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Multilevel Fast-Multipole Algorithm for Scattering
from Conducting Targets Above or Embedded in a
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Abstract—An extension of the multilevel fast multipole algo- targets in principle, but memory requirements and computation
rithm (MLFMA), originally developed for targets in free space, time become excessive.

is presented for the electromagnetic scattering from arbitrarily There has consequently been significant interest recently in

shaped three-dimensional (3-D), electrically large, perfectly . .
conducting targets above or embedded within a lossy half SIDace_the development of a new generation of fast algorithms to cover

We have developed and implemented electric-field, magnetic-field, the range of frequencies for which the above computational
and combined-field integral equations for this purpose. The tools are inappropriate and for which high-frequency asymp-
nearby terms in the MLFMA framework are evaluated by using  totic techniques (e.g., PO, GTD, and UTD) are not applicable
the rigorous half-space dyadic Green'’s function, computed via the or are difficult to implement. For example, the fast multipole

method of complex images. Non-nearby (far) MLFMA interac- .
tions, handled efficiently within the multilevel clustering construct, method (FMM) was extended to the case of electromagnetic

employ an approximate dyadic Green’s function. This is expressed fields by Rhoklin and his colleagues [14]. More recently, Chew
in terms of a direct-radiation term plus a single real image and colleagues have implemented the FMM [15] and extended
(representing the asymptotic far-field Green’s function), with the it to a multilevel framework [16], resulting in the multilevel
image amplitude characterized by the polarization-dependent fast multipole algorithm (MLFMA) [17]-[20]. The MLFMA

Fresnel reflection coefficient. Examples are presented to validate h b d | d f lectric-field tic-field d
the code through comparison with a rigorous method-of-moments as been developed tor electric-neld, magnetic-neld, an

(MoM) solution. Finally, results are presented for scattering from combined-field integral equations for both perfectly conducting
a model unexploded ordnance (UXO) embedded in soil and for a [17]-[19] and dielectric targets [20].

realistic 3-D vehicle over soil. The FMM and MLFMA exploit a particular expansion of the
Index Terms—Fast algorithms, method of moments (MoM), nu-  free-space Green'’s function [14], [15], [21] and therefore, virtu-
merical methods, scattering. ally all implementations to date have been relegated to the case

of targets in free space. There have been layered-medium results
presented for the case of two-dimensional (2-D) scattering [22],
as well as quasi-planar three-dimensional (3-D) problems in cir-
LECTROMAGNETIC scattering from surface and subeuit and antenna design [23]. The difficulty of directly applying
surface targets has constituted a problem of long-tetne FMM/MLFMA formalism to general 3-D layered-medium
interest. Considering numerical modeling of such problemsioblems resides in the fact that the layered-medium Green's
there has been interest in integral-equation [1]-[3] and difunction is a dyadic, each term of which is represented in terms
ferential-equation [4]-[6] based methods. Investigators hagea generally complicated Sommerfeld integral [8], [24]. One
considered method-of-moments (MoM) [1]-[3], [7]-[9] anctan use the complex-image technique [25]-[27] to represent
finite-element method (FEM) [6], [9], [10] solutions. The prineach term of the dyadic in terms of a sum of images, generally
cipal focus in the context of time-domain differential-equatiofvcated in complex space. Therefore, in principle, one can apply
solvers has been the finite difference time domain methade fundamental FMM/MLFMA expansion to each term of this
(FDTD) [4], [5], [11] and more recently, the multiresolutionexpansion. However, we have demonstrated [28], [29] that for
time domain method (MRTD) [12], [13]. Each of these numethe general case, the convergence (for complex image points)
ical techniques has its relative strengths and weaknesses, igrisften considerably slower than when source and observer are
each is applicable to relatively small targets (with characterisiigreal space. This mitigates the attractiveness of the underlying
target dimensions small relative to a few wavelengths). Theigmalism.
are many applications for which the target may comprise alargein [28], [29], we therefore developed an approximate
number of wavelengths, for example, scattering from vehiclaseans of handling the dyadic half-space Green’s function,
trees, and large unexploded ordnance. The aforementiongth application to the FMM. In particular, the near FMM
MoM, FEM, FDTD and MRTD algorithms can handle sucherms are evaluated via the use of the exact dyadic Green’s
function, the latter evaluated efficiently via the complex-image

I. INTRODUCTION
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the following, each component of the approximate Green’s
function is expressed in terms of the direct-radiation term plus
radiation from an image source in real space [28]-[30]. The
former accounts for the radiation of currents into the medium in
which it resides, while the latter accounts for interactions with
the half-space interface. The above approximation exploits the
fact that the near interactions are most sensitive to accurate
Green’s-function evaluation, while the far interactions should
be less so (the far interactions within the MLFMA formalism
are always at least about half a wavelength apart [17]-[20]).
Therefore, the half-space MLFMA presented here differs from

cube at
level y=3

cube at
level y=2

cube at
surface

the free-space MLFMA [17]-[20] in several ways. First, the level y=1
nearby interactions are handled rigorously through use of the €111
complete dyadic half-space Green’s function, since these are i €2,
likely to be most susceptible to approximations in the Green’s tarset

function. For far interactions, we utilize the standard MLFMA surface

clustering, with the interactions between such constituting the
aforementioned direct radiation contribution. Finally, a separate
set of image clusters, at real spatial positions, constitute the
reflected component of the radiated fields. As is well known,
the free-space FMM has @¢/2) memory and computational
(CPU) requirements (per iteration) [14], [15], whekeis the Figif. 1. Multilevel clustterin_g in 3_ID' MLFMAt and genter?lizaftion_ tto fa
number of unknowns for representation of the target, whi,1 oranao s ronment using feal fmages o account or far nieriace
the free-space MLFMA reduces these further taNQV)

[17]-[20]. With the above construct, the real images introduce a

new set of source clusters, and therefore, the algorithm requif@$Vve (i.e., target in layer= 1) or buried (i.e., target in layer
slightly (typically about 20-60%) more memory and about = 2) in a lossy half space (Fig. 1), we utilize the CFIE [9],
twice the computation time compared to the free-space versibh/]

