are normally
distributed and have the same distribution at the di�erent t imes. In contrast, (33) charac-
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terizes the distribution of the latent factors using a 
exib le mixture of normals, which can
vary over time, while borrowing information. This borrowin g is accomplished by incorpo-
rating the same mean and variance in the normal mixture components at the di�erent times
through the HDP structure, while also 
exibly clustering la tent factors over time through
favoring allocation to the same mixture component. However, the LPP structure does not
force a latent factor to be allocated to the same component atall times, but allows occa-
sional local switching of components. This is important in 
 exibly characterizing changes
that can occur as a result of the virus.

In the following examples, we also put Gamma priors on� , � and 
 . The model in
(33) is a direct combination of (5) and (32), and therefore the MCMC inference can also
be directly derived based on Section 4.2 and (Fokoue, 2004).Here we only give the main
modi�cation concerning sampling latent variable � (m)

lk .

� Let y (m)�
lk = y l �

P
k006= k B k00� (m)

lk 00 for k = 1 ; 2; � � � ; K ; l = 1 ; 2; � � � ; L m and m =

1; 2; � � � ; M . Sincey (m)�
lk � N (B k � (m)

lk ; diag� 1(' )) , we can sample� (m)
kl from

8
>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>:

p(� (m)
lk j � � � ) / N

0

B
B
B
B
B
B
@

(B T
k diag(' )B k + � �� 1

k(0;� ( m )

0�
( m )
0l

)
)� 1

(B T
k diag(' )y (m)�

lk + � �
k(0;� ( m )

0�
( m )
0l

)
) � �

k(0;� ( m )

0�
( m )
0l

)
;

(B T
k diag(' )B k + � �� 1

k(0;� ( m )

0�
( m )
0l

)
)� 1

1

C
C
C
C
C
C
A

if z(m)
k = 0

p(� (m)
lk j � � � ) / N

0

B
B
B
B
B
B
@

(B T
k diag(' )B k + � �� 1

k(1;� ( m )

k�
( m )
kl

)
)� 1

(B T
k diag(' )y (m)�

lk + � �
k(1;� ( m )

k�
( m )
kl

)
) � �

k(1;� ( m )

k�
( m )
kl

)
;

(B T
k diag(' )B k + � �� 1

k(1;� ( m )

k�
( m )
kl

)
)� 1

1

C
C
C
C
C
C
A

if z(m)
k = 1

(34)

The symbols correspond to those used in (10), where(� �
k(i;j ) ; � �

k(i;j )) = � k(i;j ) . The remain-
ing variables speci�ed in (33) are sampled in a similar manner as in Section 4.2 and (Fokoue,
2004).

6.3 Experimental Results for Gene-Expression Data

The Dengue data considered here is time-evolving expression data, and is publicly available
at http://www.ncbi.nlm.nih.gov/projects/geo (accessio n number is GSE6048). The data
consist of six groups (tasks) of samples measured at six timepoints. The six time points
are 3, 6, 12, 24, 48 and 72 hours after a HepG2 cell is exposed tothe NGC Dengue virus (both
live and heat-inactivated/dead viruses are used). At each time point the transcriptome is
pro�led using biological repeats. The corresponding number of samples at the six time
points are 10, 12, 12, 12, 12, 11. The number of genes in this dataset is 20,160. The
detailed description of these genes can be found in (Fink et al., 2007). In the plots that
follow, the samples are ordered according to their time points, from early to late time. One
question of interest is whether cells with live virus have a systematically di�erent pro�le
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Figure 4: Posterior means for the components of each factor score, as computed via the
sparse factor analysis model in (Carvalho et al.). Di�erent color denote di�erent
time points (tasks), time increases from left to right across the horizontal axis;
\." represents the cell cultures exposed to live virus, and \x" represents the cell
cultures exposed to heat inactivated virus.
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Figure 5: Posterior means for the components of each factor score, as computed via the
sparse factor analysis model with the HLPP prior, where di�erent color denote
di�erent time points (tasks), time increases from left to ri ght across the horizontal
axis; \." represents the cell cultures exposed to live virus, and \x" represents the
cell cultures exposed to heat inactivated virus.
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Figure 6: The average indicator matrix for selecting globalor local clustering via the sparse
factor analysis model with the HLPP prior.
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of changes in the latent factor score distributions over time relative to cells with dead
virus. For factors exhibiting such changes, it is also of interest to identify the associated
genes (i.e., those having loadings not close to zero) and assess whetherthey have known
biological signi�cance. In (Fink et al., 2007), di�erentia l gene expression was noted between
cells exposed to live or heat inactivated virus at 48 hours post exposure onset.
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Figure 7: Pairwise posterior probabilities of two data samples being assigned to the same
cluster for the Dengue data, analyzed using the sparse factor analysis model with
the HLPP prior.

