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Optimal Zero-Aliasing Space Compaction
of Test Responses

Krishnendu Chakrabarty, Member, IEEE, Brian T. Murray, Member, IEEE,
and John P. Hayes, Fellow, IEEE

Abstract�Many built-in self-testing (BIST) schemes compress the test responses from a k-output circuit to q signature streams,
where q << k, a process termed space compaction. The effectiveness of such a compaction method can be measured by its
compaction ratio c = k/q. A high compaction ratio can introduce aliasing, which occurs when a faulty test response maps to the fault-
free signature. We investigate the problem of designing zero-aliasing space compaction circuits with maximum compaction ratio
cmax. We introduce a graph representation of test responses to study the space compaction process and relate space compactor
design to a graph coloring problem. Given a circuit under test, a fault model, and a test set, we determine qmin, which yields cmax =
k/qmin. This provides a fundamental bound on the cost of signature-based BIST. We show that qmin � 2 for all the ISCAS 85
benchmark circuits. We develop a systematic design procedure for the synthesis of space compaction circuits and apply it to a
number of ISCAS 85 circuits. Finally, we describe multistep compaction, which allows zero aliasing to be achieved with any q, even
when qmin > 1.

Index Terms�Aliasing, built-in self-testing, fault coverage, graph coloring, multistep compaction.
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1 INTRODUCTION

OST built-in self-testing (BIST) schemes compress the
test response into a compact signature [1]. A response

compression circuit consists of two (not necessarily sepa-
rate) parts: a space compactor and a time compactor; see
Fig. 1. In space compaction, a k-bit data stream is com-
pressed to a q-bit bit stream, where q << k, and, typically, q = 1.
Space compaction is important because high-quality BIST
can only be achieved in today�s complex ICs if a large num-
ber internal and external nodes are monitored for testing.
To reduce testing time and hardware overhead, the test data
from these points must be merged into a single stream.
Time compaction refers to the compression of a long bit
stream into a short one and is the basis of traditional sig-
nature analysis schemes [1].

A fundamental problem associated with response com-
paction is error masking or aliasing, which occurs when a
faulty response maps to the fault-free signature. Aliasing
impacts BIST testing quality in two ways:

1)� It reduces the fault coverage, even if highly effective
test sets are used, and

2)� It makes the fault coverage hard to determine.

These can be major problems in industry where ex-
tremely high fault coverage levels (over 99 percent) are

often mandated. Design techniques that eliminate aliasing
are, therefore, of considerable interest.

A desirable property of a space compaction circuit is that
it propagate errors from its inputs to its outputs. A parity
element such as an exclusive-or gate has very good signal
propagation properties because its output always changes
in response to a single change in an input value. Therefore,
parity tree circuits have frequently been proposed for space
compaction [5], [23]. However, while experimental results
indicate that a high percentage of single stuck-line (SSL)
faults in typical logic circuits are detected with a parity tree
space compactor [5], [8], zero-aliasing compaction is rarely
achieved. To provide better error propagation than parity
trees, a number of other space compaction methods have
been proposed in the literature. These include hybrid space
compaction [16], quadratic functions [12], dynamic space
compression [11], modified dynamic space compression [7],
and programmable space compaction [27]. Genetic algo-
rithms have also been proposed recently for designing effi-
cient space compaction circuits [25]. However, none of these
techniques guarantee zero aliasing for a set of modeled
faults such as the standard SSL fault model. In fact, experi-
mental results in [7] indicate that the fault coverage drops by
as much as 10 percent for some MSI circuits in the 74X series.

More recent work on space compaction has focused on
the use of iterative design techniques [21], [24] to eliminate
aliasing. However, these methods do not guarantee maxi-
mum compaction. Moreover, the design procedure de-
scribed in [24] is not guaranteed to terminate. A graph
model for space compaction was recently developed in [6],
but it also does not guarantee maximum compaction. Zero-
aliasing time compaction has also received considerable
attention recently [4], [15], [22], [19].
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While it is obvious that aliasing can be reduced or even
eliminated with q > 1, the precise relationship between
aliasing and the compaction ratio c = k/q has not been
studied before, and the underlying design issues have not
been addressed. For instance, given a circuit under test C, a
fault model F, and a test set T, defining the test parameters
(C, F, T), what is the smallest value of q that guarantees zero
aliasing? In other words, what is the maximum compaction
ratio that can be achieved without losing fault information?
How much hardware overhead is required for maximum
compaction with zero aliasing? Finally, does a systematic
procedure exist to design space compactors that are tailored
to F and T? This paper presents the first answers to these
fundamental questions.

The main contributions of the paper are summarized
below.

•� We introduce a graph model to study space compaction
of test responses for (C, F, T). The relationship between
the fault-free and faulty responses of C is represented
by a response graph.

•� We formulate space compactor design as a graph col-
oring problem and show that the space compaction
and the response graph coloring functions are
equivalent.