However, the computational complexity of ®(g/V), both in

RAM and CPU (per iteration), remains unchanged. - [aE"(z) +ni(1 — )i x H"™(z)]
The half-space FMM presented previously in [28], [29], =t [—aB*"(z) + n;(1 — a)J(x) — (1 — )7
which uses the aforementioned scheme for the efficient x H**(z € ST)] (1)

evaluation of the dyadic half-space Green’'s function, em-

ployed an electric-field integral equation, which limited itSyjth the scattered fields (inside half spacén which the target
applicability somewhat, due to possible interior resonancgsocated) given by [8]

for closed targets [9], [17]. In the work presented here, we

therefore extend our previous work to an MLFMA formalism, . ) = VV - , o
employing electric-field (EFIE), magnetic-field (MFIE), andZ™"" (2) = —jwp [I + ?} // Gaii(z, ') - J(2') dS
combined-field integral equations (CFIE), the latter eliminating ’ 5

interior resonances [9], [17]. _ //IH{ B N (e dS'
The remainder of the paper is organized as follows. In Sec- I i@, ) - Ja)

tion 11, we present our MLFMA formalism for surface or buried 5

perfectly conducting targets. The model is validated in Section + .V // Kéi,(:v, YV’ - J(z')dS’ (2a)
I11-A through comparison with results from a rigorous body-of- Jwe; )

revolution MoM algorithm [1], [2]. In Section IlI-B and Section o

I11-C, we present several results for realistic targets of interest#$°°* (z) = V x // Gii(x, o) - J(x')dS’. (2b)
the remote sensing community. In particular, we consider scat- S

tering from large buried unexploded ordnance (UXO) and scat-

tering from a realistic 3-D vehicle above ground. Memory anBihe unit vectorsi and¢ are perpendicular and tangential to
computational requirements for the half-space MoM, FMM, artie scatterer surface, respectivetyis on andz € St is an
MLFMA are compared. Finally, conclusions and suggestiofgfinitesimal distance outside the (closed) target surfage=

for future work are discussed in Section IV. el —jo; Jw, u;, andk; represent (in general complex) the permit-
tivity, permeability, and wavenumber of the medium in which
the target resides, andis the angular frequency (with a time
dependence expuwt assmLmed anstuppressed). Details on the

Green'’s function dyadic& 4;; and K 4,;, as well as the scalar
For solving the problem of scattering from an arbitrarilyGreen’s function’; have been given by Michalski and Zheng
shaped 3-D, perfectly electric conducting (PEC) target situatad[8], where we use their formulation C. The CFIE in (1) is

Il. THEORY

A. Integral Equation and Half-Space MoM Formulation
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valid for a more general layered medium [8], but here we onhear singularity extraction, is done similar to the MoM liter-
consider the half-space problem for simplicity. ature [7], [31], [32]. The dyadic half-space Green’s function
The CFIE (1) includes the electric-field integral equatiois evaluated rigorously using the method of discrete complex
(EFIE, @ = 1) [9], which must be solved for an open targetimages [25]-[27], thereby avoiding direct numerical evaluation
and the magnetic-field integral equation (MFiE,= 0) [9] as of Sommerfeld integrals [8], [24]. Impedance matrix elements
special cases. To avoid the possible spurious interior resonamegsesenting these near interactions are stored in a sparse
of the EFIE and MFIE solutions [9], we typically choosen matrix called £"““"]. The method of complex images and
the range of« = 0.2-0.5 if analyzing a closed target. It hagxplicit equations for the MoM impedance matrix elements can
been proven [9], [17], that the CFIE with< « < 1 eliminates be found in the literature, and therefore, we do not repeat the
the effects of interior resonances. details.
In the conventional MoM solution, the unknown surface cur-
rent.J is expanded into a set 6f basis (expansion) functionsB. Free-Space and Half-Space MLFMA

b, (x') The half-space dyadic Green’s function can be split into a

term I g; representing the “direct” radiation between source
- Z Luby(z') (3) and observation point (as in free space, but using in general a
complex wave numbek;) and a remaining dyadiaG 4;; ac-
éﬁ:untmg for interactions with the interface (i.e., hexds not

where we use the triangular patch Rao—Wilton—Glisson (RW operator) [8], [28], [29].

basis introduced in [7]. Testing the CFIE (1) with a set
weighting (testing) functionae,, («) tangential to the target G’4 (z, =) :?g‘(x ') +A54u(w ')

surface results in N linear equations
— C_Jk |z—= |
2] I=V (4) =1 TG (D)

47l'|:c—:t:|

for the unknown coefficients,,,. The elements of the driving  \ynile the dyadic AGA” needs some further inves-
vectorV (representing the incident field “tested” on the targ@ﬂganon (see below), thefree-spaceFMM [14], [15] or
surface) and the impedance matri] [are given by [14], [15], \LFMA[17]-[20] can be applied to the “direct” term, with
[17] only minor changes due to the (in general) lossy background.
‘ ‘ The free-space=MM and MLFMA are based on the addition
= // wy (x)-[o B (x) +ni(1—c) nx H'™(x)] dS (5) theorem [14], [21], leading to the (propagating) plane wave
representation [14], [15], [21]

and gi ('1"7 '1"/)
e dkilz—a’|

o VV _
nn’ —aleZ// // wn |: k,2 :| o 47T|1:—:l:/|

—7k;
J // —Jkk($ mm)TL(k Xrn mo k X’rn rn)

22

GA”(.’L' ) by (x )dS’dS—i—ml—a/wn

i C—I—Jkﬂ: (1: —z,.7) ko (Sa)
bn/(.’l,') — ‘fl X V X / GAii(-'l'-v ""./) (Ii' Xrn ms k Xrn rn)
= Z 2l + 1 h(2)(k X'rn 'rn) -Pl(k X’rn ’rn) (8b)

by () dS’ ds ©)
zCST Xrn,’rn = Xrn,’rn,/Xrn’rn = Xrn,’rn, / V Xrn,’rn, N Xrn,’rn, (8C)

of the scalar Green'’s function. The distance vedtos x — x’/
r;gs been subdivided into a vector from the source pditt the
ﬁgnterxmf of a “source group,” a vector from an “observation
n%roup ' center,,, to the observation point, and a vectoX ..,

respectively.

