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On the Low-Frequency Natural Response
of Conducting and Permeable Targets
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Abstract—The low-frequency natural response of conduct- frequencies at approximatelfj, = cn/(2d), wherec is the
ing, permeable targets is investigated. We demonstrate that the speed of light andn > 0 is an integer. However, if we

source-free response is characterized by a sum of nearly purely o ¢ite 5 target at frequencies below its lowest SEM resonance
damped exponentials, with the damping constants strongly de- . - . . ’
pendent on the target shape, conductivity, and permeability, the fields and cu_rre_nts on the target will still e?<|st gfter

thereby representing a potential tool for pulsed electromagnetic departure of the incident fields, except the late-time fields

induction (EMI) identification (discrimination) of conducting and  will not oscillate in the manner characteristic of resonances.
permeable targets. This general concept is then specialized o Considering excitation of the wire at frequencigs< fi,

the particular case of a body of revolution (BOR), for which 4 } ;
the Method-of-Moments (MoM)-computed natural damping con- we would expect the late-time fields to decay apprQXImater
stants from several targets are compared with measurements. @ exp[—(£2/L)t], where i and L are the wire resistance

Moreover, theoretical natural (equivalent) surface currents and and inductance, respectively (the inductance can be readily
damping coefficients are shown for other targets of interest. computed if we consider a wiréoop [3]). In the former,

in the context of identification, wherein Cramer—Rao bound I ' . .

(CRB) studies address signal-to-noise ratio (SNR) considerations. oscillations at nearly real frequencies (oscﬂlatpry natural-
mode poles near the real-frequency axis), while the latter
case is characterized approximately by exponential damping

. INTRODUCTION (evanescent natural-mode poles near the imaginary-frequency

HE NATURAL (source-free) modes of a linear systen@xis). These two extremes are characteristic as well of the
are independent of the driving function inducing theimodes of a resonant cavity, at frequencies above and below

excitation [1]-[6] and therefore constitute useful signaturdbe lowest cavity resonance, respectively.
for identification (however, the excitation strengths of the In this paper, we demonstrate that the low-frequency ex-
various modes are generally strongly dependent on the incideanential damping characteristic of the simple wire example
fields). In electromagnetics, interest in such natural modabove can be extended to general target shapes and materials.
motivated development of the singularity expansion methddis is done by employing 1) low-frequency circuit analogies
(SEM) [7]-[15], which demonstrated that multiple interactionganalogous to the wire example above) as well as through
between scattering centers—after the incident fields have intg)-development of a full-wave Method-of-Moments (MoM)
rogated the entire target (at what are termed “late times”)—canalysis, with particular application to a conducting, permeable
be repackaged compactly in terms of a sum of oscillatorpdy of revolution (BOR). For such targets, it is demonstrated
exponentially damped resonances (i.e., in terms of the SHWat the damping is strongly dependent on the target shape
resonant modes). While the amplitudes of the SEM modes amd material parameters. Therefore, if we can measure such
dependent on the excitation waveform, the complex resonaxponentially damped waveforms accurately, the damping
frequencies themselves are termed “aspect independent” (tbefficient can be used for possible target identification. Of
same for all target orientations and incident fields). Aftguarticular interest here are frequencies less than 1 MHz,
the original SEM framework was formalized [13], numerfor which the conductivity- and permeability-dependent skin
ous researchers applied it to modeling [7]-[8], measurementespth can vary significantly (manifested in wider decay-
[9]-[10], and signal processing (termed electromagnetic sicenstant variability with target properties, thereby aiding in
gularity identification, EMSI) [11]-[12], motivated largely bydiscrimination). This should be contrasted with microwave and
its potential for aspect-independent target identification.  millimeter-wave frequencies, for which most metals can be

The resonant frequencies of a particular target are deteonsidered perfect conductors (and therefore only the shape
mined by the spatial separation between scattering centefshe metal target influences its scattering properties).
(i.e., by characteristic target lengths). For example, consideringAn additional benefit of the low-frequency, pulsed-decay
a conducting wire of length/, we would expect resonantdiscrimination scheme discussed above is that, for the good
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tromagnetic induction, EMI) identification of buried target$or the special case of conducting, permeable BOR’s, which
(e.g., mines), for example, for which the soil properties came solve via the MoM. The latter numerical formulation
often be ignored since the conductivity of the soil is gens discussed only briefly since similar analyses have been
erally many orders of magnitude less than that of goqmerformed previously for different but related problems. In
metals. Analogous to the EMSI referred above, we term thgection 1ll, we address the issue of extracting exponentially
magnetic singularity identification (MSI). By contrast, grounddamped waveforms from noisy measured data, through con-
penetrating radar (GPR) [16]-[20], and the associated EMSlIderation of the CRB. The results of the numerical code
is strongly influenced and limited by the soil properties. As are compared with measurements in Section IV, and several
caveat, however, we should note that, if the metal target is veagiditional sets of numerical results are presented as well.
small, the conduction currents induced in the expansive, lowinally, conclusions are addressed in Section V.
loss soil may become comparable to or exceed the currents
induced in a small, localized, high-conductivity target, at II. THEORY
which point the background medium does become important
(this is particularly relevant for low-metal-content mines, fop circuit-Based Explanation of Damped
example); this will be the subject of future research. Low-Frequency EMI Response

We restrict ourselves here to the special case of conducting ! . . o .
permeable targets in free space (as mentioned, the soil copive first consider an approximate circuit-based analysis
ductivity and permittivity not being significant at the relevan?f low-frequency scattering from conducting targets. This

low frequencies [3]). After using circuit theory to explain th .