The traditional sparse factor analysis model (FA) in (32) and the sparse factor analysis
model with the HLPP prior (HLPP-FA) are applied to the normal ized gene expression data
using K = 30 factors, with truncation levels J = 50 and T = 50; in (32) all factors � (m)

l
are drawn independently. The hyper-parameters arer0k = 0 for k = 1 ; 2; � � � ; 20, t0 =
0:01, d0 = 4, s0k = 1 for k = 1 ; 2; � � � ; 20, a0 = 0 :1, b0 = 10 � 6, g0 = 10 � 6 and h0 = 10 � 6

. We also place Gamma priors Ga(10� 6; 10� 6) on � and 
 , and Ga(10� 6; 1) on � . These
hyper-parameters were not optimized, and the results are relatively insensitive to most
\reasonable" settings. The results given below are based on10,000 samples collected from
the combination of collapsed and blocked Gibbs sampling, after a burn-in period of 5,000
iterations. Rapid convergence has been observed in the diagnostic tests as described in
(Geweke, 1992) and (Raftery and Lewis, 1992).

23



0 10 20 30 40 50 60 70
-5

0

5

10

15

20

25
Factor 21

Data Index

F
ac

to
r

S
co

re

Data Index

R
an

ke
d

G
en

es

Factor 21

10 20 30 40 50 60

5

10

15

20
-2

-1

0

1

2

3

4

3hr 72hr6hr 12hr 24hr 48hr

(a) (b)

0 10 20 30 40 50 60 70

-10

0

10

20

Factor 5

Data Index

F
ac

to
r

S
co

re

Data Index

R
an

ke
d

G
en

es
Factor 5

10 20 30 40 50 60

5

10

15

20
-2

-1

0

1

2

3hr 72hr6hr 12hr 24hr 48hr

(c) (d)

Figure 8: Two important factors and corresponding top-20 genes via the sparse factor anal-
ysis model with the HLPP prior. These factors are deemed important because
they are characterized by factor scores that exhibit local/distinctive clustering
with increasing time. (a) posterior means for Factor 21, where di�erent colors
denote di�erent time points, time increases from left to right across the horizontal
axis; \." represents the cell cultures exposed to live virus, and \x" represents the
cell cultures exposed to heat inactivated virus; (b) top 20 genes contributing to
Factor 21; (c) posterior means for Factor 5, where di�erent color denote di�erent
time points, time increases from left to right across the horizontal axis; \." rep-
resents the cell cultures exposed to live virus, and \x" represents the cell cultures
exposed to heat inactivated virus; (d) top-20 genes contributing to Factor 5.
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Table 1: Detailed gene description of the top 20 genes corre-
sponding to Factor 21 via HLPP-FA. These genes are highly
correlated with viral infection (per analysis by the �fth au -
thor), and are found to be di�erentially expressed between
the experimental sets in (Fink et al., 2007).

Name Group Description

IL8 NFkB related Chemokine activity, attracts neutrophils, basophils, and t-cells

MDA5 Interferon related interferon induced with helicase C domain 1;IFIH1

HERC5 Ubiquitin related Ubiquitin-protein ligase, cyclin-E binding protein 1

G1P2 Interferon related Proteolysis, interferon-stimulated protein, 15 kDa (ISG1 5)

IFIT3-1 Interferon related Interferon-induced protein with tetratricopeptide repea ts 3

IFIT1 Interferon related interferon-induced protein with tetratricopeptide repea ts 1;IFIT1

ATF3 Interferon related mRNA transcription regulation;Induction of apoptosis

VIPERIN-1 Interferon related Virus inhibitory, endoplasmic reticulum-associated, int erferon inducible

IFNB1 Interferon related interferon, beta 1, �broblast

MX1 Interferon related myxovirus (in
uenza virus) resistance 1, interferon-indu cible protein p78

KRT17 Intermediate �lament;Structural protein

LOC93082 ortholog of mouse lung-inducible C3HC4 RING domain protein

IFIT2 Interferon related Interferon-induced protein with tetratricopeptide repea ts 2