•� We pose and answer the following question: For a
given (C, F, T), what is the minimum value of q re-
quired for zero-aliasing compaction? In other words,
what is the maximum compaction ratio that can be
achieved without sacrificing fault coverage?

•� We design the compactor hardware for a number of
large benchmark circuits. We also characterize the
overhead in terms of the properties of the response
graph.

•� Finally, we establish an equivalence between a q-
output space compactor and a Ñq/nÆ-output space
compactor that performs n-step compaction using
log2 n control inputs.

The organization of the paper is as follows. In Section 2,
we describe the response graph model and formulate space
compactor design as a graph-theoretic problem. In Section 3,
we present the compactor design procedure (SCOURG) and
present experimental data for benchmark circuits. In Sec-
tion 4, we establish the equivalence between compaction
using q > 1 outputs and multistep compaction. Finally, Sec-
tion 5 discusses the testability of the compactor, and de-
scribes ongoing research and directions for future work.

2 RESPONSE GRAPHS

A space compactor SC is said to be transparent if any two
different values v1 and v2 that appear at its input produce
different values at its output [18]. SC is said to propagate the
pair (v1, v2) and v1 and v2 are said to be distinguishable. If v1
is SC�s input value in a correctly working circuit and v2 is the
input value due to fault, then (v1, v2) is called a discrepancy
or error. A transparent module propagates all errors.

Clearly, for combinational modules, if the number of
outputs q of SC is less than the number of its inputs k, then
SC cannot be transparent; some information is always lost.
Therefore, a nontrivial space compactor cannot propagate
all possible errors. However, since a practical space com-
pactor must propagate some errors, such compactors are
partially transparent.

Some space compactor designs seek to propagate the
maximum number of error without regard to the faults that
cause them. Such modules are said to have maximum
transparency. The exclusive-or (parity) tree is the most fa-
miliar example of a maximum transparency space com-
pactor. No module with k inputs and a single output can
propagate more errors. On the other hand, while an exclu-
sive-or tree propagates many errors, there is no guarantee
that it will propagate all errors arising from faults in the
circuit under test (CUT). Specifically, errors that appear on
an odd number of outputs of the CUT are not propagated;
faults that cause these errors are, therefore, masked.

For this reason, we propose a space compactor design that
is guaranteed to propagate all faults of interest, i.e., faults
from a specific set F of modeled faults for the CUT. We first
present an upper bound on q that depends only on T.

THEOREM 1. For any test set T for a circuit C, there exists a
zero-aliasing q-output space compactor for C with q =
Ñlog2(|T| + 1)Æ.

PROOF. In the worst case, every fault-free response will be
distinct. Consider a space compaction function that
maps every fault-free test response to one of |T| dif-
ferent output values. Every other (faulty) input can be
mapped to a single output combination different from
the first |T| values. It can be easily seen that such a
space compactor guarantees zero aliasing. It must
produce |T| + 1 different output combinations, which
implies that it must have at least Ñlog2(|T| + 1)Æ output
lines.                                                                                   o

For example, the c880 benchmark circuit, for which k = 26,
can be tested for all SSL faults with a test set consisting of

Fig. 1. A generic test response compaction scheme.
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30 patterns [20]. Thus, we can design a five-output space
compactor that ensures zero aliasing. However, a single-
output parity tree provides zero-aliasing space compaction
for c880 with the same test set [5]. This shows that, while
Theorem 1 gives an upper bound on the number of outputs
of the space compactor, we may be able to design more effi-
cient space compaction circuits by taking the fault set into
account.

We now introduce a graph model for space compaction.
We use it to derive necessary and sufficient conditions for
the existence of q-output zero-aliasing space compactors
and to synthesize such space compactors.

DEFINITION 1. The response graph G = (V, E) for the test parame-
ters (C, F, T) consists of the set of vertices V = {v1, v2, ⁄,
vn} corresponding to all possible responses of C to T given
F, and the set of edges E where (vj, vk) ¶ E if and only if
there exists a test pattern t ¶ T for which the fault-free re-
sponse is vj, and a fault f ¶ F such that the faulty response
of C for test t is vk.

For example, the small ISCAS c17 benchmark circuit in
Fig. 2a has the fault-free response R = (0, 3, 3, 0) for the
minimal test set T = (18, 26, 21, 15). The response graph for
this circuit is shown in Fig. 2b. Note that, in many cases, the
response graph contains redundant information because a
given fault may be associated with more than one edge.

Hence, we can delete edges from the response graph with-
out losing fault information.

DEFINITION 2. A minimal response graph Gmin = (V, E) for (C, F, T)
consists of the set of vertices V = {v1, v2, ⁄, vn} and a
minimal set of edges E from the response graph G such
that, for every fault f ¶ F, there exists a test pattern t ¶ T
and (vi, vj) ¶ E such that the fault-free (faulty) response of C
for t is vi (vj).