In an MLFMA analysis (Sections [I-B and II-C), we divide
the computation of interactions into near and far terms, wh
it must be emphasized that for far interactions, basis
weighting functions do not have to be in each other’s far zo
but rather, these terms are handled by exploiting a plane Wé‘\p@nectmg the group centers (Fig. 1, where in this Section II-B,
spectral representation of the free-space Green’s functiofy W.”.te”.l = M, mo= ey, and Xy, = Xm%mv for
(which requires that basis and weighting functions are ‘,fg,llmpllﬁcatlon)
enough” apart _[14], [15], [19], bqt not n_ecessanly inthe farp _ .7 _ (T—%m)+Xmrm— (& =) = Xpom+d. (9)
zone, see Section 1I-B). For near interactions (MoM part of the
MLFMA), the evaluation of the impedance matrix elements Details on the convergence of the addition theorem [14], [21],
(6), including the proper handling of self-term singularities anesulting in approximate formulas for the minimum numler
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of terms needed for a desired accuracy, can be found in the dlividual basis functions within a source group into a common
erature [14], [15], [19] for a real wavenumbkr = kq. In the centerz,,s (aggregation). The spectral componeﬂ,afa/(l})
case of a lossy background (e.g., soil) more terms are requiegd then shifted individually to the common cenigy, of a
[29]. Therefore, in our implementatioi, is determined adap- group of weighting functions using the operat@rs (transla-
tively for a predefined minimum separation of the group cetion). Finally, the plane waves are weighted according to the
ters, the latter typically chosen in the rantyé d,,,,x—2 d.x,  receiving patternWma(lAc), including the redistribution of the
whered,,,.x IS the maximum group diameter. For groups situfields from the common center to the location of the weighting
ated closer together, the interactions are included in the spdisections (disaggregation).

matrix [Z"*"] (Section 1I-A). A more detailed discussion was For a half-space FMM/MLFMA, it is essential to include the
given in [29]. We should also mention that for all examples ieffects of the far interface interactions. Ir{1_)the complex-image

Section Ill, the upper limitL in the series expansion has beeﬂechnique, each component of the dyadi€ 4;; is expressed
determined to provide an error of less than 1% in the underlyif®terms of a sum of free-space Green’s functions with image
addition theorem [14], [21]. For the efficient numerical evaluasgrces located in complex space [25]-[27]. Therefore, in prin-
tion of (8a) over the solid angler4 a Gaussian quadrature intecjple, the expansion (8) (which remains valid for general com-
gration with K" = 2L? plane wave direction is applied [14], plex source points [21]) could also be applied for far interface
[15], although more efficient quadrature rules are available [3%hteractions. However, we have shown recently [28], [29], that
Toincorporate the expansion (8) into a fastalgorithm for the ithe number of terms L required for convergence can be prohibi-
erative solutionofthe matrixequation (4), the scatterer surface Rggly |arge for general complex source points, undermining the
tobe partitionedfirstinto groups. Whileinthe single-stage FMMafficiency of using (8) for far interface interactions in the con-
one level ofi/ ~ /N groupsis applied [14], [15], the MLFMA teyt of the discrete complex-image technique.
firstenclosesthe objectinalarge cube ofedgeledigthdthenthe | 28] and [29] we therefore described an alternative (though
cube (or subcube) is recursively divided into eight smaller cubggproximate) formulation. While the half-space dyadic Green’s
until the edge lengtil/2¢ at the finest levely = gis approxi- function is rigorously accounted for in the near interaction ma-
mately halfawavelength[17]-[20] (Fig. 1). Only informationforyix, far interactions are often less sensitive to approximations in
thenonemptycubesisstoredusingtree-structureddata. Therefgy& Green’s function [28]-[30]. The FMM has been successfully
the memory and computational costs depend on nonempty cupggnded to the scattering from a PEC object above or buried in
only [17]-[20]. In the following, basis/weighting functions num-3 haif space by employing the asymptotic form of the Green’s
bered globally as(m, «) = 1--- N arealso labeled accordingfynction [30] for far interactions. The asymptotic form of the

to a group (cube) indexe = 1---M and an additional index Green’s function is represented utilizing a singtal image at
a = 1--- A, within each group (cube). For a specific MLFMA

. . I —2zz]-2' (assuming the interface at= 0) with its polariza-
levely, t.hese variables willbe denotedras, M., vy, andA., , Eion dep]endent magnitude given by the reflection dyadic [30]
respectively.
Using the expansion (8), the elements of theinteraction
impedance matrix (i.e., fakK,, ., sufficiently large) in the con-
text of a free-space scattering problem can be written as [17]

F(k) = hh Ron(k) + [‘f _ m;} Rowi(k)

Lo axhk
o with o = 222 (13)
Lt = % // Wrna(i‘:) y TL(kinn’rnv I; ) Xrn’rn) |Z x k|
(47) yhd Therefore, in addition to the accurate calculation of the half-
"B.., ,(,AC) P2k (10) space dyadic Green’s function in the near interaction matrix
e [Z7°*"] (Section 1I-A), the half-space MLFMA only requires
Bm,a,(ig) = F - i;];;:| // B (o () the. definition of a sing.le_set of real image sources (_Fi_g. 1),
J ’ which can be handled similarly to real sources. Generalizing the
) o free-space MLFMA [17]-[19] to a half-space MLFMA is now
. o tikik (& —2,0) g6 (11) straightforward. Besides some additional operations in the ma-
o trix-vector product (Section 11-C), the preprocessing stage has
W (k) = [I - ];];} . // W,y (m, o) (T) to include calculations of the translation operators
o TL(kZ rl:l’rn? i‘: ) X:/n’rn)
. C—jkiis:-(a:—a:m) ds L b
~ = (_J)l(2l + 1) ]7’52)(]%)(71:1’771) ‘Pl(k : Xrn’rn) (14)
=+ (1 — Oé)k X // n X Wy (m, a) (.’L’) =0
S between image cube and observation cube centers for all nonn-
' e*j’“f’;'@*wm), S (12) earby cubes at all levels, as well as the Fourier transforms

where (11) and (12) represent the far-field radiation pattern of Bl (k) = [I - kk} : {I - 224 // by (v, ar) (&)
the basis functions and weighting pattern of the testing func- 57
tions, respectively. Thus, the expansion (8) is first used to trans-

. . . tinik [?—222} (&' —#,,)
late each plane wave component of the field radiated by the in- e

ds’ (15)
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of the image expansion functiofid — 233] - by (&), where Buwvas(E) andBY,.., (k) of the basis and image basis function,

