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Abstract—in this paper, we develop a performance model of mance model. We also consider the optimal number of guard

a cell in a wireless communication network where the effect of channels. We use ahomogeneous continuous time Markov chain
handoff arrival and the use of guard channels is inlcuded. Fast re- model for our derivations.

cursive formulas for the loss probabilities of new calls and handoff In Section I di the basi del and in Section Il
calls are developed. Monotonicity properties of the loss probabil- n eg lon 1i, we 'SCUS_S € basic moade an In Sec |(_)n
ities are proven. Algorithms to determine the optimal number of We consider the computational aspects. In Section IV we discuss

guard channels and the optimal number of channels are given. Fi- properties of loss probabilities while in Section V we consider
nally, a fixed-point iteration scheme is developed in order to de- the optimization of the number of guard channels. In Section VI
termine the handoff arrival rate into a cell. The uniqueness of the we discuss the use of fixed-point iteration to determine handoff

fixed point is shown. : . . . ;
P call arrival rate. Finally, in Section VIl we provide the conclu-
Index Terms—Channel allocation, Markov models, optimiza- sjons.
tion, performance modeling, wireless cellular networks.

Il. BASIC MODEL

|. INTRODUCTION We consider the performance model of a single cell in a cel-

HE Erlang-B formula has been normally used to comular wireless communication network. Consider Poisson arrival
pute the loss probability in wireline networks. This forstream of new calls at the ratg and the Poisson stream of
mula cannot be used in cellular wireless networks due to thandoff arrivals at the rats,. An ongoing call (new or handoff)
phenomenon of handoff. When a mobile station moves acrossanpletes service at the rate and the mobile engaged in the
cell boundary the channel in the earlier cell is released and eadl departs the cell at the ratg. There is a limited number of
idle channel is required in the target cell. This phenomenondbkannels NV, in the channel pool. When a handoff call arrives
called handoff. If an idle channel is available in the target cell ttand an idle channel is available in the channel pool, the call is
handoff call is resumed nearly transparently to the user. Othaccepted and a channel is assigned to it. Otherwise, the handoff
wise the handoff call is dropped. The dropping of a handoff callll is dropped. When a new call arrives, it is accepted provided
is generally considered more serious than blocking of a new ciilt ¢ + 1 or more idle channels are available in the channel
[2]. One way of reducing the dropping probability of a handoffool; otherwise, the new call is blocked. Hegdas the number
call is to reserve a fixed number of channels (called guard chari-guard channels. We assume that. NV in order not to ex-
nels) exclusively for the handoff calls [1], [3]. As a result, sepclude new calls altogether.
arate formulas for the dropping probability of handoff calls and Let C(¢) denote the number of busy channels at timeaen
the blocking probability of the new calls are required. Furthe{C(¢),t > 0} is a birth—death process as shown in Fig. 1. We
more, as the number of guard channels is increased the drdgfineA = \; + Ao, = 111 + 2. The state-dependent arrival
ping probability will be reduced while the blocking probabilityand departure rates in the birth—death process are given by
will increase. Thus, it is possible to derive an optimal number
of guard channels subject to given constraints on the dropping Aln) = { A, n=01,...,N-—g-1
and blocking probabilities. A2, n=N-—-g,....N—-1; g>0
Earlier efforts in this direction have been in the context of
performability models including the effects of channel failure8ndM (n) = np,n =1,...,N.
and recovery [4] The Objective of this paper is to derive the Because of the structure of the Markov chain we can readily

blocking and dropping probability formulas for a pure perforwite down the solution to the steady—state balance equations as
follows. Define the steady—state probability
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Fig. 1. Markov chain model of wireless handoff.

where Thus, to compute the loss probability in case there are no
1 guard channels, we simply use the standard loss formula with
~ - — . total traffic A in Erlangs Note that the traffic includes both
—g—1 An N AN—g Aﬂ—(l\ -9) . .
Y=o art Zn:N_g a4 new calls and handoff calls. The service rate includes both call
) ) ) .. completion and handoff out into adjacent cells.
Now we can write expressions for the dropping probability Fq-mula (3) (Erlang-B formula), if programmed as shown

for handoff calls will lead to overflow problems. A recursive computation is used