While a zero-aliasing space compactor can be designed
using the response graph G, we show later that the use of a
minimal response graph Gmin maximizes the compaction
ratio c. Gmin can be derived from the response graph by con-
structing a fault-effect table whose columns are the faults and
rows are the edges in G. An entry in row i and column j of
this table is 1 if fault fi contributes to edge ej in G. A minimal
cover of the fault-effect table is a minimal subset of rows
that cover all the columns; this cover defines the set of
edges in Gmin.

It is clear from the above definition that Gmin is not
unique. For any given (C, F, T), there exists a Gmin corre-
sponding to each minimal cover of the fault-effect table.
However, we have observed experimentally that, for all our
benchmark circuits and test sets, the number of edges in
Gmin is almost equal to the the number of edges in G. Hence,
a given response graph leads to only a few minimal graphs.

              
           (a)        (b)

(c)

Fig. 2. (a) The c17 circuit with a complete set of test patterns and fault-free responses; (b) response graph G; (c) fault-effect table.
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The c17 circuit has 22 single stuck-line faults in its col-
lapsed fault set. The fault-effect table for this circuit with
the test set of Fig. 2a is shown in Fig. 2c. The only minimum
cover for this example is {(0, 1), (0, 2), (0, 3), (1, 3), (2, 3)},
hence, the only minimal response graph is equivalent to the
response graph of Fig. 2b. Fig. 3 shows minimal response

graphs for the 74181 4-bit ALU [26] and the c432 ISCAS
benchmark circuit obtained with reduced test sets from [9].
The dotted lines denote the edges in G - Gmin. Observe that

G has only one or two edges more than Gmin, which seems
to be typical of practical circuits and reduced test sets.

(a)

(b)

Fig. 3. Response graph G (all lines) and a minimal response graph Gmin (solid lines only) for (a) the 74181 4-bit ALU and (b) the c432 ISCAS 85
circuit.
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Gmin imposes restrictions on the function g realized by a
q-output zero-aliasing space compaction circuit. Since verti-
ces in Gmin represent fault-free and faulty responses of C to
tests in T, the domain of g is V. The correspondence be-
tween Gmin and g is that an edge (vi,vj) in Gmin implies that
g(vi) cannot be the same as g(vj). For the c17 example of
Fig. 2, we see that if q = 1, it is not possible to simultane-
ously satisfy g(0) ¡ g(2), g(0) ¡ g(3), and g(2) ¡ g(3). Hence,
for q = 1, the presence of a cycle of length 3 introduces
aliasing. This observation can be formalized using the con-
cept of graph coloring.

A graph is m-colorable if its vertices can be colored using
m colors such that no two adjacent vertices are assigned the
same color [10]. The problem of showing the existence of a
q-output zero-aliasing space compactor for (C, F, T) is
equivalent to the problem of verifying whether its minimal
response graphs are m-colorable. This and the relationship
between q and m are formally established by the following
theorem:

THEOREM 2. Let Gmin be a minimal response graph of (C, F, T). If
Gmin is 2q-colorable, then there exists a q-output zero-
aliasing space compactor for (C, F, T).

PROOF. Every vertex v of Gmin corresponds to an input vec-
tor X to the space compactor SC. We associate the
color assigned to v with the output of SC for input X.
If Gmin is 2q-colorable, SC realizes 2q different output
values and can be represented with q output bits.
Moreover, every faulty input X� different from X pro-
duces a different output of SC, therefore, all faults in
C that cause X� are detected. Hence, zero aliasing is
ensured with q outputs.                                                  o

The coloring function that assigns colors to the vertices
of Gmin is equivalent to the logic function realized by the
space compactor. We can thus use a graph-coloring algo-
rithm to construct a zero-aliasing space compaction circuit
from Gmin. The chromatic number ;(G) of a graph G is m if

it is m-colorable but not (m - 1)-colorable. For example,
;(Gmin) = 3 for the 74181 circuit; Fig. 4 shows a three-
coloring of Gmin in this case.

COROLLARY 1. There does not exist a q-output zero-aliasing space
compactor for (C, F, T) if and only if every minimal re-
sponse graph Gmin of (C, F, T) has chromatic number
;(Gmin) > 2q.

If the space compactor design does not involve a test set T
and a fault model F, then Gmin is the complete graph with 2k

vertices, and its chromatic number is 2k. This implies that zero-
aliasing compaction is not possible without taking into ac-
count T and F, a restatement of the fact that a compactor
can be transparent only if k = q.

Since Gmin has fewer edges than G, it will require at most
the same number of colors as G, i.e., ;(Gmin) � ;(G). Thus,
Gmin is used in order to maximize the compaction ratio. We
next pose the question: What should be the smallest value
of q to ensure zero-aliasing for (C, F, T)? Since every planar
graph is four-colorable, we have the following sufficient
condition for the least value of q required for zero aliasing.

COROLLARY 2. If (C, F, T) has a planar response graph Gmin, then
there exists a two-output space compactor that guarantees
zero aliasing.