imple analysis demonstrates the basic phenomenology of
basic wave phenomenology, numerical damping coefficie ?é/v—frequency, time-domain scattering from such targets, mo-

and currents are computed for the special case of conductiH\jatmg the rigorous MoM analysis discussed subsequently.

permeable BOR’s. While such analyses have been applie<ﬁn mmde:nt_ Iow-frequen(_:y magnenc field i m_duc_es
to the case of scattering from perfectly conducting and |0V9_urrentsJ(r) in a conducting object. The magnetic dipole
loss dielectric BOR's [21]-[24], [25]-[30], its application toMOMeNt

calculation of natural modes for highly (but not perfectly) m— L /// i x J()] AV (1)
conducting, permeable targets is new. To validate the accuracy 2

of the numerical data, comparisons are made with measured
data [31]-[32] for several variations in material propertiemssociated with these currents generates the scattered field
Additionally, we present numerical results for the decay cd***". For observation distances large relative to characteristic

efficients and natural-mode currents of other conducting atatget dimensions, the scattered quasimagnetostatic field can

Vv

permeable targets. be expressed as [3], [6]

Finally, in the context of target identification, such decay 1 -
constants must be extracted from measured data, which are H**(r) = g [37F — I]-m
generally noisy. For such situations, a model-based estimation 7r17

algorithm is often applied [14]-[15]. Each noisy measured [3#% — I]- M -H"™(r = 0) 2

waveform constitutes one realization of a random process,

and therefore the estimated decay coefficients are rand@Rere ‘f is the identity dyadic andl\Hl is the magnetic
variables. Assuming the estimation algorithm is unbiased (t@g|arizability dyadic, which relates the incident magnetic field
estimates for the decay constants are correct in the meag)ihe induced magnetic dipole moment.

we are interested in their variance, from which we quantify | et the scattering object have a simple shape so that it can
the expected accuracy of the decay-constant estimates fQ§g@e a magnetic moment in only a single direction, e.g., thin
given measured waveform. In this context, we investigaggnducting disks or loops that support induced currents only
the Cramer—Rao bound (CRB) [33]-[35] for estimation of, circular paths around the axis of symmetry (the magnetic
the damping coefficient of a noisy, exponentially dampegoment of such an object is parallel to this axis, defined here
waveform. The CRB constitutes the lowest variance amy ;). For simplification and because natural frequencies are
unbiased estimator can achieve for such parameter eStimatiﬁHependent of the excitation and observation point, we only
The CRB is strongly dependent on the signal-to-noise rati@nsider a homogeneoursdirected incident magnetic field and

(SNR). Therefore, by employing the CRB, we quantify thehe scattered field on the-axis, expressed as
SNR requirements for unambiguous (low-variance) estimation 1 1
my ;

of pulsed-EMI decay constants. Such an analysis represenfgscat(;) = = _— M_H™ = M..H.o. (3)

an example in which wave modeling and basic signal process- 2mrs - 2mr® 2mr®

ing coalesce to yield fundamental system constraints (SNN®te that, if these assumptions are violated, only the ampli-

requirements in this case). tudes of the various modes will change, when the target is
The remainder of the text is organized as follows. lexcited by a particular incident field.

Section Il, we present a circuits-based explanation of theThe most simple target, a thin wire loop of areh is

damped low-frequency EMI response from conducting, permeharacterized entirely by its resistande and inductance

able targets, from which fundamental relationships are derived. assuming that displacement currents can be neglected

We also formulate an appropriate boundary integral equatioaompared to the conduction currents (zero capacitance). By

T 43
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Faraday’s law, an incident magnetic field parallel to the loophere we assumed an observation distance much larger

axis induces a voltagd’(t) = —upA9dH.o/Jt around the than the loop separation. The resonances are given by the

loop, which produces a current according to the impedansmgularities of (9). If we writesg; = —R;/L; = —1/7wire1

given by R and L. Using the Laplace-transform variableand sg2 = —Ro/Lo = —1/7wire2 for the negative real

s = jw (w complex), the loop current in the Laplace domaipoles of each loop in the absence of the other loop, and

is given by [3], [19], [32] 0< k?=M?/L,L, <1 for the mutual coupling coefficient,
V(s) the resonances are

1) =75 = ~Hod ﬁ Heo(s)

. ) 519 — (so1 + s02) + /(s01 — §02)2 + 4k? 501 502
=0 s B @ 20 - B
~ (so1 + s02) £ v/(s01 + 502)2 — 4(1 — k?)so1502
where we have assumed that the imposed field is initially o 2(1 — k?) )
zero. The current defines a magnetic moment /A%, and (10)
therefore, the-directed scattered magnetic field can be written
using (3) as Again the poles of the system are negative real, corresponding
to pure exponential damping. As expected, the poles reduce to
H,o(s) (5) those of the isolated loops if the mutual coupling vanishes
(k> = 0). For nonzero coupling, the step response of the
resulting in a purely exponentially damped step response (igystem has the form
for an excitation of the formH .o(t) = H.ou(t)) in the time

_ — g A2 s

chat > —
2 9) 2mr3L s+ R/L

domain HX™(z,t) =
sca — 1o A _ THO g olfi( AL o, Ry o, Ly o, K)e™ /™
H¥™(z,t) = 27r£3L H.oc™" u(t) o2 e0lfi( AL, Baz, Lig, K)e
g A2 Cfr + f2(Ar 2, Ryg, Ly, k)e™ P lu(t). (11)
= S Hget e ) ®)