IP10 NFkB related Cytokine and chemokine signaling;Macrophage-mediated im munity

LGP2 Nucleoside, nucleotide and nucleic acid metabolism

OAS1 Interferon related nucleotide and nucleic acid metabolism;Interferon-media ted immunity

VIPERIN-2 Interferon related Virus inhibitory, endoplasmic reticulum-associated, int erferon inducible

OAS2 Interferon related nucleotide and nucleic acid metabolism;Interferon-media ted immunity

CCL5 NFkB related Cytokine and chemokine mediated signaling pathway

I-TAC NFkB related Cytokine and chemokine signaling;Macrophage-mediated im munity

The posterior means of the factor scores, computed for all 30factors via the two methods,
are shown in detail in Figures 4 and 5 (di�erent colors denotedi�erent time points, time
increases from left to right across the horizontal axis; \." represents the cell cultures exposed
to live virus, and \x" represents the cell cultures exposed to heat inactivated virus), from
which we observe that factor 15 via FA and factor 21 via HLPP-FA distinguish between cells
exposed to live virus and cells exposed to heat-inactivatedvirus, with separation between
the groups noted at 48 hours and continuing through 72 hours post inoculation. In addition,
three factors (factor 9, factor 26 and factor 28) via FA and (factor 5, factor 22 and factor 23)
via HLPP-FA change in a correlated manner with time, and seemto be associated with cell
splitting and growth (based upon the associated important genes in the associated factor
loadings). All biological interpretation of these results were performed by the �fth author.

Comparing factor 15 inferred via FA and factor 21 inferred via HLPP-FA, it is clear
that HLPP-FA enhances the separation of the factor scores for cells exposed to live virus
relative to cells exposed to heat-inactivated virus. This is likely because the factor scores
in the FA model are drawn from independent normals, while those in the HLPP-FA model
are drawn from a 
exible mixture of normals. The factor scores associated with factor 21
from HLPP-FA are represented in terms of two clusters at later times, with one cluster
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associated with cells with live Dengue virus, and the other cluster associated with heat-
inactivated virus. Note that this association was inferred from the model, since knowledge
of the di�erent states of the virus was not imposed in the model.

Figure 6 shows the average indicator matrix for selecting global and local clustering
via HLPP-FA, where factors 5, 21, 22 and 23 select local clustering after 24 hours, while
other factors select global clustering. It is deemed therefore that factors 5, 21, 22 and 23
are associated with the idiosyncratic (time-evolving) properties of the virus as well as non-
virus-related cell splitting and growth (perhaps less evident in the expression data before
24 hours). The other factors, that do not evolve with time, are by contrast deemed to be
associated with cell activities (or other aspects) unrelated or weakly related to the virus
nor time evolving properties of the cells (it is important to note that this product is unique
to the HLPP-FA, relative to the model in (Carvalho et al.), pr oviding an important tool
for interpreting the factors). While one may also infer Dengue-related factors from the FA
results shown in Figure 4, one must \eyeball" all the factor scores as a function of time, and
the human must decide which ones are of interest. By contrast, HLPP can automatically
point to the important factors via the local sharing depicted in Figure 6.

Figure 7 plots the posterior probability of two data samples being assigned to the same
cluster for factors 5, 21, 22, 23 and the other factors as computed via the HLPP-FA model.
It is apparent that the clustering structure we �nd in Figure 5 is well represented by the
similarity matrices obtained by the posterior indicators i n HLPP-FA. In addition, note there
are two clusters at 48 and 72 hours for factor 21 (as mentionedabove, one associated with
live virus, and the other with heat-inactivated virus). Thi s means the data from each of the
two tasks are drawn from a mixture distribution rather than a single distribution, which is
the main motivation of the HLPP model (as compared to using the original LPP alone).

The posterior means for factor 21 and factor 5 via HLPP-FA areshown more clearly in
Figure 8(a) and 8(c). By ranking the absolute values of the corresponding factor loading
weights, we infer the top 20 genes contributing to factor 5 and factor 21, with these depicted
in Figure 8(b) and 8(d). Table 1 lists the detailed gene description of the top 20 genes in
Figure 8(b). These genes are highly correlated with viral infection, and are found to be
di�erentially expressed between the experimental sets in (Fink et al., 2007). We now con-
sider a more-detailed analysis on the selected genes shown in Figures 8(b) and 8(d). Many
bioinformatics applications can be used to classify genes represented into categories. One
such program, GATHER (Gene Annotation Tool to Help Explain R elationships) groups
genes by Gene Ontology categories and provides an assessment of how strongly a GO anno-
tation is associated with a particular gene list (Chang and Nevins, 2006). Notably, factor
21 genes cluster in the GO categories of immune response (p < 0:0001), defense response
(p < 0:0001), and response to biotic stimulus (p < 0:0001), as well as response to virus
(p < 0:0001) and regulation of viral life cycle (p < 0:0001). The factor score associated
with factor 5 (similar to factors 22 and 23) evolves in a coherent manner post inoculation,
but it does not discriminate between cells infected with live versus heat-killed virus. Genes
represented in these factors were highly associated with mitosis, the cell cycle and nuclear
division (p < 0:0001), as would be expected as representative of cellular division in cell
culture across time.