The following theorem provides a necessary and suffi-
cient condition for the existence of a zero-aliasing single-
output space compactor. It is an immediate consequence of
König�s theorem [10], which states that a graph is two-
colorable if and only if it does not contain an odd cycle.

THEOREM 3. (C, F, T) has a single-output, zero-aliasing space
compactor if and only if it has a minimal response graph
Gmin containing no odd cycle.

An important practical issue in the design of the space
compactor is the size of Gmin, measured by n, the number of
elements in its vertex set V. If V is large, the graph may be im-
practical. If C has k primary outputs, it can produce up to 2k

Fig. 4. A three-coloring of Gmin for the 74181 circuit.
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different values. An upper bound on n is min((|F| + 1)|T|,
2k), which is usually considerably smaller than 2k, especially
if reduced test sets are used. In practice, n is far smaller
even than this upper bound; see Table 1 for data obtained
using test sets from various published sources. The large
number of don�t-cares in the compaction function can po-
tentially simplify the compactor circuit. The practicality of
our method is further enhanced by the fact that the re-
sponse graph is sparse, as Fig. 3 suggests. The number of
edges |E| and the ratio |E|/|V| of the number of edges
to the number of vertices for the benchmark circuits are
listed in Table 2. The minimal response graph for these
benchmark circuits consists of a number of star subgraphs
with a few edges connecting the different stars. The vertices
at the center of the stars correspond to the various fault-free
responses of C.

We next turn to the problem of determining the planarity
and computing exactly the chromatic number ;(Gmin) of
Gmin. While general planarity-testing algorithms require
only polynomial time, by exploiting the structure of re-
sponse graphs, we obtain an even more efficient procedure
to determine if Gmin is planar, which we also use for deter-
mining ;(Gmin).

DEFINITION 3. The pruned response graph Gmin
p  is the subgraph

of Gmin obtained by iteratively removing all vertices of de-

gree one from Gmin.

For example, Fig. 5 shows the pruned response graphs of
74181 and c432 derived from the minimal response graphs
of Fig. 3.

We next relate the chromatic number and planarity of
Gmin

p  to that of Gmin. First, we introduce the following termi-
nology: A graph G is connected if there is a path between
every pair of vertices. A maximally connected subgraph of
G is termed a component of G. A trivial graph has exactly one
vertex and no edges.

THEOREM 4. If Gmin
p  has a nontrivial component, then Gmin

p  and

Gmin have the same chromatic number; if Gmin
p  is planar,

then Gmin is also planar.

PROOF. Suppose the pruning is carried out in v steps as fol-
lows: G G G G G Gvmin min

p= → → → → =0 1 2 L . We
use Kuratowski�s theorem [10], which states that a
graph is planar if and only if it has no subgraph ho-
meomorphic to K5 or K3,3, where K5 is the complete
graph with five vertices and K3,3 is a bipartite graph
with each partition having three vertices. (Two graphs
are homeomorphic if both can be obtained from the
same graph by a sequence of subdivisions of edges).
Suppose G1 is planar. From Kuratowski�s theorem, it
does not contain any subgraph homeomorphic to K5

TABLE 1
THE NUMBER OF VERTICES IN MINIMAL RESPONSE GRAPHS FOR THE BENCHMARK CIRCUITS WITH VARIOUS TEST SETS

No. of Upper bound on n Actual number n of
faults No. of tests |T| min((|F | + 1)|T|, 2

k
) vertices in Gmin

Circuit  k  2
k

|F|  HH  PRR LH R HH PRR LH R  HH  PRR  LH  R
 74181  8  256 384  12  16 17 224 256 256 256 256  82  82  75 85
 c432  7  128 520  32  48 61 480 128 128 128 128  98  112  104 100

 c499  32 > 10
9

750  52  59 63 2000 39052 44309 47313 > 10
6

 332  592  450 2382

 c880  26 > 10
8

942  17  34 66 3600 16974 32062 62238 > 10
6

 589  571  684 3429

 c1355  32 > 10
9

1566  84  95 87 � > 10
5

> 10
5

> 10
5

�  715  723  858  �

 c1908  25 > 10
7

1870  �  129  127 � � > 10
5

> 10
5

�  � 1037  941  �

 c2670  140 > 10
42

2628  �  75 127 � � > 10
5

> 10
5

�  �  1900  2023  �

 c3540  22 > 10
6

3287  �  113 174 � � > 10
5

> 10
5

�  � 1424  1609  �

 c5315  123 > 10
37

5291  �  56  137 � � > 10
5

> 10
6

�  � 2716  3230  �

 c6288  32 > 10
9

7710  12  16 40 128 92521 > 10
5

> 10
5

> 10
6

 896  874  1339 1466

 c7552  108 > 10
32

7419  �  88 236 � � > 10
6

>10
7

�  �  3382  3730  �

Test set sources: HH = Hansen and Hayes [9]; PRR = Pomeranz, Reddy, and Reddy [20] (COMPACTEST); LH = Lee and Ha (ATALANTA);
R = pseudorandom tests generated using FSIM [13].

