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Abstract

Predicting the thermal signature of a buried land mine requires modeling the complicated
inhomogeneous environment and the structurally complex mine. It is useful, both in checking
such models and in making rough calculations of expected signatures, to have an accurate, easily
computed reference solution for a relatively simple geometry. In this paper a reference solution is
presented for the time varying surface temperature distribution over a homogeneous cylindrical
body (the mine model) buried in an infinite homogeneous half space (the soil model) with a
planar interface. In this work the convection coefficient and air temperature are assumed to be
time invariant and the radiation condition is linearized about its mean value. Using a periodic
boundary condition in time at the planar interface, the temperature distribution in the lower-half
space is expanded in a Fourier series. A volume integral equation for the Fourier series coefficients
is obtained via Green’s second identity, and the Green’s function for the Fourier coefficients is
derived. The solution procedure uses the method of weighted residuals (MWR), in which the
integral equation is reduced to a matrix equation and then solved for the unknown temperature
distribution. The integral equation solution is compared with a finite element method based

model.

Keywords

Thermal infrared imagery, land mines, heat transfer, integral equations, thermal model,
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I. INTRODUCTION

Research in infrared (IR) detection of land mines has been ongoing for several decades,
and those sensors (especially multi-spectral instruments) are considered promising. Al-
though many experimental and empirical studies of IR mine detection have been per-
formed, the physics that define IR signatures are poorly understood. These signatures are
dependent on several factors, including solar insolation, cloud cover, vegetation, surface ir-
regularities, and past meteorological conditions. There is a critical need to understand the
effects of these environmental factors so that detection performance and sensor utilization
can be improved.

Models for IR signatures of buried mines are not well developed, but there has been
progress in modeling related problems. Thermal IR remote sensing of soil provides useful
information for terrestrial studies such as characterizing geological materials, monitoring

effusive volcanism, detecting fractures, and hazard assessment. Thermal IR data can also
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provide valuable information about temporal and spatial variations of soil temperature,
and soil temperature prediction has been widely studied in the literature using both an-
alytical and numerical techniques. Those models are one-dimensional, but they describe
heat transfer at the soil-air interface and various environmental processes that are critical
components of three-dimensional thermal signature models. Watson [1] used a Fourier
series formulation [2] for periodic heating of a surface to obtain an analytical solution
for the temperature distribution in homogeneous soil heated by diurnal solar insolation.
That work included the effects of skylight, atmospheric absorption, thermal radiation, and
thermal conduction in soil. England et al. [3] included the effects of convective heat trans-
fer between soil and air. Kahle [4] obtained a solution of the one-dimensional heat flow
equation, including sensible and latent heat transfer. Watson [5] determined the surface
temperature over a homogeneous layer by using the Laplace transform to obtain a rela-
tion between surface flux and surface temperature. England [6] used a one-dimensional
model to study the radiometric characteristics of diurnally heated freezing and thawing
soils. Liou and England [7] developed diurnal and annual models for freezing and thawing
moist soils subject to annual insolation, radiant heating and cooling, and sensible and
latent heat exchanges with the atmosphere. Liou and England [8] used a one-dimensional
coupled heat and moisture transport model for bare, unfrozen, moist soils. They later
extended the model to freezing soils [9].

Recently, thermal models of IR mine signatures have been described that offer a more
complete understanding of the underlying physics. Sendur and Baertlein [10] used a one-
dimensional analytical thermal model to predict the surface temperature distribution over
a mine. The land mine is assumed to be buried under a layered earth subjected to diurnal
solar heating. The analytical formulation is based on a Fourier analysis of the periodic
phenomenon. Closed form expressions were derived for the temperature distribution on the
soil surface and at depth. That simple analysis confirmed a number of results that are seen
in experimental studies, including the presence of two thermal “cross-over” times, a lag
between the solar illumination and the soil temperature, the attenuation of the signature
strength with depth, and a marked difference in the signatures of thermally conducting

and insulating buried objects.
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In a companion paper, Sendur and Baertlein [11] developed a three-dimensional thermal
model to predict surface temperatures over buried mines. That work is based on the finite
element method (FEM), which is capable of modeling realistically shaped mines and in-
homogeneous soil. Although a FEM approach to the problem appears very attractive, the
accuracy and efficiency of such model bears investigation because of artificial boundaries
required at the surface of the computational volume and discretization of the mine shape.
An accurate and easily computed solution for a relatively simple geometry is desirable
for checking the more detailed FEM models and for making rough calculations of more
complex environments. In this paper we present an integral equation solution for a homo-
geneous cylindrical body (the mine model) buried in an infinite homogeneous half-space
with a planar interface (the soil model). The model presented in this work uses a time
invariant convection coefficient and air temperature. The solution of the volume integral
equation is obtained using the method of weighted residuals (MWR), a technique also
known to researchers in electromagnetics as the “Method of Moments (MoM)”. Although
some derivations in this paper are inspired by work in electromagnetics, no knowledge of
that subject is required here.