Po =

EA{ in [5].
Py(N,g) =py = — - Nt . « Let$(1) = A and compute
DF T T W
1 A
Similarly, the expression for the blocking probability of new ¢(k) = p(k — 1)E k=23, ...,
calls is
* Then letG(0) = 1 and compute
N
P(N.g)= Y pn Gy =Gk —1)+¢(k) k=12 ... N.
n=N-—g
>N AN=9 yn—(N—g) * Finally, Eg(A,N) = ¢(N)/G(N).
o n=N—g n! 1 . . . .
_ZN_Q_I Ay N A 7 g (N—g) This computation is much more stable than the direct use o]‘
n=0  nl n=N—g n! *1 formula (3). Nevertheless, both the numerator and the denomi-
- fg’{ : nator above can become very large for large value$ ahd vV,
=AN—9 =0 (k+N—g)! leading to overflow. A much better recursion is the following

N—g—1 An» N AN—g ,n—(N—g)~
En:O nl + En,:N—g n! Al [6]

(2)
AEp(Ak—1)

Ep(A k) =
Bl4.k) 1+ 2Eg(Ak—1)

Note that if we sety = 0 then expression (2) reduces to k=12....N (5

the classical Erlang-B loss formula. In fact, setting= 0 in

expression (1) also provides the Erlang-B loss formula. Notéth Fz(A4,0) = 1.0.

also that4 is the total traffic inErlangsas seen by a cell, while  We have used this formula (5) for values &f as large as

A is the handoff traffic irErlangs 1000 and have not encountered difficulties. Thus, formula (5) is
If the number of channel® is large, the two loss formulas recommended for computing Erlang-B loss probability.

we have developed are not convenient to use as overflow andRecall that if the number of guard channgjss 0, we use

underflow might occur due to factorials and large powersiof formula (5) above to compute both, the dropping probability of

and A;. In the next section, we show numerically stable confvandoff calls and the blocking probability of new calls.

putation for the loss probabilities. In the case the number of guard channgls 0, let Ny =
N — g be the number of shared channels. Now we can use the
I1l. COMPUTATIONAL ASPECTS following recursive formula (for a proof, see Appendix A.1):

The number of channel¥, in most wireless systems is large Let Pu(I1,0) = Eip(A, V1) and compute

leading to numerical difficulties in the_ direct use of the loss _ Py(Ny 4 (k—1),k—1)
formulas (1) and (2). We show numerically stable methods of ~ Fa(N1 + k. k) = : : ;

N . . . g+ Py(Ny+(k—1),k—1)
computation in this section that avoids the computation of fac-

torials and large powers of loads Hrlangs All computations k=L2....9. ©)

are based on recursive relations we establish. Similarly for the blocking probability (again see Ap-

Let pendix A.1), letP,(Ny,0) = Eg(A, N;) and compute
A_N
Ep(A,N) = o o~ (B) PN +kE)
T+ A+ or+ 457 ARV H (k= 1)k =1+ Pa(Ni + (k= 1),k - 1)
be the Erlang-B formula. L Py(Ny 4+ (k= 1),k —1)
Then we can show the following: E=1,2,....9 (7)

Py(N,0)=P,(N,0) = Eg(A,N). (4) whereaA = A is the traffic inErlangsdue to handoff arrivals.
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Fig. 2. Loss probabilities as functions of.

Equations (6) and (7) can be easily programmed in a simg
loop.

In Fig. 2, we have plotted the loss probabilitis P, and £z
as functions of the number of channéldor different values of
g. We have assumed = 70, « = 0.3 andp; + pu2 = 1.

It is interesting to note that the ratio of the blocking probe ¢
bility to the dropping probability has a nice expression. Defin
R(N,g) = (P(N,g))/(Ps(N,g)). Then from expressions (6)
and (7) we note that

(b)

R(N1 +k, k) :%R(Nl + (k . 1)7 E_ 1) +1, Fig.3. Monotonicity properties of the loss probabilities. (a) Per(b) ForP,.
(8%
k:1?2?"'?g (8) . g .
Property 4.2: The dropping probability Py(N,g) is a
with R(Ny,0) = 1. decreasing function of (for a fixed N), i.e., Py(N,g) <
Based on this recursion, we can also write Py(N, g = 1). o ] ]
Proof: The proof is given in Appendix A.3. QED
9 s NNE 1 ( N )g+1 Property 4.3: The dropping probability”; (N, g) is a de-
R(N1+g,9) = R(N,g) = Z <—A> = 1‘X7AA creasing function oiV (for a fixedg), i.e., Py(N, g) < Py(N —
a —
k=0 od 1,9).
©) Proof. The proof is given in Appendix A.4. QED
Property 4.4: The dropping probabilityP; (N, g) is a de-
IV. PROPERTIES OF THELOSSFORMULAS creasing function ofV andg, i.e., if both ¥ and g are in-