For zero coupling between the two loops, it reduces to a

wherew(t) is the unit step function. _ _ _ superposition of the two step responses for the individual loops
Next, the effects of the mutual coupling of multiple filamenjccording to (6)

loops within a solid target are illustrated considering the simple
case of two circular coaxial wire loops. The impedance matrix H(2,1)

of the coupled system of the two loops may be written as _ ~Ho H.o A_% et/ Twivet 4 A_§ ¢t/ Twire2 u(t).
[Z(S)] _ le(s) Z12(8) _ Ry + sLy sM 2773 L
Zgl(S) ZQQ (S) sM RQ + SLQ (12)

(7
. Considering theR and L of simple nonpermeable shapes
where}/ stands for the mutual inductance of the two loops. floops), we can show that the time constants are in general
voltage is induced onto each loop from the incident magnefigoportional to the square of some characteristic object di-
field, which is again assumed to be homogeneous and paraidnsion times the conductivity. In the context of our rigorous
to the loop axes. The currents in the two loops are then  MoM studies discussed below, we will demonstrate that such
T Vi properties have been found to hold for more complicated
1(s) =[4( )]—1 1(s) - . L
I = v targets than the simple loops for which the circuit theory
2(s) 2(s) Lo . . et
is directly applicable. Finally, the variation of the poles or

= —tosHzo(s) decay time constants as a function of the permeability is more
(B + sLy)(Hp + sL2) — (sM)? complicated and therefore cannot be derived easily using the
. < (B2 4 sL2)A1 — sM Ay ) (8) simple circuit-based theory. A solution for a conducting and
—sMA; + (R1 + sL1)Az permeable sphere is given in [3], [19], and [32], but there is

and therefore using (3) the scattered magnetic field (on el analytical method available for arbitrary three-dimensional

2-axis) can be written as (3-D) objepts. This can only .be accomplished using numerical
methods like the MoM solution for BOR'’s described next.
Hzcat(z’ S)

_AL(s) | Axla(s) B. Surface Integral Equation and MoM
- .3 .3
2mry 2mry We consider electromagnetic scattering from highly (but
~ 1)3 [ALTy(s) + AsTa(s)] not perfectly) conducting and permeable targets situated in
2my , ) , @ homogeneous environment, e.g., free space. Moreover, we
 ~Ho (B +sL2)AT — 25" MA Ay + s(Bi + sL1) A3 specialize the solution to the case of a BOR. Because the sur-
2mr3 (Ry + sLy)(Ra + sLa) — (sM)? face integral equation approach for treating problems involving

- H.o(s) (9) perfectly conducting as well as low-loss dielectric BOR'’s has



350 IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 37, NO. 1, JANUARY 1999

1
i i / / /
2 TN P, . = G ds
\7@‘) \Z ; ¢ ' generating arc mi(T) i ﬂ i) ams ()
&, Ly, G axis of rotation Tl\ g _ 15,
generating arc | 7% fx = — # G; ('r,‘r/)vl - M, ('r") ds’ (15b)
} JWH
; s
g . .
=5 with the Green’s function
G . ’
= 6_] ki |,,-_,,- | 3
E Girry =" \ith
& drlr — 7/

ki =/ wle;p; — jwpio; and i=1,2  (16)

for the homogeneous interigf = 1) and homogeneous exte-
rior (¢ = 2) region, respectively. The complex wavenumbers
of the interior and exterior region are given by andk,, and

Fig. 1. General geometry for a body of revolution (BOR) and discretizatiohe vectorsr and s’ represent source and observation point,
scheme for MoM solution using a staggered pulse-basis along the generap'gg ectivel
arc [23], [24], [27]. p Y

Equations (13)—(16) are valid for an arbitrarily shaped

been studied by various authors [21]-[23], [24]-[30], only Qomogeneous target in a homogeneous environment, for which

brief summary of the basic theory will be given here. an MoM solution could be applied [36]. However, we only

Considering Fig. 1, regions 1 and 2 are characteriz%&nSider the special case of a BOR (Fig. 1), which is formed

by (possibly frequency dependent) medium parametebg rotating a generating arc aboyt an axis that is chose_n to
. . e thez-axis of a Cartesian coordinate system. For numerical
(g1, 1, 01) and (e us, 02), respectively. According to surface

equivalence principles [36]-[37], exterior scattered ﬁeld%mulatlons, the generating arc is approximated by a sequence

(P " erir ot fes (15 may e O 17ES segmeris, Coordnates 1) are uadeed where
determined from a set of equivalent electric and magne ]3 " g)}andt isqthe lenath variable alon ythe curve generatin
surface currents. These equivalent surface currents gre % 9 9 9 9

related to the total tangential magnetic and electric field ||¥§i daerr::t. f:—; dta;ﬁ ggr\;:z;?gim? ;22|£?tét:223!ssfyumg¥ ;?g
J, = +tn x H and M, = +F x n, respectively, where the ’ !