For this Dengue data, the combination of collapsed and blocked Gibbs sampling as
applied to HLPP-FA and FA required about 1 and 3 hours, respectively, using non-optimized
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Matlab TM software on a Pentium IV PC with a 2.1 GHz CPU. We found that VB- based
analysis typically yields similar results, but generally MCMC results are more reliable (as
a consequence of the local-optimal nature of the VB solution).

7. Image-Annotation Analysis Application

In the above two examples, since the number of tasks was relatively small, we considered
MCMC inference. To demonstrate the performance of the VB-HLPP formulation, we con-
sider an application with a large number of annotated images. The assumption in this
example is that we are given image-text pairs (annotated images), and we seek to clus-
ter/sort them. Since there are only two modalities (text and image features), and because
the number of samples of each of these modalities may be di�erent for an annotated image,
we adapt the general HLPP model.

7.1 Modi�ed HLPP Model for Image-Annotation Application

In this setting one \modality" corresponds to the words in an annotation/caption, and the
other modality corresponds to features extracted from the image. The model in (5) assumes
that the number of observations associated with the di�erent modalities are the same, and
moreover that the individual samples characteristic of the di�erent modalities are always
observed jointly. We modify this model, such that it is appropriate for the image-text
example of interest here. Speci�cally, let L (m)

1 represent the number of observations for

modality 1 in task m, with L (m)
2 similarly de�ned for modality 2. The model structure for

K = 2 and for L (m)
1 6= L (m)

2 is
(

� (m)
lk = # (m)

lk if z(m)
k = 0

� (m)
lk � G(m)

k if z(m)
k = 1

; l = 1 ; � � � ; L (m)
k ; k = 1 ; 2 ; m = 1 ; � � � ; M

z(m)
k � � k � 0 + (1 � � k )� 1; k = 1 ; 2; ; m = 1 ; 2; � � � ; M

� k � Beta(1; � k ); k = 1 ; 2

# (m)
lk � G(m) jk ; l = 1 ; � � � ; L (m)

k ; k = 1 ; 2 ; m = 1 ; � � � ; M

(35)

The expression# (m)
lk � G(m) jk implies that the kth mixture of parameters is drawn from

the kth marginal of G(m) . The construction of G(m) and G(m)
k is same as that in (5) with

K = 2, and therefore for simplicity it is not repeated in (35). T he model implies that
when z(m)

k = 0 the mixture weights of atoms used for the two modalities are linked, but
not the speci�c atoms associated with a given sample (since the samples from the di�erent
modalities are not explicitly linked, for the number of image and text features are not the
same). The hyperparameters are set such that it is probable that z(m)

k = 0. We note that

the special casez(m)
k = 0 for all k and m corresponds to the assumptions used in (Barnard

et al., 2003; Blei and Jordan, 2003). To distinguish from theHLPP model discussed in
Section 3, this modi�ed model is referred to as HLPP*. The MCMC and VB inference
formulations for (35) are very similar to those given in Section 4, and are therefore omitted
here.
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7.2 Feature Extraction for Image-Annotation Data

Let f x (m)
l1 gL ( m )

1
l=1 denote the image feature vectors in themth task, and let f x (m)

l2 gL ( m )
2

l=1 denote
the corresponding text feature vectors. The image sizes andthe number of objects in these
images may be di�erent; therefore, the number of feature vectors L (m)

k may vary between
tasks and modalities.