Based on (1), (2), and (3), as well as on the recursive relatidif€ased by one at the same time, the following relation holds:
(5), (6), and (7), some important relations both for the blockinﬁd(Nv 9) < Pa(N — 19— 1. ) ]
as well as for the dropping probability can be proven. At first, Prc_x_)f: The relation follows directly from the two previous
a relation for Erlang-B formula is given, which is used in th€0Positions 4.3 and 4.2. QED
proofs of the subsequent relations for the loss probabilities.  These three relations are summarized in Fig. 3(a).
Property 4.1: The loss probabilityEp(A, N) according For the blocking probability?,( NV, ¢) the following relations
to Erlang-B formula is a decreasing function &f, i.e., hold, assuming that all other system parameters are fixed.
Eg(A,N) < Eg(A, N —1). Property 4.5: The blocking probability F,(N,g) is a
Proof: The proof is given in Appendix A.2. QED decreasing function ofV (for a fixed g), i.e., P,(N,g) <
For the dropping probability’;( IV, g) the following relations P,(N — 1, g).
hold, assuming that all other system parameters are fixed. Proof: The proof is given in Appendix A.5. QED
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TABLE | . o
RESULTS OFOPTIMIZATION PROBLEM O d 5 .
Po [0 Pde) [ B(g) RS
1072 0 | 0.003992 | 0.003992 e A
103 | 3 | 0.000504 | 0.012528 ' f T HN gl = Fe
10-% | 6 | 0.000065 | 0.023195 ik :
105 9 | 0.000008 | 0.038967 i e
1075 | 13 | 0.00000058 | 0.069839 oo Pa

Property 4.6: The blocking probability P,(N,g) is an

increasing function ofy (for a fixed N), i.e., B,(N,g) > LATRLN. g1 > Pl ™ —
Pb(N,g—].). e L
Proof: The proof is given in Appendix A.6. QED

Property 4.7: The blocking probability?,(/V, g) is an in- Fig. 4. Optimization problen®; case 1.0 < Puo.
creasing function ofV andg, i.e., if both N and g are in- "
creased by one at the same time, the following relation holds: a L
Pb(N,g)>Pb(N—1,g—1). s,
Proof. The proof is given in Appendix A.7. QED M A
These three relations are summarized in Fig. 3(b).

V. OPTIMIZATION PROBLEMS 1

For the problem on hand, we like to minimize both the .
blocking probability as well as the dropping probability. :
Hence, we have a multiobjective optimization problem [7]. The FyllV, g) > P} ™
decision variables are the number of guard changebnd the 3
number of channelsy. In a simpler version of the problem, '
we fix N and consider only as the decision variable. Fig. 5. Optimization problen®.; case 2:Pso = Pug.

Given the two objectives, there are several different ways we
can set up the optimization problem. We can pick eitheor B. Optimal Number of Channels
P, as the objective function to be minimized and we impose a02: Given A anda, determine the optimal integer values of
constraint on the other one. Thus, we consider two represery{a—andg so as to
tive optimization problems below.

Py(N,g9) < Py

minimize N such that
{ Pd(N, g) S Pd().

A. Optimal Number of Guard Channels

O;: Given 4, N ande, determine the optimal integer value In order to solve the optimization proble@y above, we con-

of ¢ so as to sider the first quadrant of thgV, ¢) plane shown in Figs. 4-6.
In fact the region of interest is below the = N line. Fur-
minimize P,(g) such thatP,(g) < Pao. ther on this line,F, (N, N) = 1.0. Also note thatP;(N,0) =