%xpanded into discrete Fourier series by taking a Fourier

upper sign holds for the exterior and the lower sign for th[ . . o .
L . . . ransform in the azimuthal¢) direction, from which the
interior region. Coupled integral equations . o ’ -

g P 9 q general solution reduces to an infinite number of distinct MoM

; 2 problems for each of the Fourier modes (each with azimuthal
Eian(r) = Z (JwAi(r) + Vei (T))] variationexp(jm¢)). The resulting sets of simultaneous equa-
=l ) tan tions may be represented in matrix form as
Fi(r)
v _ 13a mym = ym =
+ |V x ; p. +jw€i]t (13a) [Z™I™ = V™ form =0,+1,+2, +3, (17)
_ 2 Ai(r) where [Z™] is the moment matrix]™ is a column vector
H (r)=|-Vx Z —= containing the unknown basis function coefficients, afd
=1 M| is the driving vector for themth Fourier mode [21]-[23],

2 [25]-[26]. Details regarding the calculation of the impedance
Z (jwlFi(r) + V(I)M(T))] (13b) matrix or the driving vector can be found in the literature.

i=1 tan If we are interested in the natural resonances of the tar-
for the surface currents are obtained by satisfying the bound&§t, the driving vectov™ is set to zero. Then the system
conditions at the interface [27]-[30], wher@z™ H"¢) (17) of linear equations has a nontrivial solution only if the
represent the tangential components of the incident fiedgterminant of the MoM impedance matrix is zero

Herein the electric and magnetic vector and scalar potentials
are defined as

+

det[ZTn(Srn,u = jwnl7y] =0 with

Smp = JWm,py = j[w;n,u +jw;:z,u]
Ailr) =i ﬂ Gilra) (') dS’ (14a) IS a8)
-
o, + jws; , , , The roots of (18) in the complex frequency plane are the
Fi(r) = jw Gilr, )M .(r') dS (14D)  resonant frequencies of the modes, v/). Searching for these
. s complex roots is relatively easy because, for highly conducting
Bei(r) = v ﬂ Gi(ry 7 )ges(v') dS’ and permeable targets, the negative real partsqQf, is
o; T Jwe; much larger than the imaginary part (almost pure exponential
_1 e, ) ) damping, as expected from Sgction II—_A). Thus, it is s_ufficient
- ﬂ Gi(r,7")V' - Js(r') dS" (15a) to search first along the negative realxis for an approximate

solution, after which Mueller’'s method is performed to yield an
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accurate solution for the complex resonant frequency (whexehieving unambiguous target identification via decay-constant
we have found five—ten iterative steps generally sufficient).discrimination. To this end, we consider the Cramer-Rao
For mode identification, it is in principle necessary téower bound (CRLB) [33]-[34], which represents the lowest
compute the detailed field distribution inside and outside tip®ssible variance for estimation of particular parameters from
target. But in a limited sense, this may be accomplished bgisy data. The CRLB is a function of the SNR. Therefore,
studying the resonant surface current distribution only. Fdrwe can quantify the maximum tolerable decay-parameter
each complex resonant frequency, the surface currents ariance, for unambiguous identification (based on the range
equivalently, the tangential fields along the surface can b&decay constants anticipated), the CRLB will then quantify
readily calculated. what SNR is required for this variance to be achieved, from
In contrast to MoM calculations for perfectly conductingvhich critical system requirements can be assessed. It should
objects, for which subsectional basis-function discretizatidre noted that the CRLB does not suggest that an estimator
only depends on the wavelength in the outside region (oftemists that can achieve this minimum variance (termed an
free space), the maximum subsection length here has todfficient estimator), only that no estimator can do better;
chosen with respect to the wavenumber inside the hightpwever, several nearly efficient estimators are available for
conducting and permeable object. Neglecting displacemené estimation of exponential waveforms [14]-[15].
currents and assuming a real permeabjlitythis wavenumber  Let the vectorr represent a discretized version of the
is given by measured time-domain waveform (8f samples)

ki =k —jkY = \ Olgul Vol + " —jy/|w| = w). (29) r=[ro mn 2 orvall =gl@+n  (21)

Reasonable results are obtained if the subsection Ienﬁé‘ﬂetregég?t_'s the_N-drl]mensmnaI 5|gnalr]¥e<:ct;or an_d repr_e- ith
At (along the generating arc) satisfies the conditio NS addiive noise (here, assumed white Gaussian noise wi

K, At < 27/10 and kYAt < 1/2, which means at least tenvarigncea_?). The signalg i; as;umed to bg a function of the
subsections per wavelength and at least two per skin depﬁidlmensmnal vecton, which is to b.e estimated.

Although the required number of subdomains for a target \"€ CRLB states that the covariance maff3] of the
that is much larger than the skin depth is impractical, tthSt'mated vector satisfies [33]-[34]

does not cause any problems because, for these cases (high, -1 _ Lo NTy -1
frequency, high conductivity, and/or large target), the problemﬁlj’] (o] = E{(@—a)(a—a)} - [[{@] 20 (22)

can be easily solved using a perfectly electric conducu%erez 0 means that the matrix is positive semidefinite and

(PEC) assumption. the Fisher information matrix [33]-[34] is expressed as
Considering the wavenumber in (19), we discuss an ar- [33}-(34] P

ternative means of deriving the resonant frequency scaling &1n prig(r]a)
relationship discussed in Section II-A (i.e., the relationship [H(a))i; =— {W}
that the decay constant is proportional to the product of R

conductivity times the square of a characteristic target dimen- -E {a In pria(rla) 0 In p”“(T|a)}
sion). For purely imaginary frequencies, the wavenumber is : babai da;
real. Assuming real permeabilities; > u, and a highly with ¢,j=1,---,P. (23)

conducting target|oy + jwe1| = o1 > |02+ jwes|), from the _ o
theory of cavities or dielectric resonators [37], [28]—[30], thg’he_:refore,Athe lower bounds for the_varlances of th(_a individual
product of the real resonant wavenumber and a characteri@fimates(a, (p = 1,2,---, P) are given by therth diagonal

dimensionD of the object does not change for a given shapglément in the inverse of the Fisher matrix. The partial
This results in derivatives in (23) are evaluated at the true values, and the