TABLE 2
THE NUMBER OF EDGES |E | AND THE RATIO |E |/|V |

FOR THE MINIMAL RESPONSE GRAPHS OF SOME BENCHMARK CIRCUITS

Number of edges |E | |E |/|V |

Circuit HH PRR LH R HH PRR LH R
74181 87 89 80 126 1.06 1.09 1.07 1.48
c432 115 133 131 145 1.17 1.19 1.26 1.45
c499 330 586 446 2511 0.99 0.99 0.99 1.05
c880 580 562 675 3670 0.98 0.98 0.99 1.07

c1355 706 1028 849 � 0.99 1.42 0.99 �
c1908 � 1028 935 � � 0.99 0.99 �
c6288 891 867 1391 1501 0.99 0.99 1.04 1.02
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or K3,3. G0 can be obtained from G1 by adding to the
latter vertices of degree one. Clearly, G0 cannot contain
K5 or K3,3 since the edges in G0 - G1 cannot be subdi-
vided to yield either K5 or K3,3. This implies that G0 is
planar. The proof of ;(G0) = ;(G1) is straightforward.
Let ;(G1) = p. Consider the following way to p-color
G0. To all vertices in v ¶ V - V�, where V� is the set of
vertices in G1, assign a color that is different from the
color assigned to the vertex that is adjacent to v in G0.
Thus, G0 is p-colorable, and since ;(G1) = p, G0 is not
(p - 1)-colorable. Therefore, ;(G0) = p. This argument
can be applied for each step of the pruning, which
leads to the conclusion that Gmin

p  retains the chromatic

number of Gmin.                                                                o

In general, Gmin contains a large number of vertices of
degree one. For example, 80 percent of the vertices in
74181�s minimal response graph of Fig. 3 have degree one.
The sizes of the pruned response graphs for several bench-
mark circuits and complete test sets are shown in Table 4. It
can be seen that pruning leads to a considerable reduction
in the problem size.

We used the Cabri graph tool [3] to determine the chro-
matic number of Gmin automatically from Gmin

p . Table 4

shows that, for most of the benchmark circuits, Gmin is two-
colorable. This implies that zero aliasing can be achieved
for these circuits with a single-output space compactor.

A coloring of the pruned graph Gmin
p  directly leads to a

coloring of Gmin. From the definition of a pruned graph, it
follows that every vertex v in G Gmin min

p−  has only neighbor

u in Gmin. Therefore, we can determine a coloring for Gmin as
follows:

1)� Generate Gmin
p  from Gmin.

2)� Color Gmin
p .

3)� For every vertex v in G Gmin min
p−  such that (u, v) ¶

Gmin, color v differently from u.

Another application of the pruned response graph lies in
determining the number of components (disjoint sub-
graphs) of Gmin. As we discuss in Section 4, the number of
zero-aliasing space compactors depends on the number of
components of Gmin. We can easily see that if Gmin

p  has m

components, then Gmin also has m components. Therefore,

we can determine the number of components of Gmin by
examining the much smaller pruned response graph Gmin

p .

3 DESIGN PROCEDURE

In this section, we describe a design procedure for synthe-
sizing aliasing-free space compactors using CAD tools. The
key result we use is that the coloring function of the mini-
mal response graph Gmin is equivalent to the logic function
of the compactor. Therefore, the coloring of G can be used
as input to a logic synthesis tool. The steps in our design
procedure, called SCOURG (Space COmpaction Using Re-
sponse Graphs), are outlined below.

1)� Construct Gmin using fault simulation without fault
dropping and a fast heuristic covering procedure [5].

2)� Generate the pruned graph Gmin
p  and determine its

chromatic number ;.
3)� Determine a ;-coloring of Gmin (space compaction

function) and synthesize the compaction circuit using
CAD tools.

Fig. 6 presents a pseudocode description of SCOURG. In
this version, we assume that Gmin is two-colorable, i.e., q =
qmin = 1, which implies that the maximum compaction ratio

       

(a) (b)

Fig. 5. The pruned response graphs Gmin
p

 for (a) the 74181 4-bit ALU and (b) the c432 ISCAS 85 circuit.
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cmax is achieved. From Section 2.1, we know that, except for
74181 and c432, this is true for all the benchmark circuits
that we have considered. The pseudocode can be easily
modified to handle the case where Gmin is not two-colorable.

If Gmin has m components and each is two-colorable, then

the number of possible coloring functions of Gmin is 2m.