P,(N,0) = Eg(A, N). This property enables us to distinguish
o three cases depending upon the valueggfand P,¢. Note that
In order to solve the optimization problem above, we use ”&‘?thoughg and N are integers, for the sake of convenience the
Properties 4.2 and 4.6 from Section IV. figures and much of the discussion below refer to them as if they
Based on property 4.2, we first determine the smallest valygre real variables.
of g such that’;(g) < Puo. Then using the Property 4.6 we see The first case, whenP,g < Pyo, is shown in Fig. 4.
that such a value of will minimize P,(g). Thus the optimal |n this case, we know that the active constraint will be
value of g is obtained using a simple one-dimensional (1-Dp,(N, g) < Py as the entire region to the right of the contour
search over the rand®, 1,2, ..., N — 1} for ¢ such that Py(N,g) = Py and below the lingy = N will satisfy the
constraintP; (N, g) < Pye. Thus, the intersection of the two
(10) regions is the feasible regidfy. It is clear that the minimum
value of N, denoted byN*, is the smallest value oV such
that F,(IV,0) = Eg(A, N) < Py, andg* = 0.
As a numerical example, we také = 80, 1 + 2 = 1, In the second case, whdfyg = P, we have the situation
a = 0.5 and N = 100. Table | gives the optimal values gf depicted in Fig. 5. In this casg’ = 0 and N* is obtained as
for different values offq. the smallest value oV that satisfiesF (A, N) < Py = Pyo.

g" =min {g|Py(9) < Pao}-
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g case of:
(N,g) € D;1: goto step 2
g=N (N7 g) S DQ: Nmin = mid
goto step 1
Pb(N’g)=Pb0 (Nag) S D3: Nmin = mid
find smallest value of N(= Ny) € [Nuin +
Pd(N,g)=Pdo 97N111ax+g]
such that  P,(N,,g) < P, using part B.
find smallest value of N(= Ny) € [Nyin+9—
Dy 1a Nmax + g — 1]
D, such that P,(Ny,g—1) < Py using part C.
case of:
N Ny,=Ny. N* =N, , gh:=gor g—1
. o Ny <Ng. N*":=N, , g":=gNy> Ny
Fig. 6. Optimization problen®; case 3:Pyo > Pyo. N, > N;; N* := N, g i=g—1
endcase.
’ (N7 g) S D4: Nmax = Nmid
g a goto step 1.
Co endcase.
___:__:,_'7 Part B:
2y
AN Part B:
_:___:_ -:-‘:-“Iv//\} min := Nmin
_:__:__:_%?24'/} :\\1 Dy max = Nyx
——:——:—i,—f—:--“v/ AN while  (max —min > 1) do
; ':“I:":"J:‘*,‘*},‘: EDi ! :\‘,\\ N mid := (min + max)/2
n := mid
Fig. 7. Optimization problen®.; regions of interest. for ¢ €[l,g] do
n=n+1

Calculate  Py(n,¢') and F,(n,g’) from
The third case, whe®,g > Py, is the most interesting F,(n — 1,¢' — 1) and
one ; it is shown in Fig. 6. Since we haw,(N,g) > Py P,(n—-1,¢'—1) using (6) and (7)
on{D; UDs} and P,(N,g) > Py on{D: U D3}, the fea- endfor
sible region is labeled, in this figure. In order to explain if (Py(n,g) < Pyo)
the algorithm that will follow, we show the regiorn3,, D-, then max := mid
D3 and D, in detail in Fig. 7. In the figure, we show vertical else min := mid
dotted lines in(V, g) plane for the regions when the constrainéndwhile
Py(N,g) < Py isviolated and horizontal dotted lines are used, := max +g¢
for the regions wher&, (N, g) < P,g is violated. The following
algorithmO4 which consists of three partst, B, C), is based
on bisection and utilizes the fast recursive formulas for the com-
putation of P;(N, g) and P,([V, g) we have developed earlier.
Algorithm O,: Part A: Calculate Eg(A,N) for
N € [1, Nyax], Where Np,ax is the smallest value ofV . e
such thatE (A, Numx) < Pio. 3) the if-condition |s(]_3d(n,g —1) < Pyo);
DeterminelV,..i, as the smallestvalue of € [1, Ny such ~ 4) the last statement & := max +g — 1.
that Eg(A, Nuin) < Pro. As a numerical illustration, we také = 80, 1 + o = 1,
anda = 0.5. Table Il gives the results of optimization problem
O, for various pairs ofP;y and P, values.