expectation is taken with respect to the conditional probability
" 1 1 . :
D\ /jwlt, ,o1p1 = const = w;), , = —— x ———. (20) density functionpyq(r|a).
Ty Doup We are interested in the parameters describing the natural
response of a system. Assumifg poless,, of single order,
Ill. CRAMER-RAO LOWER BOUND which is true for the conducting and permeable targets of
The previous section demonstrated that the low-frequenigyerest here [3], [19], the system function in the Laplace
transient response from a conducting target is characteriZi@main and the corresponding impulse response are given by
by exponential damping. Moreover, the decay constant is a
function of the target shape, conductivity, and permeability. M B,, M st
Therefore, in principle, it is possible to use the decay constants (s) = Z & h(t) = Z Bmeult)
for target identification by estimating them from measured data Iy
[9], [14]-[15]. However, for noisy data, the extracted decay _ Z b, el 0m 2t 6727rfy’yitu(t) (24)
parameters must be characterized as random variables, with
particular mean and variance. Assuming the mean is correct
(constituting an unbiased estimate), it is of interest to quantifyhere the excitation coefficients for pairs of conjugate com-
the variance, from which we can assess the practicality jplex poless; = s satisfyB; = B} . Therefore the components

S — Sm

m=1 m=1

m=1
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of the signal vectog(a) can be written as IV. RESULTS
M a e AL e A The MoM code for BOR-type targets is used to calculate
gn(@) = > bpeltn e mnAtem 2 mn (25) natural complex frequencies and resonant surface currents for
m=1 different shapes and material parameters. For a sphere, thin

with n = 0,1,2,---, N — 1, where At represents the time disk, and cylinder, these results are compared with measure-

increment for the sampling and, hen@éAt the total obser- ments. In addition, numerical results for a more general BOR
vation time. The vectos of the P = 444 unknown parameters are presented. Only results far = 0 will be shown here, these

(excluding the noise variance?®) is given by rotationally symmetric modes often being most important in
. T practice. Since from now on we assume free space for medium
a=[a; ap ap) 5 . - )
, , we drop the subscript 1 to indicate material parameters of
=0 b B Bu N the target.
o f ot (26)
and the likelihood functiomy|q(r|a) is [33]-[34] A. Sphere

To illustrate the frequency dependence of the MoM
impedance matrix determinant, Fig. 2 shows its magnitude
(r—g(a)” - (r — g(a)) ~along the imaginary frequency axis for a sphere of radius
202 a = 1.27 cm and azimuthal mode index = 0. Although
(27) the resonances are not exactly located on the imaginary axis,
such a plot gives a good idea as to the number and location

(25), and the parameter veciin (26), the Fisher information of the resonances. The imaginary frequencies at which the
' i minima of the magnitude occur are used as starting points for

matrix [I(a)], and the CRLB matri{C] can be derived [35] a Mueller method to search for the complex roots. Fig. 2 also

for all 4M + 1 unknowns, including the noise variangé. No betw dif ¢ material fes. Th
further simplifications are necessary here, but for the actt%]ows a comparison between different material properties. The
rves for nonpermeable targés. = 1) with conductivities

computation of the CRLB matrix, the excitation strengths oq‘u
P g -10°% S/m ando = 20 - 10° S/m lie on top of each

the individual damped exponentials have to be known.
ﬁ)ther (note the scaling of the frequency axis by a factor

of the SNR that does not require any knowledge of the excn%\f four), which is consistent with the resonant frequency

. 6
tion strengths can be derived, assuming known noise varia G ling relationship (20). The curves for= 5 - 10° S/m and

2 and excitation of only the resonant mode of interest. Th ermeabilitiesy, = 1 and i, = 100, respect|ve|y, also use
is a “best-case” study that provides a “lower bound” fo ifferent frequency axes, here scaled by a factor of 1007-TM

the CRLB. Taking into account only the exponential decdy >onances V\."thn - .0’ €., modes with the magnguc field
term associated with the lowest purely imaginary resona [Ply in the azimuth direction (and therefore not excited by an

frequency (fundamental mode), i.e., neglecting all other polé cident z-directed magnetic field), scale exactly according to
the time series simplifies to T (20). For TE-resonances, this is only true if the permeability

satisfiesy > po. A simple explanation for this will be given
gn(B, fit,) = Be™ 2 heenat in Section IV-C.
=Be ™™™ with n=0,1,---.N—1 In [31]-[32], an impulse detector was used to measure the
step response of certain canonical objects, in which the impulse
(28) .
response of the detector itself has been deconvolved from the
where we have renamed the amplitude and the resonamasured data. Using a Helmholtz coil, the generated incident
frequency for simplification. After some algebra, and assumimgagnetic field was nearly uniform, as assumed in Section II-A.
a sampling time much smaller and a total observation tinfthe scattered field was measured with a quadrupole receiver
much larger than the decay time constant associated with tbigl. Table | presents a direct comparison of the measured
lowest resonant frequency, i.e., and MoM-computed decay times for a 1-in diameter sphere
At)r =27f" At <1 and made. of aluminum,. brgss, lead, and 304 stain!ess steel, re-
» spectively [32]. Taking into account that in the literature the
NAt/T =2 fio NAt > 1 (29)  conductivities given for different metals are highly variable,
the CRLB for the normalized resonant frequency or decdfje agreement between measurement and numerical results
time, respectively, simplifies to is excellent. In fact, assuming that the measurements were
performed with a high degree of accuracy, we can use our

£ Lo
var & Jres U _ o0 { } — 4o / g2 = (30) theory to extract from data the exact conductivities for the
{ It } Z " SNR targets considered in the experiments.

res

Pria(rla) =pn(r — s(a))

1
= 7(271_0—2)]\,/2 exp |—

Using this probability density function, the signal vectpimn

As expected, the variance is reduced with increasing SNR. W

have found that the error incurred by using (30) instead of tl$e Thin Disk

general CRLB in (22) is less than 5%, as long as the samplingNext we consider aluminum disks of diamefkr = 5 cm

time and the number of sampling points satigfy/~ < 0.55 and nominal thickness 3.175, 1.588, 0.794, and 0.508, respec-
and NAt/T > 3. tively (1/8, 1/16, 1/32, and 1/50 in), for which measured decay
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Fig. 2. Magnitude of MoM impedance matrix determindnt = 0) along the imaginary axis of the complex frequency plane for spheres (1.27
cm) of various material properties.