(Each component of Gmin can be independently colored in

two ways.) Therefore, if Gmin is connected and two-
colorable, then there are only two ways to color its vertices.
This implies that we can measure the hardware required to
implement the two corresponding space compaction func-
tions g1 and g2 and select the one that requires less hard-

ware. Moreover, because the numbers of edges in G and
Gmin are almost equal, we can easily enumerate the various
minimal response graphs. This leads us to the following
theorem, which states that, under some general conditions,
any space compaction scheme that guarantees zero aliasing
with maximum compaction ratio will involve as much
hardware overhead as SCOURG.

THEOREM 5. If every Gmin for (C, F, T) is connected and two-
colorable, then any space compaction technique that guar-
antees zero aliasing and maximum compaction ratio for (C,
F, T) requires at least as much hardware overhead as
SCOURG.

TABLE 3
SIZE OF THE PRUNED RESPONSE GRAPH COMPARED TO THE SIZE OF THE MINIMAL RESPONSE GRAPH

FOR SOME BENCHMARK CIRCUITS

Size of G V,Emin
p 0 5 Size of Gmin (V, E)

Circuit HH PRR LH R HH PRR LH R
74181 (9, 11) (11, 17) (10, 19) (33,51) (82, 87) (82, 89) (75, 80) (85, 126)
c432 (16, 20) (36, 55) (40, 65) (40,73) (98, 115) (112, 133) (104, 131) (100, 145)
c499 (23, 43) (23, 49) (24, 35) � (332, 330) (592, 586) (450, 446) (2382, 2511)
c880 (25, 34) (39, 62) (39, 58) � (589, 580) (571, 562) (684, 675) (3429, 3670)
c1355 (52, 66) (55, 71) (54, 77) � (715, 706) (723, 1028) (858, 849) �
c1908 � (87, 108) (89, 110) � � (1037, 1028) (9941, 935) �
c6288 (11, 14) (12, 15) (21, 32) � (896, 891) (874, 867) (1339, 1391) (1466, 1501)

TABLE 4
THE CHROMATIC NUMBERS OF MINIMAL RESPONSE GRAPHS

FOR SOME BENCHMARK CIRCUITS

Planar? Chromatic number ;(Gmin)

Circuit HH PRR LH R HH PRR LH R
74181 ¾ ¾ ¾ ¾ 3 3 3 3
c432 ¾ ¾ ¾ ¾ 3 3 3 3
c499 ¾ ¾ ¾ ¾ 2 2 2 2
c880 ¾ ¾ ¾ ¾ 2 2 2 2
c1355 ¾ ¾ ¾ ¾ 2 2 2 �
c1908 � ¾ ¾ � � 2 2 �
c3540 � ¾ ¾ � � 2 2 �
c6288 ¾ ¾ ¾ ¾ 2 2 2 2

Fig. 6. The SCOURG procedure to synthesize an aliasing-free space compactor.
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PROOF. Since Gmin has two possible colorings corresponding
to functions g1 and g2, we prove the theorem by con-
sidering these two cases. Any space compaction cir-
cuit SC that guarantees zero aliasing must implement
a function g such that either g|V = g1 or g|V = g2,
where g|V is the function g restricted to the input
combinations in V corresponding to the vertices in
Gmin. Since SCOURG uses a minimal response graph,
the space compaction function derived from it con-
tains the largest possible number of output don�t
cares for logic minimization. The logic specification
for any other space compactor SC will contain fewer
don�t-cares. Therefore, the compactor circuit derived
from SCOURG requires less overhead than SC.           o

If Gmin has m > 2 components, the lowest-cost compactor
can only be found by enumerating all 2m colorings. How-
ever, m is usually small for the ISCAS circuits (Table 5) and,
therefore, exhaustive enumeration is quite easy.

To determine the hardware required for space compac-
tion, we used SCOURG to design single-output zero-
aliasing compactors for a number of ISCAS 85 benchmark
circuits. First, we synthesized a 32-input, single-output
compactor for c499 with the 52 test patterns from [9]. For
this implementation, we used EPOCH, a commercial logic
synthesis tool from Cascade Design Automation. The 202-
gate c499 is a single-error-correcting circuit [9] with 41 pri-
mary inputs and 32 primary outputs. The hardware over-
head for the resulting space compactor, shown in Fig. 7,
measured by the weighted gate count (gate count multi-
plied by the average fanin), is about 17 percent. A parity
tree compactor for c499 has 4 percent more area but pro-
vides a post-compaction fault coverage of only 91 percent.
Thus, SCOURG is able to provide 100 percent post-
compaction fault coverage with less hardware. Fig. 8 shows
the layout of the compactor generated using EPOCH. The
design procedure can therefore be easily automated, inte-
grated with CAD tools, and VLSI layouts can be generated
from a logic specification.

Ivanov et al. [25] describe a space compactor for c499
that has considerably less overhead, but provides only 98
percent fault coverage, a figure that may be unacceptably
low in practice. To increase the fault coverage may require a
substantial increase in the cost of the space compactor. In
fact, because the minimal response graph for c499 is con-
nected, two-colorable, and unique, we can assert that any
32-input, single-output space compactor for c499 that pro-

vides zero aliasing with the 52 tests from [9] will require at
least 17 percent overhead.