PartC has basically the same structure as Bagxcept that:

1) the for-loop runs up tg — 1 instead ofy;

2) the calculation within the for-loop is replaced by: calcu-
late P;(n,g¢') from Py(n — 1,¢’ — 1) using (6);

Step 1. ¢g:=0

Nmi = Nma.x Nmin 2
d ( + )/ VI. FIXED POINT ITERATION

N = Npia
Step 22 g:=g+1 In the earlier sections of this paper, we assumed that handoff
N =N+1 call arrival rate), is given. In practice, the value of needs to
calculate Py(N,g) and P,(N,g) from be determined as a function &f, ;i1, 112, N andg. We assume
Py(N —-1,9-1) and P,(N —1,g—1) that all cells are statistically identical. Thus the rate of handoff

using (6) and (7) out from a cell equals the rate at which handoff calls arrive into
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TABLE I TABLE I
RESULTS OFOPTIMIZATION PROBLEM O 2 RESULTS OFOPTIMIZATION PROBLEM FO4

P | B | N* [g*] PaN*g") | B(N* g iteration # Tiq gi | 10°P(g;) | 10°Py(g:)
1073 11072 [ 101 | 2 | 0.000791455 | 0.0077859 1 40.000000 | 3 | 5.042086 | 12.252801
10~% [ 1073 [ 109 | 2 | 0.000085555 | 0.0009482 2 39.739356 | 2 | 9.323258 | 9.123114

107> [ 10~% 1 116 | 2 | 0.000007625 | 0.0000933 : . : : :

— — : : : : :
10 10 122 1 2 | 0.000000687 | 0.0000091 ) 39.611338 | 2 | 8.839696 | 8.988369
10 39.611072 | 2 | 8.839114 | 8.988184

a cell. In other words, the steady—standoff-outthroughput

should equal the arrival rate\,) of the handoff-intraffic. combining problemO; and the fixed point iteration to deter-
Let 7'(x) denote the throughput dfandoff-outfor A\ = =z  mine the optimal value of given a constraint on the dropping

when the other parameteks, 11, 112, N andg are fixed. By probability. We can proceed as per the following algorithm:

definition AlgorithmFOy4 :
N
T(.Z‘) = M2 Z NPn- (11) o = ug/\l/ul
n=1 r_1 = 2%
t:=0

In Appendix A.8, we show that while (|z; — ;_1|/zi_1 > ¢)do

step 1. ¢:=¢+1
T(x) = &)\1(1—Pb(x))—i—x&(l—Pd(x)). (12) step 1: Determine g¢; as the optimal value
W W of g in the O; problem given X, = z;_y,
A= ()\1 + )\2)//1 and o= )\2/()\1 +)\2)
step 3: Determine z; as the solution
of the fixed point iteration (16) using

If we considerz = T'(x), we get

p2A1 (1 — Py(2))

_ . (13) 9= 9
= p2(1 = Py(z)) endwhile
g =g

Consider the functiorf(z), the right-hand side of (13) Ao = a5
Py = Py(g", A2)
Py = Py(g*, X2)

NQ)\I 1-— Pb x
fla) = AU Z D) 14)
= p2(1 = Fa(z))
As a numerical example, we u$é = 100, A\; = 40, 1 =
It is easy to see thaf(x) is a decreasing function efon ,,, — 0.5 and P,o = 10 3. Fore = 10~?, the iterative pro-
[0, +0oc] (see Appendix, Sections A.9 and A.10). Moreover  cedure converged in ten steps. Table Il gives the values for the

first and last steps. Proof of convergence of the algoriFdy

£(0) :N; 1 (1— Ep(Ag, N — g)) with is still an open problem.
1
A
Ao ==L, and hlf f(z) =0. (15) VII. CONCLUSION
I,L L1000

We have developed a performance model of wireless handoff
. ) ) scheme using a Markov chain. We derived fast recursive for-

So the solution of: = f(x) on [0, +oc] is unique. Denote 4 for the blocking probability of new calls and dropping
this unique solution by:. This value can be obtained using theyonapility of handoff calls. We proved useful monotonicity
iterative procedure properties of these loss probabilities. We developed optimiza-
tion problems to determine the optimal number of guard chan-

= fEEh k=12, (16) nels and the optimal number of total channels. Effective al-
gorithms to solve the optimization problems are provided. We
with for examplex® = g1 /g developed a fixed-point iteration-based scheme to determine

Because of the monotonicity ¢i(x), P, (z) and Py(z), itis handoff arrival rate into a cell and showed the uniqueness of
also easy to see th#} (7) < P,(z°) and Py(z) < Py(z°). So the fixed point.
2% can be used as an approximationitoln fact, sinceP, ()
and P,(z) are expected to be small values, the approximation APPENDIX
z should be very good in most situations. We also found that\ye \yil| yse the following notation throughout the Appendix:
the iteration above converges very fast (within a few iterations)
in practice. N—g-1 ,.