X, ., is a vector from the image source group cemtgr to respectively
the observation group center (Fig. 1), and the dyddie 22z At
accounts for the relative orientation and location of the image 35::) (ky,) = Z Lty o) BE::)Q, (kx,)
expansion functions, respectively. g ol =1 e
. 9
Before proceeding, we should add a few comments on the ,
. ; : . . m, =12 -, M,
image sources and their respective clustering. One might argue for Kﬂ —1 9 K (16a)
=12 - K,

that we could includall sources (i.e., sources and real image
sources) in a single big box, to which we could then applhe plane wave expansions at all remaining levels are obtained
the conventional free-space MLFMA (with general complensing shifting and interpolation [16], [17]. The interpolation
wavenumber). However, each image magnitude depends ongtep is necessary because the required number of plane waves
plane-wave direction (or, equivalently, on the relative locatioR., at the coarser leve} is larger than the number of plane

of source and observer). This is in contrast to the behav@gvesle at levely + 1. Therefore, the expansiorséf:,)

of the sources in a free-space MLFMA. Another interestinge first interpolated (using a sparse interpolation ma## [
issue arises from a comparison of the outgoing plane waygcording to a third-order Lagrange interpolation) and are then
expansions in (11) and (15). Some reductions in computatioRgitted to the cube center at the coarser leyeind finally, the

complexity and memory are possible when computing an@ntribution from all child cubes is added
storing only one set of vectors, although this approach has not

been included in our numerical implementation up to now. SEZ) (ic,.@.,) = Z e_jkfk"v @ _imi,+1)
' child

C. Matrix-Vector Product in Half-Space MLFMA Cu‘;fil

The MLFMA accelerates the solution of the integral equation : Z Wi ki SE,I:Q)H (/As,.@.,+1 )
(1) by reducing the complexity of the required RAM and the K1 =1 ’
CPU needed for a single matrix-vector multiplication in an iter- y=g—1,---,2,1
ative conjugate gradient solution of (4) [34], [35] from &X) ford ml, =1,2,---, M, . (16Db)
for the MoM to O(VIgN) for the MLFMA [17]-[20]. We inves- Ky =1,2, - K,

tigated several iterative solvers, including the standard conju- ) .
gate gradient method operating on the normal equation (CGN),! Ne sécond sweep calculates the incoming plane wave expan-
the biconjugate gradient (BiCG), the biconjugate gradient so"S at the finest level = g, starting with a direct calculation
bilized (BICGStab), the conjugate gradient squared (CGS), afdthe coarsest level = 1 and then recursively going to finer
the transpose free quasi-minimum residual (TFQMR) methoﬁ%’els using shifting and anterpolation [16], [17]. At the coarsest

[34], [35]. The latter three have the advantage that they only p&fv€l thé incoming plane wave expansions with phase reference
form matrix-vector productéZ] - I, while the CGN and BicG 2t the cube centers are given by

methods also require the prod{&’ - I with the adjoint (i.e., g, (ke )=
conjugate transpose) matrix. Interestingly, for the problems we™* "~ - o

investigated up to now, the CGN method was often the best S T, (ki X ms s By Xty ) S (i, )

choice (see [36]), at least without a preconditioner. However, < 47y (k; XY, | k., .X:’n,ml)‘;’(icm) -s%, (k)
while the reduction in the number of iterations inthe CGNwhen '~ ™ v ' '

using a block-diagonal preconditioning scheme [19], [35] was  for { my=1,2,--, M (17a)
moderate, we observed a significant speedup in the BiCGStab, rr=1,2, Ky

CGS, and TFQMR, typically reducing the number of iterations (ko) =
by a factor of two to four. 9 (K, . . N
Following the discussion in [17] for the free-space Th(kvi-xmi,mw ki, 'Xmi,nm)smi, (kx.)
MLFMA,we briefly summarize the basic steps for per- 1 7 e =i v (1
. . . 7 +T, k7-X 7 5 k’q . X'rn’ m kKM . 7 kKM
forming the matrix-vector produgt = [Z] - I in the half-space ™% <Pm- i Ty N )T ) - (Ric)

MLFMA (the adjoint-vector produciZ]t - I can be derived in K.
a similar way, if needed in the iterative solver). It consists of Z MWM_W!IW_I(’A%_J
two sweeps and a final weighting by the plane wave expansion I ’ ’
of the testing functions. Ak, (@, )
For a given vectod, the first sweep calculates the outgoing e =12 - M
plane wave expansions (i.e., the radiation patterns) of all for{ ﬁ:: 1’ 27---7KJ (17b)

nonempty cubes at all levets = 1---g, where the number
K, = 2L§ of plane waves necessarily increases with increasimghere D,,,. denotes all cubes well-separated (far) from cube
cube dimensions [14], [15], [17], [19] (i.e., it increases whem., at levely (but not well-separated at the parent leyel 1).
going from the finest levely = ¢ to the coarsest leve} = Theincoming plane wave expansions at successively finer levels
1). While the outgoing plane wave expansions at the finegtare given by a contribution from all well-separated cubes at
level ¢ are calculated directly using the radiation patterrthis level (but not well-separated at the parent level) and the
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contribution from well-separated cubes at the parent level, t

. b . . 5 prre T T ; ; ; 80 ..
latter calculated using shifting and anterpolation as describec el o g
- > P e am o oo e o &
[16], [17], where the factors,., are the weighting coefficients 008 e (O%) —er0w 170 F
oftheK, = 2L§—pointGaussian quadrature integration applie = 175F “-\ - (5;%:7) -------- &' Sg;)) 60 i
< by —o g (10%) - g, (10%
at levely. _ _ Z isof b —eergy (15%) " (15%) 5
Finally, the resulting vectog = [Z] - I of the matrix-vector S g, (20%) g 20%) 30
multiplication is given by 6 125 R 1
&) 100 F 1 3 i
Un = Un(my, ay) n o
N N o 15 F |||
whiki . e ! | !
= ZLe+ [ Woos® g, 0y E sob £
n/=1 47 g 25k "‘;%.‘
N ik K, A N e LT 5
YLy > W, W, () “0 100 200 300 400 500 600 700 800 900 1000
n/=1 (47r) Kg=1 frequency [MHz]
G, (ki) forn=12 .- N (18)