The minimal response graph that we generated for the
c432 benchmark circuit is not two-colorable. Therefore, it
does not yield a single-output zero-aliasing compactor. For
the larger ISCAS benchmark circuits with k outputs, EPOCH
was unable to synthesize a single k-input space compactor
circuit due to memory limitations. The large number of in-
put don�t-cares in the logic description of the space com-
pactor, while beneficial for logic optimization, creates diffi-
culties for logic synthesis programs. To circumvent this
problem, we partition the set of outputs Z of the circuit un-
der test into two sets Z1 and Z2, and generate two compac-
tion functions g1(Z1) and g2(Z2). The graph model and the
SCOURG procedure are used to separately generate the
functions g1 and g2. These functions are then merged, for
instance using a two-to-one multiplexer MUX, to obtain a
single compaction function g, as shown in Fig. 9. The test-
ing is now performed in two steps: In the first (second)
step, c = 0 (c = 1) and the multiplexer propagates the sig-
nature stream g1 (g2). Note that, while implementing g2, we
drop faults that are covered by g1.

The above �divide-and-conquer� partitioning approach
has two advantages:

1)� It makes practical implementations possible as EPOCH
can run to completion, even for large circuits and
space compactors with a large number of input don�t-
cares, and

2)� Fault dropping reduces the hardware overhead.

Although the test application time is doubled, this is not a
problem if efficient test sets are used.

We also synthesized partitioned space compactors for
the c880, c1908, c3540, and c6288 benchmark circuits. While
c880 is an 8-bit ALU with 383 gates, 60 primary inputs, and
26 primary outputs, c6288 is a large 16 × 16 multiplier with
2,406 gates, 32 primary inputs, and 32 primary outputs. The
total compaction overhead found for these circuits is 19 per-
cent, 23 percent, 10 percent, and 7 percent, respectively. Since
we partitioned the outputs of these benchmarks arbitrarily, it
is possible to decrease the overhead by a more suitable choice
of partition, a problem currently being investigated.

4 MULTISTEP COMPACTION

We next present a technique to achieve zero aliasing with
any given q even if Gmin is not 2q-colorable. Consider the

multiplexer in Fig. 10. It is apparent that any error on XD

can be propagated through this multiplexer to output ZD by

holding the value on XD constant while applying the se-

quence (0, 1, 2, 3) to control input XC. For instance, suppose
v has a single-bit error. If the error appears on either of the
two bits of in0, it is propagated to ZD in Step 1, likewise if
the error appears in either of the two bits of in2, it is propa-
gated to ZD in Step 3. All the error information contained in
v can be propagated in four steps. The multiplexer is an
example of a multistep space compactor that requires Ñk/qÆ
steps to propagate errors from XD to ZD. It was shown by

TABLE 5
THE NUMBER OF COMPONENTS IN THE MINIMAL RESPONSE

GRAPHS FOR SOME BENCHMARK CIRCUITS

Number of
components in Gmin

Circuit HH PRR LH
74181 1 1 1
c432 1 1 1
c499 1 8 4
c880 8 8 9

c1355 9 9 9
c6288 3 7 8
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Murray in [18] that the multiplexer propagates all errors in
the minimum number of steps; it is Ñk/qÆ-step transparent.
In general, it is possible to design transparent space com-
pactors for any k and q using methods described in [18].
However, for large compaction ratios, the number of steps
required to ensure transparency may be prohibitive. In this
section, we extend the graph-based space compactor syn-
thesis method to design partially transparent space com-
pactors for a given C, F, and T. We show that the number of
steps required to ensure propagation of all errors for (C, F, T)
is related to ;(Gmin), and is usually far smaller than Ñk/qÆ.

Consider now the minimal response graph Gmin of Fig. 11
for the 7485 comparator circuit with a complete test set of 11
patterns generated by COMPACTEST. Gmin has a number of
odd cycles, therefore, it is not two-colorable. However, it is
four-colorable, and a four-coloring of its vertices with colors

from the set {00, 01, 10, 11} is also shown in Fig. 11. The symbol
��� implies a �don�t care,� e.g., 1� could be either 10 or 11. The
connection between a two-output compactor and two-step
compaction can be easily seen from the figure. For example,
the vertex labeled 1 is mapped to 10. This can be interpreted
either as a 2-bit coloring (single-step compactor with two out-
puts), or as two-step compaction in which the vertex 1 is
mapped to value 1 in the first time-step and 0 in the next.