This work is organized as follows: Sect. II provides a description of the three-dimensional
heat flow equation, including the convective and radiative boundary conditions at the
soil-air interface. The Fourier series representation of the temperature distribution with
appropriate boundary conditions is also presented in that section. In Sect. III integral
representations for the temperature distribution in the soil and mine are obtained. The
Green’s function for this problem is derived in Sect. IV and subsequently simplified and
converted into a computationally efficient form. The numerical solution procedure for
the Fourier series coefficients of the temperature distribution is formulated in Sect. V.
Numerical results are presented in Sect. VI, and the integral-equation and FEM solutions

are compared. Concluding remarks appear in Sect. VII.

II. FOURIER SERIES COEFFICIENTS OF TEMPERATURE DISTRIBUTION

The physical processes and the heat transfer mechanisms that produce IR signatures of
buried land mines are discussed in a companion paper [11] and will not be repeated here.

The key results are summarized below for the sake of completeness.
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The temperature distribution in the soil and mine is described by the three-dimensional

heat flow equation

0T (r,t)
ot

where T'(r,t) [K] is the temperature distribution, X [W m~! K™!] is the thermal conduc-

C(r) =V - (K(x)VT(r,t)), (1)

tivity of the material, and C' [J m~2 K] is the volumetric heat capacity of the material.
Previous research on thermal modeling of homogeneous soil [1,3-9] has produced the

linearized boundary condition at the soil-air interface

1

0T (r,t)

1
~T(r,t)—
8,2 (r7 )

X, (h(t) +4€0Tg, (1) —

Foun(t) + h(t)Toir (t) +4E0Tyy (1)) (2)

where F,,, is the incident solar radiation reduced by cloud extinction, atmospheric ab-
sorption, soil albedo and the cosine of the zenith angle; Ty, and Tj;, are the sky and
air temperatures, respectively; K, [W m~! K~1] is the thermal conductivity of the soil;
€ [unitless] is the mean emissivity of the surface; o = 5.67 x 1078 [W m~2 K™4] is the
Stefan-Boltzmann constant; and h(t) is a convection coefficient.

In this paper we present an integral equation based solution to Eq. (1). The boundary
condition at the soil-air interface given by Eq. (2) is time-varying. If the convection
coefficient h(t) is approximated by its mean value A, then this boundary condition becomes
a periodic function at the diurnal rate. This approximation suggests that the temperature
distribution 7T'(r,t) can be written as

T(r,t) = io: T, (r)e™m (3)

n=—oo

where w = 27/(86400) [rad s~!] is the radian frequency of a diurnal cycle and T, (r) is the
nth Fourier coefficient of the temperature. Since T'(r,t) is a real quantity, the coefficients
satisfy T, (r) = T*,(r) where * denotes the complex conjugate operator. Substituting
Eq. (3) in Eq. (1) and assuming piecewise constant material properties, the Fourier coef-

ficients of the three-dimensional heat-flux equation can be written as

MTn(r) =0, i =s5m (4)

V2T, (r) — ()

Solar heating is the dominant heat source in this problem, and this fact permits addi-

tional approximations. Replacing T, (t) with its mean value T, and simplifying Ty, in
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a similar manner yields

0T (r,1)
0z

.
K

1 — _
~ T(I’, t) (Fsun (t) + hTaiT + 450‘T;ka) (5)

(E + 45072@) X

By using a Fourier expansion of the solar insolation function

Fan(t) = Y. Fpe™m (6)

the boundary condition for the nth Fourier coefficient can be written as

OT,(r)

5, = aoTy(r) + By (7)

where
a= (E + 480’T§ky) /ICS (8)
/Bn = _(fn + h_Tai'r + 450_7;1]93/) /]Cs (9)

III. INTEGRAL REPRESENTATION FOR THE TEMPERATURE DISTRIBUTION

In this section an integral representation for the Fourier coefficients of temperature in
the lower half space will be obtained for a cylindrical mine with radius py and thickness
7, buried at depth A under a smooth soil surface (see Fig. 1). Homogeneous soil with
thermal diffusivity xs(r) = ks and thermal conductivity ICs(r) = K5 is assumed. The
thermal properties of the mine need not be uniform in the following formulation, and
the position (r) dependence on the mine’s thermal properties will be retained in this

formulation.

A. Problem Formulation

For a mine that is a body of revolution, the problem has rotational symmetry. Therefore,

Eq. (4) can be written as

V2, T3(r) — k2T3(r) = 0 ; resoil
IQ) 7.2 : (10)
Ve T (x) — ky(r)TM(r) = 0 ; r € mine
where
10, 0 0?
2 _ Y (, 2 - 11
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wn

B (12)
) = 2 (13)

In Eq. (10) T}*(r) and T;(r) represent the Fourier coefficients in the mine and soil regions,
respectively.