TABLE | frequency, can be used for mode identification. For the alu-
ComPARISON BETWEEN MEASURED DECAY TIME minum disk with h =~ 3.175 mm (1/8 in.) Fig. 3 shows the
Tmeas = 1/(27 - Im{ fmeas }) [31]-{32] AND MOM SoLuTION £ distribution for th | d
FOR CONDUCTING SPHERES OFRADIUS @ = 1.27 cm resonant surface current distribution for the two lowest modes.
Only the ¢-component of the electric and tliecomponent of
metal type Tneas | Wlfmacd | MUt} Relfon) the magnetic surface currents are nonzero*¢fodes with
- {msec] (] (i) () m = 0). That is, because at very low frequencies, a thin disk
alumi =30-10°5/ = 0.477 =333 260.5 0.016 . . .
S e il can only support currents in circular paths around the axis of
ass (0=12-10°8 =0.255 =62 651.2 0.041
brass (c=12 :,() S/m) 4 Symmetl’y.
lead (G=5-10"S/m) =0.095 = 1675 1562.9 0.097
stainless steel 30488 (0:1,3-10(’Slm) =~ (0.026 =612] 6011.1 0.374
C. Cylinder
TABLE I Despite the fact that a circular cylinder is very simple

CompARISON BETWEEN MEASURED DecAY TIME - ; ; i ;
rnens = 1/(27 - Tm{ funens ) [31132] AND MOM SoLUTION FOR in shape, there is no closed form solution available for its

ALUMINUM Disks OF RADIUS @ = 2.5 CM AND DIFFERENT THICKNESSES natural resonances or scattering behavior. We discuss an
approximate solution for modes witlh, = 0 later, but

thickness of aluminum disk frees MU | dmbon) - Relhul et ys first compare numerical results with measured decay
(radius a=2.5cm, 6=21-10"S/m) {msec] [Hz] [Hz] [Hz] . . . . .

: times for a solid cylinder of radiug = 1.27 cm, height
h=3.175mm (1/8 inch) = (1.363 =438 466.1 0.169 . L. .

: h = 2.54 cm, and different conductivities. The decay times
h=1.588mm (1/16 inch) = (.164 =970 883.4 0.490 . .

: derived from the measured step responses in [31]-[32] and
h=().794mm (1/32 inch) = (1.089 = 1788 1718.3 1.213 . . . .

_ converted into imaginary resonant frequencies are compared to
h=0.508mm (1/50 inch) =0.058 = 2744 2658.7 1.483

the calculated ones (Table Ill). The slight discrepancies could
be due to the fact that the true conductivities of the targets are
times are also available in [31]-[32] (Table II). Although theinknown.
disks were machined from different sheets of aluminum of Fig. 4 shows the frequency-dependent magnitude of the
different alloys and unknown conductivities [32], we hav®oM determinant for different material properties, using dif-
assumed the same conductivity ef = 21 - 106 S/m for ferent scales on the imaginary frequency axes. Again, all
all disks. The fact that the decay time scales approximatelysonant frequencies scale almost exactly with (the two
with thickness does not violate (20) because (20) was derivearves for nonpermeable cylinders lie on top of each other and
assuming that the target shape does not change. Here onlysiv@nly one curve is visible), but only a few resonances scale
thickness varies while the radiusis constant. with 1/u. Note also that the resonant frequencies for highly
The resonant surface currents, i.e., the nontrivial solutigmermeable objects occur in pairs with only slightly shifted
of (17) for zero driving vecto™ = 0 at a given resonant resonant frequencies. We now give a simple explanation for
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Fig. 3. Electric and magnetic resonant surface currents for the lowest two resorfances 0, TE*-modes) of a 5-cm diameter aluminum disk with
thicknessh = 3.175 mm (1/8 in.).

TABLE Il have finite values at the boundary. For increasing permeability,
o ff(“;;m'Islg?]?ETWT?“[?"\Q]E_A[%UZF]*%EE&/ST\ATQZ')ELUTION o however, the resonant frequencies of the Fiodes converge
ALUMINUM DISKS OF RADIUS @ = 1.27 cm AND HEIGHT /i = 2.54 cm to those of the TNj,,-modes given in (31) (pairs of reso-
nances in Fig. 4) because, dual to the “Fbase, the boundary
metal type T MUl | Rel - conditions H,(p = a) ~ 0 and H.(z = +h/2) ~ 0 have to
i (0230-10°5m) i":;;) :[2?7 2[0;]6 (EO(Z)]G be satisfi.ed fom > pg. The numerically calcglated respnant
s (0-12.10°m) Toms T 14 o frequenqe§ for TNj,,,,-modes and the theoreycal ones in (31)
ead (05.10°5/m) ot ves e oo agree within less than 0.02% for alll modes_mcluded in Fig. 4
stainless steel 304SS (6=1.3-10°/m) | = 0.036 = 4421 4815.4 0.130 (mnp = 011, 012, 013, 014, 021, 022)' prowdlng an excellent