Fig. 2. Frequency dependent permittivity (real and imaginary part) of Yuma
where the first term accounts for near interactions (utilizing tif@il for different water content (percentage by weight) [37].
sparse matrix£"**] introduced in Section II-A). Far interac-

tions, i.e., the second term in (18), are included by an apprsf-the soil representative of soil samples taken from Yuma, AZ
priate weighting (applying the receiving pattern of the weightinig7]. The soil electrical properties over the frequency range of
function and a Gaussian quadrature integration) of the incomiitgerest are shown in Fig. 2 as a function of water content by
plane wave expansion with phase reference at the cepteof  percentage weight. We consider plane-wave excitation and all
the cube in which the weighting functian, is located. scattered fields are computed in the far zone. Results are shown
As can be easily seen, the first and second sweep requisethree target types, each of interest to remote sensing. First,
approximately twice the number of operations compared toa consider scattering from a perfectly conducting cylinder over
free-space MLFMA, and the final (and computationally less irx half space, with the cylinder axis normal to the half-space in-
tensive) step (18) is unchanged. Therefore, the number of opeiface. Such rotationally symmetric targets, which give rise to
ations needed for one matrix-vector product only increases byi@cross-polarized backscattered fields [38], are convenient cal-
factor of about two compared to the free-space MLFMA. Whilgyration targets. The accuracy of the MLFMA for this target is
the same is true for the calculation of the translation operatorsjgrified through comparison with results computed via a MoM
the preprocessing stage (Section 1I-B), the increase in CPU fgorithm specialized to the case of a body of revolution (BOR).
calculating the Fourier transforms of basis and weighting fungve next consider scattering from a buried missile-like target, of
tions is even smaller (only about 50%). There is only one addliterest for the detection of buried UXO. In that example, we
tional set of Fourier transforms (15) for the image basis fungempare the MLFMA results to MoM and FMM solutions. Fi-
tions but none for the weighting functions. Only the numbetally, we consider scattering from a vehicle-like target, of in-
of operations required for the evaluation of the sparse mattgsest for military remote sensing. Due to the large size of that
[Z"*"] does (in general) not scale with a factor of two (or lesshrget, we do not have separate MoM results for comparison,
compared to the free-space MLFMA, depending on the numbsgithough the previous two examples are meant to validate the
of complex images needed for an accurate representation of flzéuracy of the MLFMA. We have found that (for closed tar-
half-space dyadic Green’s function. Nevertheless, for large scgéts) conjugate-gradient convergence is significantly improved
tering problems the CPU time for the iterative solution oftepy use of a CFIE formulatiorjs-a-visan EFIE or MFIE-based
dominates, and therefore an overall increase in the CPU timeg@lution. This is in addition to the other salutary properties of a
the order of two was observed in most of our calculations rel@FIE (no interior resonances [9], [17]). Therefore, all MLFMA
tive to the free-space case. Before leaving the theoretical partefputations employ the CFIE formulation.
this paper, it should be mentioned also that the increase in RAM
is always less than 100% (typically on the order of 20-60%). Cylinder Over a Half Space
compared to the free-space case. An additional set of translatio

operators (14) and plane wave expansions of the image b?ﬁjsset in Fig. 3. The cylinder is 3 m long, has a diameter of 1 m,

fur?rcé'(;)rf]sr(tlhse) ?uasrtsgemjtc;.r;%g m:m:g'aauzg]eT?:g% ?(; "Shd is situated 20 cm over the soil interface. Electromagnetic
qui P ! Jisu ged. ' scattering from this target can be analyzed via a specialized

the overall complexity in RAM as well as CPU (for one SteR/IoM solution tailored to a BOR [1], [2]. The BOR-MoM

migiﬂ'f[ig}/_e[zsg]lver) remains B(gV) like in the free-space provides a gqod model for comparison to the MLFMA, becau;e
' the BOR basis functions are entirely different than the RWG tri-
angular patch basis functions [7] employed in the MLFMA. In
particular, the BOR solution exploits the rotational symmetry of
All results are presented for perfectly conducting (PEC) tathe target-(half space) composite, expanding both the Green’s
gets in the presence of a half space, with the electrical propertiesction and surface currents in a Fourier-series representation.

'Consider a PEC cylinder situated over a half space, as shown

Ill. RESULTS
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35 e —————— interesting issue involves reciprocity, from which we expect the

ok o YVBOR-MoM vV MLEMA a VH and HV scattered fields to be identical. This is due to the
. - HV BOR-MoM - - - P specific incident and (bistatic) scattering directions used in this
= HH BO 3

example, even though this is not true for the general bistatic
case. Above, approximately15 dBsm (about 45 dB below
the maximum copolarized RCS), reciprocity is satisfied well.
However, below—15 dBsm there is a noticeable difference
- between the VH and HV scattered fields. Interestingly, this
q does not appear to be a problem associated specifically with
3 the MLFMA, since it is in very good agreement with the
e T | 1 BOR-MoM results for both cross-polarized fields considered.
S ;{ ' E We therefore attribute the errors in satisfying reciprocity to in-