We employ a standard method [12] of solving the differential operator equation defined
in Eq. (4). Forming the inner product of that equation and the Green’s function G yields

(VoTu(0,2),Glp, 230, 2)) = (V}.G(p, 20, 2'), Tu(p', 2)) + Rp, 2) (14)

where (-,-) is the inner product, which comprises integration over the entire lower half
space. The Green’s function satisfies the equation
5(p—p')
(Vi. —kn)G(p, 250, 2") = —TW —2') (15)
with boundary conditions defined below. The conjunct R is an integral over the problem
boundaries [12, p. 198] and is also defined below. Using the above property of G and the

differential equation satisfied by 7, we immediately obtain

To(p, 2) / dZ/ dp'p'e(p, ) Tu(p', 2 )G (p, 20/, ') + R (16)

In this result z; = h, z9 = h 4+ 7, we have exchanged primed and unprimed coordinates,

and we have defined

(r) — k2 = zwn%:}';()r) (17)

Integration by parts is used to determine R from its definition in Eq. (14). In doing so,

we exploit the thermal boundary conditions, namely that temperature is continuous
T (xr =1ps) = T (r = Ims) (18)
and thermal flux is continuous

K VT™(r) = K, VT (r) (19)

r=rms r=~rms
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where r,,; denotes any point on the mine-soil boundary. The following result is obtained

00 22 }Cm ) !
R(p,z) = —/ o' 2% (p, z; p', 0) + po dZ’f’”(p,z;po,Z')O—%)
}Cm I7
+ / dp'p <8m (p,z; 0, @)(1—%)
Ko
in which
. ' ) oG VAN
Z(pud.d) = S(pud.?) -T2 LI 1)
i ;o ’ ,an; pll’zl
Flpud ) = Glpzp,)2mll?) (22
ap 1 /
p'=p
] 8T“’ /]
Sz 2) = Glozi ) L) (29

In Egs. (21)-(23) the subscript ¢ can be s or m, which refer to the soil and mine, re-
spectively. By selecting the following boundary condition for the Green’s function at the

soil-air interface
oG (p, 2 p',2')
0z

the integral representation for the temperature distribution 7}, (p, z) in the lower half space

=aG(p,z; 0,7 (24)

can be obtained as

Tu(p,z) = —/ dz' /”Odppcp T™ (0, 2)G(p, 7 0, 2')
_ Bn/o dp'0'G(p, z; p's 2" = 0) + po : dzlf'm(p,z;po’z’)<1_%(:az,)>
b [T (5700020 (1 - )

Equation (25) is an integral relation from which one can determine the temperature distri-
bution anywhere in the lower half space by integrating the temperature distribution over
the mine. If (p, z) is a point within the mine, this relation is a Fredholm’s integral equation

of the second kind for the unknown mine temperature distribution. In the absence of the
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mine, i.e., for a homogeneous half space, the first, third, and last terms in Eq. (25) vanish

and the temperature distribution can be found directly from

Ta(ps 2) = —Phn /0 dp'p'G(p, 20,2 = 0) (26)

The Green’s function for Eq. (25) is derived in Sect. IV. The numerical solution procedure

for Eq. (25) is presented in Sect. V.

B. Alternative Interpretation

An alternative view of the problem offers a physical interpretation of the expressions
derived in Sect. III-A, and it permits analysis of mines containing media that are not
piecewise constant. The key mathematical tool in this work is the volume equivalence
theorem for the heat transfer equation. The volume equivalence theorem is widely used in
electromagnetics [13-15] to determine the scattered electromagnetic fields in the presence
of a material body in a homogeneous environment.

The original problem comprises a buried mine with thermal properties ,,(r) and ICp, (1)
in homogeneous soil with thermal properties k4(r) = K, and ICy(r) = Ks. A new equiv-
alent problem can be defined in which the mine is replaced by homogeneous soil and an
equivalent heat source Q(r) as shown in Fig. 2. The temperature anomaly due to the
inhomogeneity can be viewed as being generated by a so-called “induced” source Q(r),
which is proportional to the temperature distribution in the inhomogeneous volume. The
derivation is well known in electromagnetics, but somewhat involved. Using Eq. (3) in

Eq. (1) and the properties of the divergence operator, we obtain
K(r)V*T,(r) + VK(r) - VT, (r) — iwnC(r)T,(r) = 0 (27)

Dividing both sides of Eq. (27) by K(r) we get

V2T, (r) + VK’C(S) VT, (r) = k*(r)T,(r) =0 (28)
where
() = ione ) = K2+ (B20) = K)o (1) 29
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where k2 and k2(r) are defined in Sect. ITI-A and