For imagery, we employ features constituted by the independent feature subspace anal-
ysis (ISA) technique (Hyv•arinen and Hoyer, 2000). These features have proven to be rela-
tively shift or translation invariant. In brief, the ISA fea ture extraction process is composed
of two steps: i) We employ patches of images as training data,to estimate several inde-
pendent feature subspaces via a modi�cation of the independent component analysis (ICA)
(Common, 1994). The nth feature subspace withn = 1 ; 2; � � � ; N1 is represented as a set
of orthogonal basis vectors,i.e., w nf with f = 1 ; 2; � � � ; C, whereC is the dimension of the
subspace. ii) The featureF of a new patch R is computed as the norm of the projections
on the feature subspaces

Fn (R ) =
CX

f =1

hw nf ; R i 2; n = 1 ; 2; � � � ; N1 (36)

whereN1 is the number of independent feature subspaces andh�i is the inner product. For a
patch of arbitrary size, the extracted feature vector isN1-dimensional. Interesting invariance
properties (Hyv•arinen and Hoyer, 2000) enable the ISA features to be widely applied in
image analysis. (Hoyer and Hyv•arinen, 2000) also discussed how to extract the ISA features

from color images. For the extracted ISA feature vectorsf x (m)
l1 g

L ( m )
1

l=1 , we assume that each

feature vector is drawn from a Gaussian distribution with diagonal covariance,i.e., x (m)
l1 �

N
�

� (m)
l1 = ( � (m)

l1 ; � (m)
l1 )

�
with � (m)

l1 representing the mean vector and� (m)
l1 representing

the diagonal precision matrix, and the base distribution corresponds to the product of a
normal-gamma distributions, i.e. H1 =

Q N1
n=1

h
N

�
� (m)

l1n ; r0n ; t0� (m)
l1n

�
� Ga

�
� (m)

l1n ; d0; s0n

�i
.

The text is modeled in a manner related to (Blei et al., 2003) and (Blei and Jordan,
2003); speci�cally, we let x(m)

l2 2 f 1; 2; : : : ; N2g correspond to an index of thel th word in
the caption for image m, with N2 denoting the number of unique words in all the tasks.
We let x(m)

l2 � Mult( � (m)
l2 = %(m)

l2 ), with %(m)
l2 corresponding to anN2 � 1 probability vector,

i.e. a probability mass function (PMF) parameter. As a conjugate choice, we choose the
base distribution in the annotation model to correspond to a Dirichlet distribution, i.e.
H2 = Dir( %(m)

l2 ; � 0).

7.3 Similarity Measure

For the image-annotation example considered below, we seekto cluster/sort annotated
images, including information from the image features as well as the text. There are many
ways this may be performed, while here we count the relative number of times a given
image-text pair is characterized by speci�c atoms (from the stick-breaking representation
of the above model). Given a VB run, the posterior atom weights for modality k 2 f 1; 2g
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and task m 2 f 1; 2; � � � ; M g inferred via HLPP* are de�ned as

W (m)
k;j = q(z( m ) =0)

L ( m )
k

P L ( m )
k

l=1 q(c0kl = j )

W (m)
k;j + J = q(z( m ) =1)

L ( m )
k

P L ( m )
k

l=1 q(c1kl = j ) (37)

where c0kl identi�es the atom index for sample l of modality k if z(m) = 0, and c1kl is the
same whenz(m) = 1; the function q(�) denotes the posterior probability of the argument. It
is assumed that the stick-breaking representation is truncated such that there areJ atoms
of each type, and henceW (m)

k corresponds to a 2J � 1 probability vector. To measure the
similarity of tasks m1 and m2 for modality k, we de�ne a kernel function

SIM V B (m1; m2jk) = exp
�

� D 2(W ( m 1 )
k kW ( m 2 )

k )
� 2

�
(38)

where� is a �xed parameter (note that the choice of � does not change the order of similar-
ities); D(�k�) denotes the Kullback-Leibler (KL) distance measure. Since the KL distance is
asymmetric, when performing computations this distance isaveraged as [DKL (W (m1 )

k jjW (m2 )
k )+

DKL (W (m2 )
k jjW (m1 )

k )]=2, yielding a symmetric distance measure. Furthermore, although
the atoms have di�erent meanings for di�erent modalities ( i.e., the base measures associ-
ated with each modality are di�erent), we may use the combined posterior atom-weight vec-
tor over di�erent modalities (after normalization) to meas ure the similarity between tasks.
The detailed approach is to substitute W (m)

k in (38) with W (m) = 1
2 [W (m)T

1 ; W (m)T
2 ]T for

m = m1; m2 to get the combined similarity measureSIM V B (m1; m2) (to avoid repeated
notation, the explicit expressions for the combined similarity measure are omitted here).

