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Short-Pulse Electromagnetic Scattering from
Arbitrarily Oriented Subsurface Ordnance

Norbert Geng and Lawrence Carin

Abstract—A rigorous method-of-moments (MoM) analysis is used to
model wide-band scattering from general three-dimensional perfectly
conducting objects buried in a lossy layered medium. Here, we focus on
ordnance buried in a half space (soil). The time-domain fields scattered
from a tilted antitank mine are examined in detail as a function of
polarization and observation position.

Index Terms—Radar, scattering, short-pulse.

I. INTRODUCTION

The method of moments (MoM) has been used as a modeling tool
for nearly three decades [1], and over this time, it has been used
to analyze a wide range of scattering problems. Here, we are inter-
ested in wide-band (short-pulse) scattering from three-dimensional
buried ordinance with application to the detection of buried mines
and unexploded ordnance (UXO) [2]–[9]. For such problems, one
requires the dyadic layered-medium Green’s function [2], [3], [6]–[9],
which is often specialized to the half-space case. This Green’s
function has been discussed in detail in [10], where several alternative
formulations have been presented. For wide-band applications, one
must efficiently evaluate the Sommerfeld-type integrals required for
computation of the dyadic Green’s function [10]. Here, we utilize
the method of complex images, a technique developed by Chowet
al. [11], [12] several years ago, and recently extended for general
three-dimensional targets [13].

Therefore, the techniques used here to analyze scattering from a
general buried perfectly conducting target are not new, the triangular-
patch MoM formulation [1], [14], [15], layered-medium Green’s
function [10], and complex-image technique [11]–[13] having been
published elsewhere. However, despite the importance of the buried-
ordnance problem, there are few results published in the literature on
the phenomenology underlying this application. We seek to fill this
void, considering an antitank mine oriented arbitrarily, with short-
pulse excitation of general polarization. Previous MoM results for
this problem [2], [3], [6]–[9] considered both perfectly conducting and
dielectric (plastic) mines, but the problem was simplified by assuming
that the mine–(layered medium)compositewas a body of revolution
(BOR). This BOR assumption requires that the axis of the target be
perpendicular to the air–ground interface, precluding an examination
of the importance of the mine tilt on the scattered fields.

One can also model scattering from general buried targets through
use of the finite-difference time-domain (FDTD) method [4]. Previ-
ous FDTD results have concentrated on near-field applications, in
which interactions between the antenna and target are accounted for
rigorously [4]. Here, we are interested in applications for which the
sensor is distant from the target (synthetic aperture radar [6], [7])
which, in principle, could also be analyzed via FDTD. We utilize
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the MoM in lieu of FDTD because the former only requires spatial
discretization on the target surface (for a surface MoM formulation
[14], [15]), while the latter necessitates discretization of the entire
computational domain.

Our principal focus here is on the presentation of example results,
which will serve two purposes. First, the detailed phenomenological
study will shed light on the physics underlying wide-band scattering
from buried ordnance. Second, since, to our knowledge, similar
results have not been published previously, the data presented here
will be of interest for comparison to future computational algorithms,
be they integral-equation (MoM) or differential-equation (FDTD)
based.

II. PHENOMENOLOGICAL STUDY

Consider a cylindrical perfectly conducting target, of 33 cm diame-
ter and 16 cm height, buried in soil with dielectric constant�r = 4 and
conductivity� = 0:005 S/m. We have performed detailed analyzes on
the effects of soil type on the scattered fields, and the soil properties
selected here are representative of a wide class of soils [7], [16]. The
MoM analysis can readily handle dispersive soils [2], [3], [6]–[9],
although here our focus is on the target itself. The cylindrical target
selected closely resembles the M20 antitank mine [6], [7]. Finally,
the computer code was validated through comparison with published
results [2], [3], [7], in which the special case ofnontilted bodies of
revolution (BOR’s) was considered.