Ui = 1 T ET (30)
0 ; resoil

Substituting Eq. (30) into Eq. (28) and rearranging the terms yields
V2T, (r) — k2T, (r) = Q(r) (31)

where Q(r) is the fictitious heat source. This is given by two terms
Qr) = Qu(r)+ Qs(r) (32)

where

Q(r) = c(r)Tn(r)Unine(r) (33)
Q,(r) = -VK’fg) VI(x) (34)

The quantity ¢(r) in Eq. (33) has been defined in Sect. III-A. Also note that

()
- (1 - %”)6( — ) (ule) (o - ) )2

(1 - %ﬁ"z))w cm(ue ) ) (9

where v is the unit step function. Eq. (31) can be manipulated to yield a volume integral
equation, which can be solved for the unknown, induced heat source. Using this induced
heat source, the temperature distribution in the lower half space can be found by inte-
gration. This volume formulation can be conveniently used to treat any inhomogeneous
material, not just the piecewise constant media discussed here.

Applying Green’s second identity to the functions T, (p,z) and G(p, z; o', 2') with a

source distribution Q(p, z) in the mine gives
22 po
T(p2) = = [ d [ ddpQp, )G (p, 2, )
21 0

v [ [Tnmz)va(p,z;p',z')—G(p,z;p',z'WTn(p,z) dS(36)
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where T" denotes the boundaries (at the soil-air interface and at the mine) and 7 is the
unit normal on those boundaries. Using the definitions of the boundaries, Eq. (36) can be

written as

To(p,2) = —/ dZ/ dp'pQ(p', )G (p, 25 0, 2') /dp 'Z%(p,2;0,0)  (37)

Equation (37) can be transformed into Eq. (25) by selecting the boundary condition for
G as given by Eq. (24).

IV. GREEN’S FUNCTION

The Green’s function G is the solution of the heat transfer equation for an internal point
source of heat. When G is known, a solution for an arbitrary source can be obtained via
Eq. (25). In this section a Green’s function will be derived, which satisfies Eq. (15) with
the boundary condition on the soil-air interface given by Eq. (24). In addition to this
boundary condition, the Green’s function must have a finite value for G(p = 0, z; ¢/, 2')
and must vanish as p — oo and z — oco. In Sect. IV-A the derivation is presented. In
Sect. IV-B the Green’s function is simplified and transformed into a more appropriate

form for numerical evaluation.

A. Derivation of the Green’s Function

The Green’s function is easily derived in the spectral domain. Taking the Hankel trans-

form [12]

flk,) = /0 2 o(k,2) f(z)dz (38)
of both sides of the Eq. (15) we obtain
82 ~ ;1 / !
(@ - (k2+k2)>G(kp,Z;p,Z) = —Jo(k,p')0(2 — 2') (39)

where G(k,, z; o, 2') is the Hankel transform of the Green’s function G(p,z; 0/, 7). In
obtaining Eq. (39) the differential equation for the zeroth order Bessel function was used.
The solution of the ordinary differential equation given by Eq. (39) with the boundary

conditions at the interface can be obtained through well known methods. We can show
G(k,,,z /' Z) 1 xp(—\/k%+k§z>)[exp (,/kfl+k3z<)
To(kpp') 2, [k2 + k2
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+70(kn, kp, ) €Xp ( — /K2 + k§z<)] (40)

(o ko 0) ,/k%-i—kg—a (1)
T ny Kpy, O) = 1
e J2 k2 +a

where

The inverse Hankel transform, given by

fla) = /0 "k, do(k,2) f (k) dk, (42)

yields the desired result
0 k
Glp,zp,7) = /0 dkaO(k”p,)JO(kpp)Wﬁ exp (— /K2 + k225
n o
X lexp (,/k% + kgz<) + ro(kn, kp, @) €xp ( — k2 + kgz<)] (43)

B. Simplification of the Green’s Function

Numerical evaluation of the Green’s function given by Eq. (43) is computationally chal-
lenging. The integral in Eq. (43) is similar to the Sommerfeld integrals [16], which have
been studied extensively in the physics and electromagnetics literature. The major diffi-
culties in the computation of these integrals can be summarized as follows:

« For large argument x, the function Jy(x) oscillates rapidly, leading to slow convergence.

e For |z —Z/| < 1 or (z+ 2') < 1 the exponential terms in the integrals decay slowly,

again producing slow convergence.
Straightforward manipulations ameliorate some of these problems. The quantity ro(ky, k,, c)

can be expressed as

2a0
rolkn, ky, ) =1 — ——— 44
ol b @) =L e e “y
and, hence, the Green’s function can be expressed as
G(p,2;0,7) = Gilp,z0,2) + Galp 20, 2) + Gs(p, 20, 2) (45)

where
Y _ o ! kﬂ /1.2 2
Gl(pa Z’pVZ) - /O dkaO(kpp)JO(kpp)Q k%—{—k% eXp<_ kn+kp(z> _Z<)) (46)
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o0 k
Golp i) = [ ol Vo) s exp (— R+ KRz + ) (47)
0 2\/kZ + k3