For a new task f x �
lk gL k ;2

l=1 ;k=1 , we can predict its posterior weight on each atom associated
with each VB run as

Wk;j + i �J /
(1 � i )E[� ]

P L k
l=1 E[! 0j ]f k(x �

lk ; E[� k(0;j ) ])
+ i (1 � E[� ])

P L k
l=1 E[! kj ]f k(x �

lk ; E[� k(1;j ) ])
(39)

where i = 0 ; 1; j = 1 ; 2; � � � ; J ; f k(�) is the corresponding parametric model de�ned in
Section 7.2; and E[A] represents the posterior expectation of the variableA in the given VB
run. Then we can measure this task's similarity with other tasks by (38) or its extended
form for the combined similarity measure. Thus once we have learned the HLPP* model
using one large-scale dataset (essentially learning the set of atoms), we can directly do
clustering for new datasets by the predicted posterior atom-weight vectors. Although the
learning procedure may be somewhat time-consuming, thetesting on new data in the sense
discussed above is fast.

Before proceeding, we seek to provide insight into why HLPP*may provide better
sorting performance for image-annotation pairs than always coupling the text-image atoms
(special case of HLPP* when� k = 0) or always treating them independently ( � k = 1). The
distance measure between any two image-text pairs, as summarized above, basically reduces
to a count of model atoms, and two image-text pairs are deemedsimilar if the associated
atom counts are similar. In the clustering of tasks, the model infers an appropriate set of
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atoms representative of the image features and word counts,with this selection of atoms
playing a critical role in subsequent sorting (since these atoms drive the subsequent atom
counts). If the mixture weights of image and text atoms are always coupled, then there can
be di�culties when the (imperfect) image features are similar for two image parts that are
consistently characterized by di�erent words. However, there are situations in which the
coupling of text features and words adds value, particularly for image features that are only
di�erent in subtle ways (recall modality 1 in the synthesized problem considered above).
If the image features are di�erent in a subtle way, and the words are consistently similar,
then HLPP* encourages the sharing of the subtle image features in a manner consistent
with the words. The HLPP* model therefore accounts for subtle but important di�erences
in the image features, which are disambiguated by the word features, while also allowing
the image and word models to be treated independently on occasion, when the data deems
appropriate.

7.4 Experimental Results

We tested the HLPP* model on a subset of an image-annotation database named \La-
belMe", available at http://labelme.csail.mit.edu/. We e mphasize that our assumption is
that we have access to annotated images, and our objective isto cluster or �nd inter-
relationships between these; we arenot seeking to automatically annotate images. We
select six types of data in this database: highway, building, coast, forest, bedroom and
o�ce. Forty tasks are randomly selected from the database for each type, where half the
tasks are used to learn the models and the rest are used to examine model prediction per-
formance, yielding a total of 240 tasks. Since the original images had much variability in
size, we down-sampled some large images, yielding images ofsize varying from 256� 256 to
300� 400 pixels. To capture textural information within the imag e features, we �rst divided
each image into contiguous 32� 32-pixel non-overlapping patches (more than 20,000 patches
in total) and then extracted ISA features from each patch.

In the following we apply both the MCMC and VB algorithms for H LPP* modeling
of multiple image-annotation data. The hyper-parameters for the examples that follow
are: Ga(10� 6; 10� 6) for � and 
 ; Ga(10� 6; 1) for � ; r0n1 = 0, t0 = 0 :01, d0 = N1 + 2,
s0n1 = 1, %0n2 = 1=N2 for n1 = 1 ; � � � ; N1 and n2 = 1 ; � � � ; N2, where N1 = 40 denotes
the dimensionality of image-feature, andN2 = 147 denotes the number of unique words
with the stopwords removed according to a common stopword list provided by the dataset
website. The DP truncation levels are set toJ = 50 and T = 50. The MCMC results are
based on 10,000 samples obtained after a burn-in period of 5,000 iterations. Convergence
has been observed in the diagnostics tests described in (Geweke, 1992; Raftery and Lewis,
1992). For VB, the algorithm was run �ve times and the similar ity-measure results with
the largest lower bound are selected across these runs, as described in Section 7.1.