i iy

2 FOOUOUTR. STTOUIL U0 SRUORTOO /00 [AOOTT ATOOY accuracies in computing the Green’s function. The BOR-MoM
180 150 -120 90 €0 30 0 30 €080 120 130 180 model employs the method of complex images [25]-[27] for
azimuth angle g, [deg] for 8., =60 . . . . . . .
all (expansion function)—(testing function) interactions, while
o3RGS of sucti inder of heiht 300 S 100 the MLFMA uses this same technique for the near interactions
(slgé inset andomaeggninulgitgl;r.lgl)c);ilt%a?erzc? Zoeé%tabovgrguanr:a slcir]oeftiz)% Wg. ere_C_tlon I1-A). I.n the complex-image technique, W.e fit each
content (see Fig. 2). A plane wave is incident frém. = 60° (i.e., 30 from Individual dyadic component of the spectral-domain Green'’s
grazing) ands;,.. = 0°. The figure shows the bistatic RCS fér... = 60° function to an exponential expansion with complex arguments,
o hous a1 o1 oAy S oty o e s the fit achieved via a least-square Prony's method [39] We
computed via a rigorous BOR MoM (EFIE) [1], [2]. tfﬁerefore set a predefined acceptable relative error between the
exact and Prony representation of the spectral Green'’s function,
with that error set to 1% in all our computations. Small errors
Consequently, the BOR solution is characterized by a curréftthe expansion give rise to the errors in Fig. 3, manifested in
expansion along the generating arc onlg;a-visthe MLFMA, the cross-polarized RCS. Nevertheless, the results demonstrate
which employs 3-D triangular patches to cover the whole targ@tdynamic range of approximately 45 dB, with the significant
surface. The MLFMA basis functions are expanded at a rate@Pss-polarization errors occurring primarily at angles for
about 10 per wavelength, while for the purposes of providinghich the VH and HV RCS are very small.
a benchmark reference solution, the BOR basis functionsWe note that for a sampling rate of 20 basis functions per
are expanded at a rate of 20 subsectional basis functions wawrelength along the generating arc, the BOR-MoM results re-
wavelength along the generating arc. In these examples gueted in Fig. 3 required 101 MB of RAM and about 70 min of
BOR-MoM results employ an EFIE [1], [8], while the MLFMA CPU time (these numbers reduce to 26 MB and approximately
employs a CFIE. 18 min for ten expansion functions per wavelength). By compar-
In Fig. 3, we consider operation at a frequency of 600 MHison, the MLFMA required 548 MB and nearly 90 min of CPU,
which implies that the target is six wavelengths long, constit a sampling rate of ten basis functions per wavelength, with
tuting a relatively large target, electrically. In particular, th&oth the BOR-MoM and MLFMA computations performed on
MLFMA solution is characterized byvn = 15519 unknowns a SGI R10000/195 MHz processor. This raises an interesting
(548 MB of RAM), for which we employ a four-level solution. question: For specialized targets such as the BOR in Fig. 3,
The incident plane wave direction is fixed @t,. = 0° and whenisitbetter to treat scattering with a specialized BOR-MoM
6:.. = 60°, and the bistatic RCS is observedégt,; = 60° code versus a more general but also highly efficient MLFMA
for all ¢s.q:. Note that atps..: = 0°, the results correspondscheme? In the BOR-MoM computations of Fig. 3, azimuthal
to backscatter, for which the cross-polarized fields vanish fatodese™™? with m ranging fromm = 0 tom = 12 were
this rotationally symmetric target [38]. In addition to noting themployed, based on the empirical relation in [2]. As the fre-
very close agreement between the BOR-MoM and MLFMAuency increases, the number of azimuthal modes required in-
solutions, several other interesting observations can be gleaneshses, and the BOR-MoM formalism becomes less efficient.
from these results. In particular, the results presented here Brenerical experiments have revealed that when the frequency
for soil properties characteristic of Yuma soil with 10% wateof operation is increased above 1 GHz (see Fig. 4), the MLFMA
content (see Fig. 2). For such, the Brewster angle correspob@somes faster than the BOR-MoM solution. Such issues are
to approximately 68.8(for lossy soil, there is no exact Brew-addressed in greater detail in the future.
ster angle). The plane-wave incident angle considered her& he results in Fig. 3 considered bistatic scattering at a single
is close enough to 68 8hat very good soil penetration (andfrequency. To address the performance of the MLFMA as a
therefore little reflection) is achieved for vertical polarizationfunction of frequency, in Fig. 4 we present backscattered RCS
This explains why the HH response is considerably larger théor the incident angles considered in Fig. 3. The MLFMA
its VV counterpart, the dihedral response of the latter beirsgnd BOR-MoM employed a sampling of approximately ten
reduced significantly by soil penetration. basis functions per wavelength (recall that the MLFMA and
Before proceeding, we consider the cross-polarizati@OR-MoM solutions are characterized by distinct basis-func-
results in Fig. 3. As expected, the cross-polarized fields aien types). As above, the BOR-MoM employs an EFIE, while
considerably smaller than their copolarized counterparts. Ame MLFMA is based on a CFIE formulation. We see in Fig. 4

bistatic radar cross section [dBsm]
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Fig. 4. As in Fig. 3, but plotting thenonostaticRCS as a function of Fig. 6. Required RAM and overall CPU time (on SGI R10000/195 MHz)

frequency. The discretization was fixed to abouO, for both the MLFMA  for bistatic RCS calculations as in Fig. 5 (polarimetric RCS matrix for 1800

and the body-of-revolution MoM. Af = 1000 MHz the MLFMA usedV =  scattering angles), for the frequency range 100-1000 MHz (corresponding to

42 873 unknowns, five levels, and a total of 1.57 GB of RAM. N = 309-28539 unknowns) using MoM (with LUD), FMM, and MLFMA.
The CPU time for the MoM solution fof > 600 MHz (V > 10 653) has been
extrapolated.

the latter two calculated using an EFIE. Note that, although the
UXO target is rotationally symmetric, the target-(half space)
composite in Fig. 5 is not, and therefore cannot be modeled
with the BOR-MoM software. Consequently, both the MoM
and FMM computations employ the same triangular-patch basis
functions as the MLFMA model. Using the coordinate system

bistatic radar cross section [dBsm)]

shown insetin Fig. 5, the plane wave is incidentgt. = — 90°
‘ andé,,. = 60°, and the bistatic fields are observedat,; =
D OVEIMOM — VMMM VI MIPMA 60° and all¢,.q:. Due to bisectional symmetry, the cross-polar-
© HVMoM ---HVFMM ~-HVMLEMA | ized fields should vanish at,.,; = £90°. From Fig. 5, we see
Lol s+ HHMoM ----- HHFMM -----HH MLFMA . . . .
Leveenl N Lo that the three solutions are in good agreement, for all bistatic

-90
-180 -150 -120 90 -60 -30 O 30 60 90 120 150 180

azimuth angle ey [deg] for 8,y =60° angles considered. We also note that, with Figs. 3 and 4 for

comparison, the scattering of such a buried ordnance is quite

mall at the frequency (600 MHz) considered, underscoring the
Fig. 5. Bistatic RCS of a model UXO (cylinder with hemispherical endcapz. q y( ) ' 9