/ ! * / k
Gs(p. 25 0,2") = _a/o dkyJo(kop') Jo(kpp 2

)\/kg R R
exp (— /K2 + k2(z + 7)) (48)

Employing the multiplication identity for the zeroth order Bessel functions used by John-

son [17]
, 1 for
Tollkyp)Jolkyp) = 5= [ Tolkypr)do (49)
where
pe =P + P2 — 200/ cos ¢ (50)

and changing the order of integration we can rewrite Egs. (46) and (47) as

1 2r 0 k
A A ! 4
Gilp.0,2) = g [ 8 [ dkplhp) s e (= R F (e = 20) (51)

n P
1

2m o0 k
GQ(,O, 2; ,OI, Z’) = E/O d¢’/0 dl{)pJ()(k'p,Ot)\/k27pW exp ( — Hk% + k%(z + 2,’/)) (52)
n Ty
Using the following identity [12]

exp(—kvr2+228) e o exp(=|zVE? +77)
/77“2_’_'22 _/0 v 0(77’) /k2+72

permits Egs. (51) and (52) to be simplified to

p(iknRm)

dy (53)

. ex
) = d¢' =1,2 4
Gulp,zp ) = [T dg =R m=, (54)
where
R, = \/p'2 +p2—2ppcos P + (z — 2')? (55)
Ry, = \/p'2 +p2—2ppcos P + (z + 2')? (56)

Similarly, substituting Eq. (49) into Eqs. (57) and changing the order of integration we

obtain

. % 2
G3(pazap ) Z) = —5= dQSIGs (57)

2w Jo
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where

00 k ,
I, = | dkpJokop) Y w;’%kgw) exp (= +R(+2))  (59)

We can express this in another form as suggested by Kuo and Mei [18]. Multiplying both
sides of Eq. (58) by exp(—a(z + 2')) and differentiating with respect to z + 2’ yields

0(Ig, exp(—a(z + 2')))
d(z + 2')

~exp(~a(z+2)) [ dk,
kP 2 2 !
Jo(kppt)m exp (—\/k2 + K2(2+2)) (59)

The integral in Eq. (59) can be evaluated using Eq. (53). After integrating both sides with

respect to z over appropriate limits, /¢, can be written as

o exp(tk, R
loy = exp(—a(z +2)) [ TP oo ayac (60)
z+2' 3
where
Ry = \/p'2 + p2 — 29 pcos ¢' + (2 (61)

Using Egs. (54), (57), and (60) in conjunction with Eq. (45) we obtain the final form of

the Green’s function as

2n - exp(ik,Ry) 2r - exp(ik, Ro)
o= | def——2 d¢) ———=

o (tknRs)

2 o exp
_ _ !
27 Jo d(b eXp( CV(Z T2 )) /2+z’ dC R3

exp(—aC) (62
The last integral in Eq. (62) has infinite integration limits, but the integrand is a rapidly
decaying function for typical values of «, and it is well approximated by an integral over
a finite domain. When the source and observation points approach one another, we have

R; — 0, and the Green’s function has a well-known integrable singularity. The treatment

of this case is discussed in Sect. V-B and Appendix A.

V. NUMERICAL SOLUTION PROCEDURE

In this section we describe a numerical solution procedure for the integral equation
in Eq. (25) to obtain the Fourier coefficients 7*(r). Our approach is to solve for the

temperature 7™ within the mine, which can be used to evaluate Eq. (25) for the Fourier
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coefficients at the surface. The time history of the temperature is then found by evaluating
the Fourier series.

We employ the MWR in this work. As noted above, the electromagnetics community has
developed an extensive body of knowledge on MWR solutions of integral equations in the
temporal frequency domain under the guise of the so-called “method of moments” (MoM).
The MoM discretizes the integral equation into a matrix equation, the solution of which
is obtained using standard methods. Following the pioneering works of Richmond [19]
and Harrington [20], an extensive literature has developed on this procedure, and good

summary references are also available [21-23].

A. Matriz formulation

The solution of the integral equation using the MWR begins with a representation of
the unknown temperature distribution over the buried mine using specified expansion
functions and unknown coefficients. The problem at hand imposes constraints on these
functions. The integral representation of the temperature distribution given in Eq. (25)
requires both the temperature and its derivatives with respect to p and z. We employ
expansion functions A(p, z) that are linear in p and z, viz:

M N

T (p, 2) = Z ZAm,nAnm(pa z) (63)

m=1n=1
where M and N are the number of divisions in the z and p directions, respectively. This
representation yields a continuous, piecewise-linear representation of 7" and a piecewise
constant form for its derivatives.