We compute the similarity of the posterior atom-weight vectors between any two tasks,
as discussed in Section 7.1. Figures 9(a) and 9(b) present the respective MCMC similarity
matrices on the posterior atom-weight vectors over image features and annotation features
alone, while Figures 9(c) and 9(d) show the MCMC and VB similarity m atrices on the
posterior atom-weight vectors over both imageand annotation features. As shown in Figures
9(a)-9(d), the combined clustering (image and text) outperforms the clustering over separate
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Figure 9: Similarity matrices based on the KL divergences onthe posterior atom-weight
vectors across tasks via HLPP*. (a) MCMC and using image-feature atoms alone;
(b) MCMC and using annotation-feature atoms alone; (c) MCMC and using
both image- and annotation-feature atoms; (d) VB and using both image- and
annotation-feature atoms; (e) � k = 0 ( i.e. independent HDP), MCMC and using
only image features; (f) � k = 0 ( i.e. independent HDP), MCMC and using
only annotation features; (g) � k = 0 ( i.e. independent HDP), MCMC and using
both image- and annotation-feature atoms; (h) � k = 1, MCMC and using image-
annotation feature atoms (Barnard et al., 2003; Blei and Jordan, 2003); where
k = 1 ; 2.
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image-feature atoms or annotation-feature atoms. For comparison, Figures 9(e)-9(h) present
the corresponding similarity matrices across tasks generated using two extremes of HLPP*:
i) � k = 0, and ii) � k = 1, for k = 1 ; 2. We note that case i) corresponds to treating the image
and text features independently in the prior; while case ii) corresponds to the situation in
which the mixture weights of image and text atoms are always the same, as in (Barnard
et al., 2003; Blei and Jordan, 2003). Figures 9(e) and 9(f) only use image features and text
features, respectively; Figure 9(g) uses both of the posterior atom-weight vectors via the
models of Figures 9(e) and 9(f) to yield the combined similarity matrix (as discussed in
Section 7.3).

To provide more-quantitative comparisons, Figure 10 directly compares the correct clus-
tering rates of the above eight methods over categories. In Figure 10 each bar re
ects the
average fraction of the top-19 closest members of each task's ordered similarity list that are
within the same category as the task under test (there are 20 examples in each category;
therefore, this measure examines the degree to which a givendata is deemed most similar
to all other data within the same class, before being similarto data from any other class).
It is clear from Figure 10 that ordering based on atom information from both the image
and text features yields best performance, and generally the MCMC and VB HLPP* im-
plementations provide similar performance. Typical example sorting results are depicted in
Figure 11. Considering Figure 10 more carefully, we note that in some cases using� k = 1 for
k = 1 ; 2 (Barnard et al., 2003; Blei and Jordan, 2003) yields signi�cantly worse clustering
performance than HLPP*, in particular for Building, Coast, Forest, O�ce and Bedroom.
Additionally, in some cases using� k = 0 for k = 1 ; 2 (treating the image and text features
independently in the prior) and employing both of the posterior atom-weight vectors to mea-
sure similarity actually does better than directly couplin g the mixture weights in the prior,
in particular for Coast, Forest, Bedroom and O�ce, with this attributed to imperfections
in the image features and in the annotations.

To demonstrate the prediction performance of the HLPP* model, Figure 12 reports
the correct clustering rates for test data (now based on the average fraction of the top-10
closest members of the ranking list for each data); here we only show the top-10 (rather than
19) because these samples werenot in the training set. From the results shown in Figure
12, we observe that MCMC and VB using the posterior atom-weight vectors over both
image and annotation features achieved good test results for highway, building, coast and
forest categories (larger than 0.85). Since the bedroom ando�ce categories are somewhat
confused in the training procedure, their test results are also not as good as those of other
categories (about 0.75). Nevertheless, these are only clustering results; it is anticipated
that one may design classi�ers based on the posterior atom-weight vectors to improve the
test performance (in future work). In addition, the results using the posterior atom-weight
vectors over image features and annotation featuresalone are also good (see Figure 12).
This demonstrates that our model may also be used for automatic annotation and text-based
image retrieval.

The computation required for learning the models via MCMC is expensive: it required
over 48 hours (for the burn-in and collection period given above), using non-optimized
Matlab TM software on a Pentium IV PC with a 2.1 GHz CPU. By contrast, the VB solution
is much faster, requiring less than 4 hours, with typically about 50 iterations needed for
convergence. For both versions, thetesting on new data in the sense discussed in Section 7.1
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ects the average fraction of the top-19 closest samples that are
within the same category as the sample under test (there are 20 examples in
each category). The ranking is based on the KL divergences onthe posterior
atom-weight vectors. Unless speci�ed, the results are based on MCMC. The
HLPP* results are computed via the posterior weights on image-feature atoms
alone, annotation-features atomsalone, and both image-featureand annotation-
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k=1 are also shown, where� k = 0 for k = 1 ; 2 corresponds to
treating the image and text features independently in the prior; � k = 1 for
k = 1 ; 2 corresponds to the situation in (Barnard et al., 2003; Bleiand Jordan,
2003)
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Figure 11: Typical example sorting results based on VB HLPP*; those for the MCMC
inference are similar. The results are based on the posterior atom-weight vectors
over both imageand annotation features. Each row is for one category. The �rst
column shows one template sample, and the next three columnsshow examples of
ranked sorting results, with the number above the image specifying the closeness
rank order as computed by the KL divergences. The last columndenotes the
�rst sample in the ranking that was in a wrong category.
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is fast (a few minutes in non-optimized MatlabTM ). This is important for online information
retrieval application.