of length 153 cm and diameter 40.6 cm (see inset). The model UXO is buri gﬁcu“y of radar-based sensing of such targets. However, in a
Lﬂ (;(umalsoil of tSZr)] v;itgelre c;négr;tl a(;see thigth 2 v:)t(?stgﬁ dteg‘geetn Z;;rgrggm ?tu; Eynth(fetic aperlturtla radar (SAR)I mode:1 [37], the addition of signa-
yz-plane, a ; Z-axis ¢ . tures from multiple positions along the SAR aperture may pro-
Sfiﬂ“;go: az,ij 2 fi?d;hnii ;SG'OSOP,{,TSES( fir ngygﬁgggtkﬁ;v‘f}nfzesig‘”,ﬁfsh vide a sufficient signature in the image for target detection. The
in Fig. 6), assuming a plane wave incidengat. = — 90° (in theyz-plane) MLFMA will be used in the future to perform such phenomeno-
:A”SF"MAC Es?g-ggf;gig?g; f‘l’;\xf’s'\)"c(gjgngrgi'f% ';'\r"e'\é' (using EFIE), and|ggjcal studies as a function of target type, soil type, system
9 pared. bandwidth, aperture length, target orientation, and depression
angle. Such a comprehensive set of data is difficult to acquire
that the agreement between the MLFMA and BOR-MoMyperimentally. The computations in Fig. 5 are characterized by
is excellent, for all frequencies considered. Results are only 53 unknowns (see Fig. 6 for RAM and CPU requirements).
_shown for copolarizgtion, the cross-polarized fields vanishing g ,ch phenomenological studies have motivated development
in backscatter, as discussed above. To get a feel for the coffithe MLFMA model, and it is therefore of interest to assess
plexity, at 300 MHz the MLFMA required 161 MB of RAM the CPU and RAM requirements of this technique versus
and 20 min of CPU (3936 unknowns, three levels), whilgye other algorithms presented in Fig. 5, namely, the MoM
at 1 GHz, these numbers are 1.57 GB and 227 min (428434 FMM. In Fig. 6, we present the CPU and RAM require-
unknowns, five levels), where all computations were run ongents for bistatic results as in Fig. 5, covering the frequency

single SGI R10000/195 MHz processor. range 100-1000 MHz (corresponding 16 = 309—28539
) unknowns). As expected [17]-[20], the MLFMA requires order
B. Buried Unexploded Ordnance O(NlgN) RAM and CPU, while for the FMM these parameters

In our next example we consider the ordnance-like target insee approximately order ®{*/2). The slight undulations in the
in Fig. 5, with the soil characterized by 5% water content (sé&AM/CPU complexity of the single-stage FMM are caused by
Fig. 2). We compare results from the MLFMA, computed witla suboptimal clustering employed in our implementation of the
a four-level CFIE, to results computed by the MoM and FMMEMM [28], [29]. We have found in general that the half-space
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Fig. 7. Snapshot of the induced electric surface current on a model tank at a frequency of 700 MHz, for a plane wave incident f2080° and ¢..,. =

30°. The magnitude of the surface current is coded in color, the arrows indicate the direction of the current flow. The five-level MLFMA solved a CFIE with

59 253 unknowns in about 7 h (both polarizations together) on a single SGI R10000/195 MHz processor using 2.68 GB (compared to 56.2 GB for a conventional
MoM). (a) V -polarization incident.

MLFMA, as formulated here, requires typically 20—60% moreolors represent the normalized current magnitude. These re-
RAM than its free-space counterpart and approximately twisalts were computed via a five-level CFIE MLFMA with 59 253
the CPU time (see also discussion Section IlI-C). Fig. 6 cleanynknowns, requiring 7 h of total CPU run time (for both polar-
demonstrates the efficacy of the MLFMAis-a-visthe MoM izations) on a SGI R10000/195 MHz processor, and 2.68 GB of
and FMM, this CPU and RAM enhancement being particularRAM (a MoM solution requires 56.2 GB). The results presented
important when numerous phenomenological studies drere are for 700 MHz, corresponding to more than nine wave-
required of electrically large problems. lengths along the length of the target.

The most striking aspect of the currents in Fig. 7 is the large
electrical size of this target, reflected in the many undulations in
current amplitude. An important distinction between theo-

In our final example, we present results of interest to raddaerization andH -polarization results is reflected in the character
based sensing of vehicles over soil, by considering the tank-ligéthe currents induced on the flat portions of the target, which
target in Fig. 7. The target mesh is shown inset in Fig. 8 (foranstitute one half of a dihedral reflector (the soil interface con-
frequency of 300 MHz), along with its associated dimensionstituting the other half of the dihedral). Considering Fig. 7(b),
The target is 20 cm above the half space, here characterizedvassee the front and side faces of the target are characterized
Yuma soil with 10% water content (see Fig. 2). The currentyy a complicated interference pattern. This pattern reflects the
induced on the target are shown in Fig. 7, 6fpolarization superposition of currents induced directly by the incident plane
(a) andH -polarization (b) plane-wave excitation@t,. = 60° wave (as if the target were in free space) plus the currents in-
and ¢;,. = 30° (see coordinate system inset in the figuresiluced by the ground bounce of the incident fields. A similar
The arrows indicate the direction of the current flow, and thgattern is manifested on the “cannon” portion of the target. By

C. Tank-Like Target
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Fig. 7. (Continued) Snapshot of the induced electric surface current on a model tank at a frequency of 700 MHz, for a plane wave incident fro60° and
¢:n. = 30°. The magnitude of the surface current is coded in color, the arrows indicate the direction of the current flow. The five-level MLFMA solved a CFIE
with ' = 59 253 unknowns in about 7 h (both polarizations together) on a single SGI R10000/195 MHz processor using 2.68 GB (compared to 56.2 GB for a

conventional MoM). (b)H -polarization incident.

contrast, this pattern is substantially reduced for theolar- MoM solution requires 3.1 GB) and 129 h of CPU on one SGI
ization in Fig. 7(a). As discussed when presenting the resultsRi0000/195 MHz processor (for all 360 monostatic angles).
Fig. 3, the near-Brewster excitation results in significant pen&he results were performed consecutively in azimuth, sampling
tration of the incident wave into the soil, markedly reducing thg¢ at an increment ofA¢ = 1°. To accelerate convergence of
strength of the ground bounce. the conjugate-gradient solver, the current solution from the
One of the fundamental challenges of detecting largeevious azimuthal angle was used as the initial guess for the
man-made targets similar to that considered in Fig. 7 is teabsequent solution, reducing the number of iterations per
strong signature variation as a function of target-sensor oaingle and polarization from approximately 90 (for zero initial
entation. Such targets are generally concealed, and therefgreess) to an average of approximately 35. As indicated when
the target aspect is generally unknowarpriori, significantly discussing Fig. 3, the model’s ability to satisfy reciprocity is
complicating radar-based target detection and identificatiomne indicator of the dynamic range over which the results can
The modeling of such phenomena is particularly importabk trusted. The cross-polarized fields for this target (not shown
to the development of signal processing algorithms, sinbere) indicate that the results are highly accurate down to
a comprehensive set of measurements, for all target-senapproximately—10 dBsm. Further accuracy can be achieved,
orientations, frequencies, incident angles, polarizations, aifidiesired, by evaluating the Green'’s function more accurately
soil types are generally difficult to attain. for the near MLFMA terms (see the discussion associated with
In Fig. 8, we plot the monostatic RCS of the tank-like targeEig. 3), by reducing the relative residual error at which the
for the copolarized fields, at a frequency of 300MHz and dterative solver is deemed to converge (for Figs. 8 and 9 we
angled = 60°. These results involved = 13 734 unknowns, used 1%) and by using more terms in the various plane wave
and the four-level MLFMA required 646 MB of RAM (an representations in the MLFMA (i.e., increasing the number of
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s A in the 700 MHz calculation was doubled. As expected, relative
20F 3 to the 300 MHz example of Fig. 8, the RCS results are charac-
: : ' : terized by substantially faster variation with azimuthal angle.