verification of our MoM code for BOR type objects.
To illustrate the explanation above, Figs. 5 and 6 show

this behavior. Neglecting displacement currefatss> we) and the resonant surface currents of corresponding-Tand
assuming a real permeability, the wavenumber inside the targ®“-modes (form = 0) for a nonpermeable cylinder with
is real for purely imaginary frequencies [see (19)]. Thereforépnductivity o = 5 - 10° S/m and the same dimensions as
we can apply the theory for circular cross-section cavities [37]) Table Ill. The principal behavior of the electric/magnetic
if we modify the boundary conditions to derive the radiag$urface currents for the FEmodes is about the same as
wavenumberk,. For TMg,, -modes (azimuthal mode indexthe magnetic/electric surface currents for the “Fiiodes.
m = 0, radial mode index., axial mode index), i.e., modes However, while theM,-currents (corresponding td: at
with the magnetic field only in the-direction, the boundary the surface) for the TKmodes vanish at the cylinder edges,
condition for the normal component of the electric field ahis is not true for the/,4-currents (corresponding té, at
the surface can be satisfied only H,(p = a) ~ 0 and the surface). Therefore, for FEnodes, the normal magnetic
E.(» = +h/2) ~ 0 because +we ~ o > wep. The resonant field does not vanish at the interface between target and free

frequencies are therefore given by space. Increasing the permeability g = 100, the resonant
) frequencies of these two FEnodes(j26.24 and j57.52 Hz)
o L [(@) 1 (@)21 with approach those of the TWMmodes(;j26.94 and j57.94 Hz),
Onp ™ 2nou a h where the latter ones almost exactly scale with. The TIM*
n=1,23-- and p=123,-- (31) resonant surface currents for the permeable cylinder look

exactly like those in Fig. 6 (the electric surface currents only
where x{,, represents thesth zero of the derivative of the scaled by a factoi /;.,.) and the TE surface currents show
Bessel functionJy(z). For nonpermeable targets, the correan almost dual behavior with no obvious differendes,
sponding TE-modes have lower resonant frequencies becauseks like M,y in Fig. 6, M, only scaled by a factor of
the magnetic field componen#d, and H_ inside the target approximately 1400 compared tQ, in Fig. 6).
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Fig. 4. Magnitude of MoM impedance matrix determingnt = 0) along the imaginary axis of the complex frequency plane for cylinders= 1.27
cm, h = 2.54 cm) of various material properties.
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Fig. 5. Electric and magnetic resonant surface currents for two differentrii@es(m = 0) of a conducting and nonpermeable cylinder = 5 - 105
S/Im,a = 1.27 cm, h = 2.54 cm).

D. BOR of Arbitrary Shape target is about the same as for the sphere and the cylinder in

The MoM solution in Section 1I-B is applicable not only toSection IV-A and C, respectively, and therefore we expect
canonical type targets (sphere, disk, cylinder) but to arbitraf§sonant frequencies of the same order. For the first three
BOR’s. As an example, we now look at the natural resonancBg*- and TMF-modes withm = 0 the calculated resonant
of the target shown as inset in Fig. 7, which we believe canrf¢quencies are given in Table IV for the nonpermeable con-
be calculated analytically. The characteristic dimension of tleicting case f = 5-10° S/m) as well as for conductivity
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Fig. 6. Electric and magnetic resonant surface currents for two different modes of a conducting and nonpermeable (eyliader - 106 S/m,
a = 127 cm, h = 2.54 cm).

- ——— Jsphi Ist TE-res. | 4.0x10™
/

_ . Fi 2 : Mst 1st TE-res. =
g A e Jsphi 2nd TE-res. ] 3.510% 3
=09 AN | L U — Mst 2nd TE-res. =
E i w B
g 08 f - 3.0x10 g
3 / et
07 ; 8

§ ! —2.5x10% 8
& E
a 7]
3 2.0x10% .2
B =
3 Lsx0% &
° °
= 1.0x10% 8
i= E
o =
5D " P
£ \, : 5.0x10 <
g

- 0.0x10™
0.0 0.0 1.355 2.055 2.855 4.135 4.635

coordinate t along generating arc [cm]

Fig. 7. Electric and magnetic resonant surface currents for the first tworliddes(m = 0) of a target (shown as inset) with conductivity= 5 - 10¢
S/m and relative permeability:;, = 100.

o =5-10°% S/m and relative permeability,, = 100. As for TE*-modes for the permeable case in Table(’ = 5 - 10°
the canonical objects before, the resonant frequencies for g, ». = 100).

TM#-modes exactly scale with/p (not the case for the

TE*-modes), and the TEresonant frequencies approach those. Example for CRLB

for the TMF-modes for increasing permeabilities. Finally, Let us consider as an example the CRLB (Section Ill)
Fig. 7 shows the resonant surface currents for the lowest tfay the cylinder of radius 1.27 cm and height 2.54 cm in
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100 = :
- aluminum (j208.6Hz) from Eq. (22), (30)
| e brass (j521.7Hz) from Eq. (22), (30)
T lead (j1251.9Hz) from Eq. (22), (30)
Sl S 304SS (j4815.4Hz) from Eq. (22), (30)
TN e
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Fig. 8. Minimum standard deviation (Cramer—Rao) for the estimate of the imaginary part of the complex resonant frequency of conducting cylenders mad
of metals with different conductivitiee = 1.27 cm, h = 2.54 cm) for sampling withNV = 256 and At = 10 pus.