A sample discretization of the buried mine with N = 4 subdivisions in the p-direction
and M = 3 subdivisions in the Z-direction is illustrated in Fig. 3. The thermal properties
over each subsectional basis function are assumed constant and taken into account in the

constant ¢, ,, which can be defined as

Cmn = ¢ ((Pn + Pn-1)/2, (2m + 2m-1)/2) (64)

where ¢ was previously defined in Eq. (17) and the indexed values p, and z,, are the sub-

section boundaries. By substituting the approximate temperature distribution of Eq. (63)
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into the integral equation Eq. (25), we obtain

. M N
Bn/o dp'p'G(p, 20,2 =0) = — Z Z Apn [Amn (p; 2)
m=1n=1
+Cmn / / dZ’dp’p’G(p,Z;p’,Z’)Amn(p’,Z’)]
M
+ oY AmN/dZ'G(p,z;p’ = po, 2') -
m=1
d Ko (po, 2')
— Ay (P, 2 (1_ 7’>
dp[ (IO Y Z) }Cg
N
+ ZAMn/dp’p'G(p, zp 7 = z) -
n=1

e, 1= Kl:20)

dz! ICs
N
- ZAln/dp'p’G(p, zp 2 =)
n=1
d ;o K:TH(plv Zl)
im0 2) (1 - T) (65)

To complete the formulation, we express the left-hand side of Eq. 65 using the summation
in Eq. (63), multiply both sides of Eq. (65) by testing functions w,,»(p, z) and integrate
over the mine. Various testing functions have been used in the literature. Galerkin meth-
ods are known to be optimum in the least-square sense, but for integral equations they are
also computationally expensive in terms of matrix-fill time. To reduce the computational
cost, we have employed a point-matching technique. The result can be expressed as a
linear system of equations

ZA=V (66)

for the constants A,,,, which we represent by the matrix A. The kernel of the integral
equation appears in Z which we refer to as the “impedance” matrix. Solving Eq. (66)
using an appropriate technique yields the unknown coefficient vector A, which can be used
to compute the temperature distribution over the buried mine via Eq. (63). If desired,

the temperature distribution everywhere in the lower half-space can be computed using

Eq. (25).
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B. Impedance matriz, source vector, and singularity extraction

In this section evaluation of the matrix Z is discussed. Rows of this matrix have indices
derived from the (p, z) expansion functions indexed by m and n, with a similar relation
for the columns involving p’ and 2’. To make the notation more concise, we use the index
p to refer to a particular point (p, z), which we denote (pn,, 2m,) With a similar convention
for p' and 2’ using ¢. In general, Z,, involves integrals of the form

/ gy / " A0 G gy 2y 052V (0, ) (67)
Zmg—1 Prg—1
where f(p, z) is a continuous (at most linear) function of the arguments. Consider first
the off-diagonal matrix elements Z,, with p # q. For this case, the testing point (pn,, Zm,)
is not in the integration domain and the Green’s function is a smooth function. In this
case Zp, can be directly evaluated by numerical methods.

For the diagonal matrix elements Z,,, however, the testing point (p,,, zm,) lies in the
integration domain. This results in R; — 0 which causes a singularity as R;*. Conse-
quently, an integrand regularization technique (e.g., singularity extraction) is necessary in
numerical evaluation of the integrals. Singularity extraction techniques are widely used
in MoM solutions in electromagnetics for both surface and volume formulations [24-27].
Techniques for bodies of revolution have also been studied [28,29], which are now described.

In brief, calculation of the diagonal elements requires that the singular parts of the
integrand are evaluated separately by analytical methods. A careful examination suggests
that the singular part of the Green’s function G(p, z; p', 2’) is due to function Gy (p, z; ¢/, 2'),

which leads us to write

27 1
ol — IR A r -

where f(p, z) is a smooth function and

exp(ik,Ry) — 1
47TR1

Gip =)= [ dd (69)
1 »~ I 0

The function GE(p, z; ', 2') can be integrated numerically. For small elements a Taylor
series expansion of the integrand yields
lim GR(p, z;p,2) = i (70)
R0 1 » sy M 2
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The remaining singular integral in Eq. (68) has one of the following forms

Ic(ﬂl,Pu;¢la¢uézl,Zu) P
Pu Zu u
Lipnpuidnduaz) | = [ dido [ “dz [ dg'-
ol 2] ]
Iz(plapu;¢la¢u;zlazu)

1
1
, g (71)
\/p2+p2—2p’pcos¢’+(z—z’)2 /
2

Evaluation of these functions is discussed in Appendix I.
Singularity extraction is not necessary in evaluating the source vector elements V,,, since

G(p,z;p',2') is evaluated at the testing point zp,, > 0 while 2’ = 0.