IV. CONCLUSIONS

An extension of the MLFMA has been presented for the anal-
ysis of electromagnetic scattering from electrically large perfect
conductors situated in the presence of a half space. The structure
of the half-space MLFMA is similar in many ways to its free-
width=2m space counterpart [17]-[20]. In particular, we exploit properties
! Jk height=12m o E of the free space Green'’s function to compute far (expansion
0 30 T T T i e e e o fUNCtion)—(testing function) interactions cumulatively through

azimuth angle ¢ [deg] for 6=60° use of a multi-level clustering procedure [17]-[20]. Within the
context of nonnearby cluster computations, interaction with the
Fig. 8. Radar cross section (here we only plot VV and HH) of a model tartkalf space is accounted for approximately via polarization-de-
with V' = 13734 unknownfs (see inset)fS;ggt&mgggtzgr&sgili Sof }3‘;/(:(\jlva§§endent images located at real spatial locations. Hence, the first
fC:rn(;eit é%?g(:)‘l’gfrc?r)nagr:zi:g;u:nndc{/a?ying azimuth angles The foue-level escalation in complgxﬂy of th_e half-spgce M,LFMA relative to
MLFMA required a total of 646 MB of RAM (compared to 3.1 GB for athe free-space version is the introduction of image clusters, lo-
conventional MoM) and approximately 129 h of CPU time (on a single SGated in real space. In addition, the near interactions in the half-
R10000/195 MHz processor) for 360 monostatic angles. space MLFMA are treated via a rigorous analysis of the dyadic

Green’s function, here computed via the method of complex im-

monostatic radar cross section [dBsm]
w

BT T ' ;RCS'W ] ages [25]-[27]. We have found such a rigorous analysis of the
01 i i RCSHH near interactions essential for generating accurate results.

BE o s i The MLFMA was calibrated by considering a special
- X problem applicable to a MoM solution tailored to a BOR. This
provides a good test, because the BOR-MoM solution is nu-
merically rigorous, and because the BOR-MoM and MLFMA
solutions employ distinct basis functions. The agreement
between the MLFMA and BOR-MoM results was excellent,
for all examples considered. Results were also presented for
a UXO embedded in a lossy half space. For that problem the
accuracy of the MLFMA was favorably compared with MoM
and FMM solutions. Moreover, CPU and RAM comparisons

monostatic radar cross section [dBsm]

L

30 60 90 120 150 180 210 240 270 300 330 360 clearly demonstrated the efficacy of the MLFMA technique,
azimuth angle ¢ [deg] for 6=60" vis-a-visthe MoM and FMM. The final example considered a
tank-like target, for which several results were presented.
Fig. 9. As in Fig. 8, but for a frequency of 700 MHz and = 59253 The results for scattering from the tank-like target were

o5k I l I I I L ; ) Lol
0

unknowns (the mesh in Fig. 8 was refined). The five-level MLFMA requiredl . . ; ;
2.68 GB of RAM (compared to 56.2 GB for a conventional MoM solution Slghtfu" while also demonStratmg that, for sucha Iarge target,

and 1022 h of total CPU time (on a single SGI R10000/195 MHz processdh€ memory requirements of the MLFMA are substantially
for 720 monostatic angles. smaller than those of the MoM. However, these results also

clearly demonstrate that significant work is still required on the
termsL in the addition theorem expansion beyond the requirelévelopment of modeling algorithms for wideband, multi-as-
L for an error less than 1%, which has been applied for glect scattering from such targets. In particular, we noted
examples presented here) [17]-[20]. that the multi-aspect computations in Figs. 8 and 9 required
In Fig. 9, we again consider the monostatic RCS of theubstantial CPU (although much less than would be required
tank-like target, now computed at a frequency of 700 MHzising a MoM model), and in practice, we would likely also
For these results, the azimuthal angle was sampled at a r&guire data over a wide frequency range. These observations
of A¢p = 0.5, to accurately capture the faster variation of thpoint to directions for future research. The half-space MLFMA
RCS at higher frequencies. For these computations the tanggiresents a numerically rigorous analysis of Maxwell's equa-
was characterized hiy = 59 253 unknowns, and the five-leveltions, within the context of the Green’s-function approximation
MLFMA required 2.68 GB of RAM. As in Fig. 8, we consider(for far interactions) discussed previously. Consequently, we
# = 60°. The computation of the full-polarimetric RCS (i.e.can use the MLFMA results at high frequencies (such as in
VV, VH, HV, and HH), at 720 different angles, required 102Fig. 9) to examine the accuracy of approximate, asymptotic
hours of total CPU time on a single SGI R10000/195 MHzgolutions. The MLFMA can then be used to fill the frequency
processor. The RAM and CPU requirements (compared dap for which the MoM is intractable and for which asymptotic
the 300 MHz case) are consistent with the theoretical comselutions are inappropriate. In addition, all results presented
plexity of O(VIg/N), when noting that the number of angleshere were run on a single processor. It is of interest to develop a
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scaleable, parallel version of the half-space MLFMA. Finally,[21] M. Abramowitz and I. A. Steguniandbook of Mathematical Func-
in all MLFMA results, we have employed the RWG trian- tions  New York: Dover, 1970.

gular-patch basis functions [7]. These basis functions are quit[éz]
general, but for electrically large problems, they result in a very
significant number of unknowns. Researchers have, within th&3l
context of MoM, developed hybrid techniques that combine
subsectional basis functions with asymptotic traveling- wave
and edge-diffraction basis functions [40]. The use of such?4
basis functions substantially reduces the number of unknowns,
reducing the problem size. It is of interest to incorporate suches)
techniques into the MLFMA framework.

[26]
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