It has been shown in a previous correspondence [6] that the cross-
polarized fieldsbackscatteredfrom a BOR are zero, and this has been
validated experimentally through consideration of thenontiltedM20
mine [6]. Since many forms of anthropic clutter do not satisfy the
BOR model, the cross-polarized fields potentially provide a powerful
discriminant for distinction of targets and clutter [6]. However, for
a buried target, the BOR model is only appropriate if the target
axis is perpendicular to the air–ground interface, such that the
target–(layered medium)compositesatisfies the BOR model [6]. In
practice, however, one may anticipate that the buried mine may be
tilted, such that the BOR-composite model is no longer appropriate.
It is of interest to determine the degree to which this phenomenon
corrupts the ideal properties of the cross-polarized scattered fields.

A second issue of interest involves the aspect-dependent nature
of the fields scattered from a buried tilted mine. If the target–(half
space) composite satisfies the BOR model, the scattered fields are
only dependent on the spherical coordinates(r; �), independent of
the azimuthal position�, assuming that the center of the coordinate
system is along the BOR axis. Now, consider atilted mine, with
the center of the coordinate system at the center of the mine,
and with the z axis defined as perpendicular to the air–ground
interface. If the backscattered fields from the tilted mine are a
strong function of the azimuthal angle�, then the difficulty of target
detection is enhanced significantly. Moreover, for synthetic aperture
radar (SAR) applications [6], [7], the scattered fields from multiple
target-sensor orientations are employed to generate a SAR image.
Consequently, a strong dependence of the tilted-mine backscattered
fields on the target-sensor orientation will have an important effect
on the subsequent SAR imagery.

We first consider the polarimetric issue, and in Fig. 1 plot the
HV (horizontally polarized receive fields, and vertically polarized
excitation fields) for a mine tilted 5�. A pulsed plane wave is
assumed incident 30� from grazing, with a pulse shape as shown
in Fig. 1; the incident pulse has a center frequency of 500 MHz and
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Fig. 1. Time-domain fields backscattered from a tilted perfectly conducting
cylinder, which simulates an M20 antitank mine (inset). We consider the target
tilted at 5�. Shown are the incidentpulse (scale on left) and four normalized
backscattered waveforms (scale on right). The cross-polarizedHV fields
(which are the same as theVH fields) are shown for azimuthal angles
� = 60

� and � = 120
�. For comparison, results are also shown for the

copolarizedV V andHH fields for the casewhen the mine isnot tilted. The
soil has �r = 4 and � = 0:005 S/m, and the excitation plane wave is
incident at 30� from grazing.

Fig. 2. As in Fig. 1, but forV V polarization. Results are shown for
� = 0

�; 60�;120�, and180�. Backscattered fields are also shown for the case
when the mine isnot tilted, for which the scattered fields are independent of�.

significant frequencies that extend to approximately 1 GHz. The far-
zone, cross-polarized backscattered fields are plotted for azimuthal
angles� = 60� and� = 120�, where� = 0� defines a bisectional
symmetry plane through the tilted target. Note that the cross-polarized
backscattered fields vanish if the wave vector is in the� = 0�

plane [6]. To quantify the relative strength of the cross-polarized
backscattered fields, we also plot theV V and HH backscattered
fields for the case when the mine isnot tilted (for which case, as
mentioned, there are no cross-polarized fields). Each backscattered
far-zone time-domain waveform is normalized through multiplication
by the observation distancer (each waveform is also time shifted).
We see from Fig. 1 that the tilted mine yields appreciable cross-
polarized backscattered fields, even for the relatively slight (5�) tilt
considered here. Although not shown due to space constraints, we
also considered the same mine tilted 10�, for which we witnessed
an approximate doubling of the backscatteredHV response. These
results demonstrate that the cross-polarized fields for a mine—which

Fig. 3. As in Fig. 2,HH polarization.

are ideally zero if the mine is oriented with its axis perpendicular
to the soil—are appreciable even for a modest tilt. This may vitiate
the utility of polarimetry for SAR-based target identification. A more
conclusive assessment of this issue will require examination of the
relative strength of cross-polarized fields from clutter of interest.