C. Surface Temperature Distribution

The numerical procedure described in Sect. V-A yields the Fourier coefficients of the
temperature distribution within the mine. The temperature distribution over the soil
surface z = 0 is found by using Eqgs. (3) and (65). The procedure offers some challenges.
When z = 2/ = 0, the exponential factors in Eq. (62) are eliminated, leading to slow
convergence. It is shown in Appendix II that an approximate but accurate and efficient

form for the Green’s function is

]. 27T .kn . .
Gloz=0:7. 7 =0) = = [T ag P g ik I (ikp)
m™Jo Pt
o 2 exp(iknp) o 2 pK i (=iknpy)
I AN A A P n 72
21 Jo ¢ 1k, 47 Jo ik, (72)

The Green’s function representation given by Eq. (72) is used to evaluate the third term

in Eq. (65) when the observation point is on the soil surface.

VI. RESULTS

In this section numerical simulation results are presented to compare the three-dimensional
modeling capabilities of the integral equation solution with those of the FEM based so-
lution. Additional results comparing these methods are given in a companion paper [11],
where we considered several cases including a circular TN'T-filled anti-tank mine simulant

of diameter 20 cm and height 7.5 cm buried 4.5 cm under a perfectly smooth soil surface.
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In this work, consider the simple case of circular cylinder of diameter 20 cm, height 7.5 cm,
and depth 4.5 c¢m filled with a good thermal insulator (styrofoam).

An important parameter of this problem is the required number of harmonics in the
Fourier expansion given by Eq. (3). The forcing function of this integral equation is
the solar insolation function Fj,,(t), the Fourier series of which is dominated by its first
term. Therefore, we expect the temperature coefficients 7}, to be rapidly convergent. Our
numerical simulations support this expectation. An example Fourier harmonic distribution
is given in Table I. Based on our numerical experiments, we kept the first five Fourier

harmonics in the expansion given by Eq. (3).

TABLE 1

FOURIER HARMONICS OF THE TEMPERATURE DISTRIBUTION AT A POINT OVER THE MINE

Harmonic # T, |Ta|/ T
1 2.5351 + 53.8669 1

2 0.3582 4 71.3392 0.2998
3 0.0042 + 50.0945 0.0205
4 0.0140 — 70.1289 0.0280
5 0.0059 — 50.0248 0.0055
6

7

—0.0058 + 70.0120 | 0.0029
—0.0043 + 70.0094 | 0.0022

Figure 4 shows the surface temperature over the center of the mine as a function of time.
The FEM results are compared with those obtained via the integral equation method.
The results show good agreement between the codes. In the second set of results, we
investigated spatial variations in the surface temperature, by plotting the temperature
along a cut through the center of the mine. We present the temperature at times that
correspond to maximum signature contrast. Figure 5 illustrates the spatial distribution
results. The FEM and integral equation models show good agreement. The integral
equation solution took about 2 hours on a 300 MHz Pentium II machine. Most of this

time is used to fill and factor the Z matrix. The FEM solution took about 1 hour 40

August 13, 2001 DRAFT



IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. XX, NO. Y, MONTH 2001 20

minutes in the same machine. No significant attempts have been made to optimize either

code.

VII. CONCLUSIONS

An integral-equation has been formulated for the temperature over a buried land mine.
Using the approximations of a time invariant convection coefficient and air temperature,
and linearizing the radiation boundary condition about its average value, the case of
periodic (diurnal) solar heating leads to a Fourier decomposition of the time variation.
The integral equation for each Fourier component of the temperature distribution was
solved using the method of weighted residuals. The resulting model provides a reference

solution for a relatively simple geometry, which can be used to check more sophisticated

FEM-based models.

APPENDIX
I. ANALYTICAL TREATMENT OF THE SINGULAR INTEGRAL

In this appendix we evaluate the functions I., I,, and I, which were introduced in
Eq. (71). Singularity extraction is required in the evaluation of these functions if the
testing point lies in the integration domain. The boundaries of this integral and the
location of the singularity are illustrated in Fig. 6.

Consider a small volume around the singularity. Such a volume can be defined by the
cylindrical coordinates p € (p —€,,p+€,), ¢ € (¢ — €4, 0 +€3), and z € (2 — €,, 2 + ¢,).