We can combine the fixed point iteration with the optimizay; (N, ¢) = Z A_w Y>(N,g) =
tion discussed in the previous section. Consider for instance r

N

Z A_TQN*(N*Q)_
n!

n=N—g
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A. Recursive Formulas faP, (N, g) and P, (N, g) it is equivalent to show that
In addition to the previous notation, let us define
N
—a[Yi(N,g— 1)+ Ya(N,g—1
G(N.g) =Yi(N.g) + Ya(N. ). N DN g = D+ (N0 = 1)
AN—9 ‘ AN g—1
Theng(N, g) = aA/Np(N -1, g—1)andY(N, g) = Ya(N - <[¥1(NV, g) + Y2(IV, )]
179 - 1) + (/)(Nv g) ANfg N A™ i
SinceYy (N, g) = Yi(N — 1, ¢ — 1), we may write S| iN,g) + | +a Y o Vot
(N —g)! n=N—g+1 n
.ZV7 < [YI(N79)+Y2(N79)]
Pd(Nvg) :d)( g) N
G(N,g) & aYi(N,g) + Z ﬁan_(/\r_g)
B SN —1,9— 1) ST Ll
G(N_lvg_l)—’_aj\é ( 7.9_1)

< [Yl(Nvg) +Y2(N7.g)]
Pd(N — 1,g — 1)

= S0<(1-a)Yi(N,g)
S t+tPuN-1g9-1)

and which is always true sinceé < « < 1 andY1 (N, g) > 0.
Py, 9) _Y3(N,yg) D. Proof of Property 4.32,(N,g) < Py(N —1,g)
na = G(N,9) This is equivalent to show that
G(N7g) A]\T
BV -Lg-1)+5 N F N —1,9-1) WV —1,9) + Ya(N - 1,9)]
G(N - 17.9 ) + 5 N ¢( - 7.9 - 1) ANil
_  AY
(N_ 7,9_1)+Pd(N_1,g_1) <(N—1)'a [Yi(Nvg)+Yé(Nvg)]

N — — A
aa T RN = Lo =) & FIV —19) + V(N — 1,)
< [NV, 9) +Y5(N g)]
B. Proof of Property 4. 5(A,N) < Eg(A,N — 1) 4 | Noo? A" i)
From (5) we see thalz(A, N) < Eg(A, N — 1) is equiva- N Z + Z ﬁo‘
lent to showing thatlz (A, N — 1)+ N/A > 1. This is obvious =0 n=N=
if A < N.More generally N9t 4 Noogn
= A n-V-g)
< Z n! Z ol ’
AN-1 n=0 n=N-—g
N ~N=1) N N—g-2 n N-1
EB(A,N—1)+Z:EN—A_+Z N A4 n AA" i (N-1-g)
7V0 3! ! N n' fem . N n'
A’ —1 A n= n= -
_T-m +N Z g2 .
+ AR <1+ Z 4 A
= @ (n+1)
AN N—-1 i
o VY N-1 .
o T T A_an—w—l—g)
(N—l)! + Zi:l m (7’L + 1) n!
n=N-—g—1
BecauséN/i)(A'/(i—1)!) > (A" /((i—1)!), we conclude that
Ep(A,N — 1)+ (N/A) > 1. which is always true since and A are positive.
C. Proof of Property 4.2P4(N,g) < Py(N,g — 1) E. Proof of Property 4.99,(N,g) < P,(N —1,¢)

Since the dropping probability for handoff calls can be written Since the blocking probability of new calls can be written as
as

AN

Py(N,g) = N
‘N9 = TN ) + TN g)

af _ Y2(V, 9)
an B9 = 78 ) T 1V, g)