We now consider the copolarized fields scattered from a tilted mine
as a function of the azimuthal angle�. In Fig. 2, we considerV V
backscattering, for a 5� mine tilt, for angles� = 0�; 60�; 120�, and
180�. For comparison, we also consider the case when the mine is
not tilted, for which the backscattered fields are the same for all�.
For the� = 0� case, the mine is tilted forward toward the sensor,
yielding enhanced backscattered signal strength relative to the case of
a nontilted mine. Moreover, we see that the backscattered fields are
a strong function of the angle�, complicating target identification.
Although the detailed shape of the backscattered fields are different
for HH polarization (Fig. 3), these are again a strong function of
the target-sensor orientation(�). Space limitations preclude showing
results for the case of a 10� tilt, but this case again manifests an even
stronger difference in the backscattered fields relative to the nontilted
mine. In fact, at� = 0�, the backscatteredV V fields were almost
twice the strength of the fields for the nontilted case, with similar
effects witnessed forHH polarization.

III. CONCLUSION

A rigorous MoM analysis has been performed on the polarmetric
time-domain fields scattered from a tilted antitank mine buried in
soil. The mine may initially be placed in the ground in a tilted
manner, or such a tilt could be caused by movement of the mine
after being in the ground through multiple seasons (many mines
have been in the ground for decades). Our results demonstrate that,
even for a relatively modest tilt of 5�, the backscattered fields
are significantly altered relative to the no-tilt case. In particular,
if not tilted, BOR’s have no cross-polarized fields. However, here
we have shown that tilted mines have significant cross-polarized
fields, even for a relatively small tilt angle. Moreover, for the tilted
mine, theV V and HH scattered fields are a strong function of
the target-sensor orientation, complicating target identification and
SAR imaging. However, these results also underscore the benefit of
rigorous modeling, with which such phenomena can be predicted
a priori and exploited (or, at least, accounted for) in the context
of signal processing. Finally, we note that the dependence of the
backscattered fields on the tilt angle is a function of the system
bandwidth. For more narrow bandwidth systems than considered here,
the dependence on the tilt angle will be less appreciable. However,



IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 37, NO. 4, JULY 1999 2113

in this case, the target appears as a point scatterer, for which little
discrimination capability is possible.
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Covariance Estimation with Limited Training Samples

Saldju Tadjudin and David A. Landgrebe

Abstract—This paper describes a covariance estimator formulated
under an empirical Bayesian setting to mitigate the problem of limited
training samples in the Gaussian maximum likelihood (ML) classification
for remote sensing. The most suitable covariance mixture is selected by
maximizing the average leave-one-out log likelihood. Experimental results
using AVIRIS data are presented.

Index Terms—Covariance estimation, Gaussian maximum likelihood,
leave-one-out log likelihood, regularization.

I. INTRODUCTION

In the conventional Gaussian maximum likelihood (ML) classifier,
the classification rule can be expressed in the form of a discriminant
function and a sample is assigned to the class with the largest
discriminant function value. A multivariate Gaussian density function
is given as

fi(x) = (2�)�p=2j�ij
�1=2 exp � 1

2
(x� �i)

T��1i (x� �i) ;

1 � i � L

where x 2 <p; �i, and �i are the ith class mean vector and
covariance matrix, respectively, andL is the number of classes.
Assuming a [0, 1] loss function, the ML classification rule then
becomes

di(x) = min
i�i�L

di(x)

wheredi is the discriminant function given by

di(x) = (x� �i)
T��1i (x� �i) + ln j�ij:

This classification rule is also called a quadratic classifier. A special
case occurs when all of the class covariance matrices are identical.
It then becomes a linear classifier

�i = �; 1 � i � L:

In practical situations, the true class distributions are rarely known.
Therefore, the sample estimates are computed from the training
samples.

The quadratic classifier’s performance can be degraded when
the number of dimensions is large compared to the training set
size due to the instability of sample estimates. In particular, the
sample covariance estimate becomes highly variable and may even be
singular. One way to deal with the instability of covariance estimate
is to employ the linear classifier. By replacing each class covariance
estimate with their average, leading to the linear classifier, the number
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