Figure 7 demonstrates the top and side views of this volume. The functions can be written

as
I.(p1, p2; 0,2m; 21, 29) [ I.(p1,p2;0,2m; 21,2 — €,) ]
Ip(p17p2;0a 27?;21,22) = Ip(ﬂl,Pz;U,QW; 21,2 — €z)
L. (p1, p2; 0, 2; 21, 22) i L. (p1, p2;0,2m; 21,2 — €) i
[ I(p1, 020,272 + €5, 2) |
+ I,(p1,p2;0,2m; 2 + €, 22)
| Lo(p1,p2;0,2m5 2 + €5, 22) |
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I(p1,p — €;0,2m2 — €,, 2 + €,

+ I(p1,p—€,;0,2m;2 — €,, 2 + €,

P+ € p2; 0,22 —€,,2 + €,

)

)

L(p1,p—€;0,2m; 2 — €,,2 + €,)
)

P+ € p2;0,2m 2 — €, 2+ €,)

)

AP+ €, p2:0,2m52 —€,,2 + €,

(
(
(
(
(
(
(P — € pt€p€s,2M — €452 — €,, 2+ €,)

+ | L(p—€p,pt€;€5,2m — €432 — €5, 2+ €,)

| L(p—€p,p+ €p5€4, 2T — €432 — €2, 2 + €;)

[ Iging

+ | Isms (73)

sing
L Iz

where 159 [ ;ing’ and I are integrals of the singular kernels in the small volume.
The first five terms on the right-hand side involve no singularities and can be calculated
numerically. The limits of the integrals in Eq. (73) can be better visualized with the aid
of Fig. 7. The volume of the singular region is calculated as

ahee L [PT yy [

Viing = / dz / o [ de' = 8peyese, (74)

2—€y p—¢€p —€¢

The singular region can be approximated by a small sphere centered at the singularity

with a radius of
6 3
Tsing = <_p6p6¢€z) (75)
T

which provides an equal volume. Assuming € = €, = pes = €, the integral functions I5™9,

I59, and I3 can be calculated as

X Tsin ’ ™ 2 1 3
[ = /0 ’ 2y /0 df sin 0 /O dé' = = 2(6y/7)° ¢ (76)
. Tsin, ’ ™ 2m "si 0 3
e = /0 " 2dr! /0 dfsin 6 /0 dqﬁ’% =2¢(p(6v/7)* + 7€) (77)
X Tsin ’ ™ 2 !
5m = / o er'/ df sin0/ dqb'r CT(:S b_ 2me (78)
0 0 0
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II. GREEN’S FUNCTION WHEN THE SOURCE AND OBSERVATION
POINTS ARE ON THE SOIL SURFACE

When the source and observation points are on the soil surface, i.e., z = 0 and 2z’ = 0,
the Green’s function given by Eq. (43) can be simplified as

kp

N _ o / -k
G(p,z=0;p,2'=0) = /0 dkaO(kpp)JO(kpp)\/m+a (79)

Without the exponential factors, this integral converges slowly. The following approxima-

tion is valid for small «

1 1 1
JE+E+a R s

1 o a? a?
2\ T3 2+l€2+k2_ 3 (80)
N JE2+ k2 Rtk (k%+k§)2
Substituting Eq. (80) into Eq. (79), employing the multiplication identity for the zeroth
order Bessel functions given by Eq. (49), and changing the orders of ¢ and k, integrals we

obtain

1

2m o
Gz =02 =0) = o [ dd [ dkpdolkop)

k

k‘

_ / dk J() ka)JO(kpp) k2 + k2

042

27 oo k-
+—/ d¢’/ dk, Jo (ko pr) —— 0
21 Jo 0 P 0(pt)<k%+kg)g

a3

27 o0 k-
- — do' dk,Jy(k - r 81
27r/0 ¢/0 ool ”pt)(k;z;mg)z &1

The k, integrals in Eq. (81) can be evaluated in closed form [30-32], leading to

1 o= ik, . .
G(p,z=0;p,2'=0) = 2—/ d(b’w — aKo(=iknps)Io(—iknp<)
mJ0 Pt
o 2w exp(iknp) o i K 1 (—iknpy)
@ expliknpr) _ o7 [*7 1o n 2
27T/o d¢ 1k, 47 ¢ ik, (82)

where Ky, K_1, and I are modified Bessel functions.
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Fig. 1. A cylindrical mine with radius py and thickness 7, buried at depth A under a smooth soil
surface. The Fourier series coefficients in the mine and soil regions are represented with 7 (r) and T:3(r),

respectively.
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Fig. 2. Volume equivalence for heat transfer equation. (a) The original problem, in which a buried
mine with thermal properties k,,(r) and X, (r) is present in homogeneous soil with thermal properties
ks(r) = ks and Ks(r) = Ks. (b) The equivalent problem, in which the mine is replaced by homogeneous

soil and an equivalent distributed heat source Q(r).
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Fig. 3. An example discretization of the buried mine with 4 subdivisions in the p-direction and 3

subdivisions in the 2-direction
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Fig. 4. The surface temperature distribution over the center of a cylindrical mine using the integral

equation solution and a finite element solution.
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Fig. 5. The spatial dependence of the surface temperature distribution: (a) When the mine signature

has a maximum negative contrast, (b) When the mine signature has a maximum positive contrast.
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Fig. 6. The singularity point and the boundaries of the singular integral.
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(b)

Fig. 7. The small volume around the singularity (a) Top view. (b) Side view.
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