(18)
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it is equivalent to show that Therefore
N
Ya(N.g)Yi(IV — 1.g) + Ya(N - 1.g)] aa Vg + PN = 1,9 = DI, 9)
< Y2(N =1, 9)[Y1(N, g) + Ya(V, g)] > ﬁPb(N,g — 1)+ Py(N—1,g—1)
& Yo(N, ga(N = 1,9) < Ya(N = 1, )Y (N,9) o4
Yi(N -1, & —(PJ(N,g)— P,(N,g—1
& Y2 (N —1,9) >Y2(N,g)w A BN, g9) = (N, g — 1))
1V 9) > Pa(N = 1,9— 1)(1 - B(N, )
& Yo(N —1,9) > Yo(N,9)[1 — Eg(A,N — g —1)] N
N-1 n <:>_A(Pb(Nvg)_Pb(Nvg_1))>0
o Z Fan—(]\f—g—l) &4
n=N-g-1 Then sincexx and A are positive,P, (N, g) is increasing with
N n ) respect tqg.
- > A—,a"*@‘ D1 —Eg(A,N—g—1)]>0
n=N—g G. Proof of Property 4. (N, g) > P,(N — 1,9 — 1)
I, AN-g-ltk From (7) we can write
& of ——
— (N—g—1+k)!
AT Pb(jx”ig (N—=1,g—1)+ PN —1,9 — 1)
— ail—E A,N— -1 >0 oz" b —1,g— + d — 1,9 —
A d( - 17.9 - 1)
9 N—g—1+k
A g
k
A kZ:Oa m Therefore
A N
- [1- —g- . — 4+ PN —-1,9— )| (P(N,g)—P(N—-1,9g—1
<l - BN - D 50 [ PN = g =) (AN~ AN 19 1)
N
= P(N—1,g—1)+PiAN—-1,9-1
Now, from (5) we can show that ocANb( 9=+ Ful 9-1)
- —DP(N-149-1)
A En(A k) ad
P =(1-P(N—1,9—1)Py(N —1,g—1) > 0.
and(E,;_(A, k))/(Ep(A, k — 1)) < 1by property 4.1. Thus, (P (N, g) — P(N — 1,9 — 1)) is always positive since
So, sinced/(N —g+ k)< A/(N—¢g—1),k=0,1,...,gq, « and A are positive.
this implies that
H. Proof of the Expression &f(x)
_ A [1-Ep(A,N-g—1)]| >0, Remember that herk, is the variable and let us denote
(N—-—g+k)
k=0,1,(g—1). A, Mt 22)
x " TS Nt
N
Therefore P, (N, g) is decreasing with respect 9. T(x) =pio Z npn ()
F. Proof of Property 4.68P,(N,g) > P,(N,g—1) n=t Nt v
—9- n ' n
From (7) we can write =p2po(z) Z n—r+ Z nA_Ta;—(N_g)]
n. n.
n=1 n=N—g
N _ _ _ _
Pb(N, g) _ aAPb(N _ Lg—1)+Py(N—1,9 1)’ :Nng(aj)Am
aA + Pd(N - 1"9 - 1) N—g=—2 Ar N An—l
k=1,2,...,¢ (20) « Z Doy Z Zx = (N=9)
= n! Nl (n—1)!
and by property 4.5 =papo(z) A,
[N—g—1 An
2PN =1,g-1D+PyN-1g-1) x| > o
a],\“q +Py(N —-1,g-1) - =0 N .
P (N, g = 1) + Po(N = 1,9 — 1) ta, Y Ag_‘aglwg)]
Lo+ Py(N-1,9-1) ' n=N—g+1 (n— 1!
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=p2po(z)As
[ N-1 Ak
X |Ya(N.g,2)+ap », Jxal” V0
L k=N—g
=p2po(x) Az
- AN
X Yl(Nvgvx)+axYé(Nvgv ) amﬁa‘q}

:%powmuv, 9,7) + x%po@cmw, g,)

:%pO(x))\lyi(Na 9, .’L’)

+x&p0(a:)
I

AN
X <Yi(N,g,.’L’) +Y5(Naga$) - WOF)

=2 - by a:& — ryg(x)).
_uAl(l Py(z)) + u(l Py(z))

I. Proof that P;(x) is Increasing in:

_ N!
P (z) = Aol [YI(N g,2) + Y2(N, g, )]
()\1+ ) —9x9
|
X Z 7‘L_ )\1 —|—J})

N Ny
1 n )\1+J}
w3 e ()

— n! (AL + z)N-9-ng9

+ Z
71'.’1']\9

n=N—

which is a sum of decreasing functionszofTherefore P, (x)
is increasing with respect to.

J. Proof thatP,(x) is Increasing inx

Yi(N,g,7)
Y2(N, g, )

N 1
_ En lg
=14 ==l
Zn:N—g Hxn

N 11 1

D e SvEE e

g zk
k=0 (k+N—g)!

P r) =14 22

%()\1 + )"
()\1+13)Nfg

IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 50, NO. 3, MAY 2001

So P, ! (x) can be written ag + (H(z)/G(x)) where H(z)
is decreasing wrt: and G(x) is increasing with respect te.
Therefore,P,(x) is increasing with respect to.
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