TABLE IV h (0 = 21-10° S/m, u = pg) (see Section IV-B). The

REZ(;NS’:;T ';RFES:’TET:'C'_ESOOENTDHEDTI’F*E::;N?*;EVF‘{’;E”:;E’;'EZSET MoM results for the lowest resonant frequencies (longest

' T decay times) forh ~ 3.175, 1.588, 0.794, and 0.508 mm
=5-10°/m and p,=1 =5-10°S/m and p,=100 (1/8, 1/16, 1/32, and 1/50 in) can be found in Table Il. The
fo Hz) TE“modes | fy, [FHz] TM"“modes | fo, [Hzl TE“modes | fo, [Hzl TM=modes  MiNimum standard deviation for the imaginary part of the
0.124+§-1370.8 0.035+-3170.9 0.00036+131.007 |  0.00035+-31.709 complex resonant frequency (CRLB) as a function of SNR
0.262+j3638.4 0.1324§6518.3 0001244764083 | 0.001324j-65.183 is given in Fig. 9 for the four different thicknesses. Although

0.7144j-4489.3 0.145+]7008.5 0.001704]-69.336 0.00145+{-70.085 the coarse sampling assumed héfe = 50 ps, N = 16)

does not satisfy the conditions in (29) very well, the error

Section IV-C. The lowest resonant frequency. cores on'f“fing (30) is still small [see Fig. 9, the true standard deviations
; : . . 9 Y, COMespong, (22) are slightly larger than those from (30)]. If we again
ing to the longest decay time, ®R08.6 Hz for aluminum,

5217 Hz for brass,j1251.9 Hz for lead, andj4815.4 Hz for assume that a standard deviation less than®.gdefinition

stainless steel, respectively (see Table Il). Taking into accou(zrjctA analogue to first example) is required for unambiguous

: D entification of the disks, an SNR of about 28 dB is needed

only this lowest resonance, the standard deviation for tg]%r 0.5A, an SNR of 22 dB is sufficient). In like manner

imaginary part of the complex resonant frequency as a functign, .~ " . ' ’

. L . NR requirements can be computed for any set of targets

of the SNR is given in Fig. 8. Since we usext = 10 pus of interest

and N = 256 here (conditions in (29) are satisfied), the '

CRLB results from (30) differ only slightly from the general

solution in (22) (the curves lie on top of each other in Fig. 8).

Note that (30) gives the CRLB for theelative variance, but A circuit-based analysis of low-frequency, electromagnetic

the standard deviation is plotted in Fig. 8. Moreover, if wecattering from conducting targets has been presented, from

assumeA represents the minimum difference between th@thh it was demonstrated that the late-time (hatural) response

resonant frequencies considered above, and that a standég@n such targets is represented by an exponentially damped

deviation of 0.2A is required for unambiguous identification€sponse. A rigorous, MoM analysis was then applied to

of the four targets, an SNR of about 23 dB is needed in tHige case of conducting, permeable BOR's in free space, for

example. If we relax this condition to @ an SNR of 17 dB Which the damped natural response was demonstrated as still

is sufficient. appropriate. Moreover, the MoM-computed decay constants
The example above considered a fixed target shape wiygre found to be in good agreement with measured data.

variable conductivities. Now we vary the shape of a target Several important relationships were derived and demon-

while the conductivity and permeability are fixed. We arétrated, as follows.

interested in the minimum SNR required to distinguish be- 1) For a conducting, nonpermeable target, the modal decay

tween 5-cm diameter aluminum disks of different thickness  constants were shown to scale with conductivity, and

V. CONCLUSIONS
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h=3.175mm (j466.1Hz) from Eq. (20), (30)
I ittt h=1.588mm (j883.4Hz) from Eq. (20), (30) :
h=0.794mm (j1718.3Hz) from Eq. (20), (30) ..
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10 | |
20

30 40

signal-to-noise ratio SNR [dB]

Fig. 9. Minimum standard deviation (Cramer—Rao) for the estimate of the imaginary part of the complex resonant frequency of 5-cm diameter aluminum

disks of different thicknes® (o = 21 - 10% S/m, 4 = po) for sampling with N = 16 and At = 50 us [the results from (22) are slightly larger

than those using the approximation (30)].

therefore results need only be computed for a represen-
tative conductivity, assuming the target shape remaina]
constant.

Decay constants (withn = 0) for highly permeable
and conducting targets can be computed very accurate[g]
(< 1% error) using a simple resonant-cavity analysis
(particularly useful for simple shapes such as cylinders
and discs). 3
CRLB for estimation of the decay parameters can often
be simplified to a simple relationship that only depends4l
on the SNR (computed from the noise variance and the
decay coefficient).

These relationships allow us to perform quick “back-of-the!”!
envelope” computations of the system requirements for unam-
biguous target discrimination via decay-parameter estimatioff!
In this context, for the examples considered here, we have
found that an SNR of roughly 20 dB is required. [7]
The low-frequency, decay-constant discrimination of con-
ducting, permeable targets has many applications. For exarsi
ple, we can use it for concealed-weapioientification [31]
as well as for identification of buried metal mines (in which[g]
case discrimination mitigates the need to dig up each piece of
anthropic metal clutter). With regard to the latter example, tH&"
effects of the lossy soil become important as the size of the
metal target diminishes (this is especially relevant for plastitl]
mines that possess very small metal content). Therefore, g
future work, we will consider the BOR targets buried in a lossy
half space. This problem constitutes a significant escalation in
complexity, due to the need to compute the half-space dyaélllc
Green’s function.

2)

3)
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