8. Conclusion

We have developed a new hierarchical Bayesian model for hybrid multi-task learning using
the LPP prior (Dunson). The LPP prior can combine global and local clusterings through a
locally-weighted mixture, and therefore it leads to dependent local clustering and borrowing
of information among di�erent modalities. In order to exten d LPP to model multiple in�nite
mixture models, the DP-type local and global components in the original LPP model have
been replaced with the HDP, yielding the proposed HLPP model. This model shares data
across multiple modalities and multiple tasks. Inference is performed via the combination
of collapsed and blocked Gibbs sampling and VB scheme.

The performance of HLPP model has been demonstrated using a simulated example,
gene-expression data, and image-annotation analysis. Compared with independent HDP
models for the di�erent modalities and a completely dependent HDP model for combining
the multiple modalities, the HLPP model has demonstrated improved clustering perfor-
mance. In addition, the HLPP model can provide a smaller estimation uncertainty for most
parameters, which is attributed to proper global and local sharing explicitly imposed within
the HLPP prior. In addition, the developed VB solution allow s relatively fast computation,
which can be used for modeling and sorting large databases, such as the application of the
image retrieval system.
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Figure 12: Using a separate set of data for testing the models, each bar re
ects the aver-
age fraction of the top-10 closest samples that are within the same category as
the sample under test (there are 20 examples in each category). The ranking
is based on the KL divergences on the posterior atom-weight vectors. The re-
sults are computed via the HLPP* inferred posterior weights on image-feature
atoms alone, annotation-feature atoms alone, and both the image-feature and
annotation-feature atoms. The �rst three results are for MCMC inference, and
the last one for VB.
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Concerning future work, there may be other forms of prior information that one may
wish to impose. For example, in the time-evolving gene-expression example, the di�erent
tasks corresponded to data collected at known time points. Typically one might expect the
likelihood of task clustering to enhance as the tasks becomemore proximate. Related ideas
have been considered recently for simpler DP-based models (Ren et al., 2008), and may also
be considered in future work for LPP and HLPP. One may also be interested in addressing
the realistic problem for which the data from a given task is incomplete, in that not all
modalities have been employed for a given task. For the case in which such missing data is
manifested completely randomly, the model presented here may be extended directly.

In addition, there are alternative means by which to implement the basic HLPP con-
struction. For example, rather than employing an HDP prior f or draws of G(m) and Gk ,
one may alternatively employ a nested Dirichlet process (Rodr��guez et al., 2008). In such
a construction the sharing between tasks is more explicit, since one need not always share
the same set of atoms across tasks, as in the HDP.

Appendix A.

In this appendix we prove Property i) of the HLPP model from Section 3:

Proof . If data x (m1 )
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In the above derivation, sincev (m)
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P1 (�;� ) � P 1(�; � ), therefore, Property
1 in Section 3 is satis�ed.

Appendix B.

In this appendix we prove the Property ii) of the HLPP model fr om Section 3:
Proof . Note that
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If � ! 0 and 
 ! 1 , then �(0 ; �; 1 ) ! 0. When � ! 1 and � ! 0, we can simplify the
HLPP model and easily obtain

Pr( � (m1 )
l1k1

= � (m2 )
l2k1

) ! 0; Pr( � (m1 )
l1k1

= � (m2 )
l2k1

j� (m1 )
l3k2

= � (m2 )
l4k2

) ! 6+ 

(2+ 
 )(3+ 
 ) (43)

Thus �( 1 ; 0; 
 ) ! (6+ 
 )=[(2 + 
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 )]. If 
 ! 0, then �( 1 ; 0; 0) ! 1. Since �( �; �; 
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should be a continuous function, Pr (�( �; �; 
 ) 2 S) > 0 for all Borel subsetS � [0; 1].
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