In general, the binary strings that represent colors de-
fining the space compaction function can be interpreted as
sets of q-bit vectors. Each q-bit vector in a single set (color)
is an output of the space compactor V(ZD) associated with
the same data input and can be uniquely identified by a
control value applied to a separate control input XC of the
compactor. XC acts as a control input for the space com-
pactor in a way similar to the control input of a multiplexer;

Fig. 7. Space compactor circuit for c499.
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each control value �selects� a q-bit segment of the color.
Therefore, the 2-bit binary colors associated with each vec-
tor of the response graph in Fig. 11 can be interpreted as
two-element sets of 1-bit vectors. For example, the color 01
associated with vertex 4 can be interpreted as (0, 1), with
the first vector (0) identified by control value 0, and the sec-
ond vector (1) identified by control value 1. To propagate
the error information, T is applied with control value 0,
then reapplied with control value 1.

The preceding discussion is summarized by the follow-
ing theorem.

THEOREM 6. If an error due to a fault in C is propagated by a q-
output space compactor SC, then it is also propagated by a
Ñq/nÆ-output space compactor SC� to which the test set T is
applied n times using n different control values.

We next present a graph-theoretic formulation of the
multistep synthesis problem that is useful when creating
space compactors from very large response graphs. Even

though the graph-coloring problem is NP-complete for ;�> 2,
techniques have been developed for efficiently coloring
large graphs [17]. For a given fixed value of q, where q is the
number of outputs in the compactor, we divide the vertex
set V of Gmin = (V, E) into subsets V1, V2, ⁄, Vn for n-step
compaction.

The formal requirements for the partitioning are given
by the following theorem.

THEOREM 7. If a graph G = (V, E) is ;-colorable, then V can be
divided into n = Ñ(log2 ;)/qÆ subsets V1, V2, ⁄, Vn, not
necessarily disjoint, such that

1)� For every e ¶ E, there exists Vi such that e is contained
in the subgraph induced by Vi, and

2)� For 1 � i � n, the subgraph induced by Vi is 2q-colorable.

Fig. 9. Partitioning the space compactor�s inputs to simplify the design.

Fig. 8. Layout of the space compactor for c499 generated by EPOCH.

Fig. 10. Example of a space compactor with k = 8 inputs and q = 2
outputs that propagates over multiple time-steps (a four-input, 2-bit
multiplexer).
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Fig. 11. Minimal response graph for the 7485 circuit with test patterns
generated by COMPACTEST.

PROOF. Suppose G is ;-colorable and each color is repre-
sented by a 2q-ary vector b1b2 ⁄ bn of length n, where

n qq= =log (log )
2 2; ; . Let v(bi) ¶ {0, 1, ⁄, 2q - 1}

be the value of bi for vertex v. We now form V1, V2, ⁄, Vn

and the corresponding induced subgraphs G1, G2, ⁄ Gn

using the procedure FORM_SUBGRAPHS outlined in
Fig. 12. Every edge in E is contained in exactly one of
the Gis. Moreover, each of these subgraphs is 2q-
colorable because we can label (color) the vertices of
Gi using binary vectors of length q. Since (u, v) • Gi if

u(bi) = v(bi) in G, we can assign the color correspond-

ing to v(bi) to both u and v in Gi.                o

Fig. 13a shows the complete graph K8 with eight vertices.
We know that ;(K8) = 8 and, in the figure, we have selected

q = 2 and assigned colors to the vertices using quaternary
vectors of length 2 (n = 2). Figs. 13b and 13c shows the sub-
graphs V1 and V2. Both these subgraphs are four-colorable
(2q = 4). In Fig. 14a, we show K8 once again but, this time,
we select q = 1, thereby labeling the vertices with binary
vectors of length 3. (The compactor now has a single output
but three steps are required.) The three corresponding sub-
graphs are shown in Figs. 14b, 14c, and 14d.

We note here that if Conditions 1 and 2 of  Theorem 7
are satisfied, it does not imply that G is ;-colorable. This
is true only if q divides Ñ(log2 ;/q)Æ, as shown by the fol-
lowing corollary.

COROLLARY 3. For any given q and ; such that q divides log2 ;,
a graph G = (V, E) is ;-colorable if and only if V can be
divided into n = Ñ(log2 ;)/qÆ subsets V1, V2, ⁄, Vn, not
necessarily disjoint, such that

1)� For every e ¶ E, there exists Vi such that e is contained
in the subgraph induced by Vi, and

2)� For 1 � i � n, the subgraph induced by Vi is 2q-colorable.

PROOF. If G is ;-colorable, then Theorem 7 shows that V1, V2,

⁄, Vn can be generated to satisfy Conditions 1 and 2.
Next, suppose V can be divided into n subsets satis-
fying Conditions 1 and 2. We generate an ;-coloring
of G from the 2q-colorings of the Vis as follows: With

each vertex v we associate a vector b1b2 ⁄ bn, where bi ¶

{0, 1, ⁄, 2q - 1} is the color of v in Vi. (If v • Vi, then bi

is a �don�t-care.�) Each bi can be encoded using q bits,
hence, the total number of bits required to encode the

vector of length n is qn, which equals q q
log2 ; . If q

divides ;, then the number of bits required is log2 ;,
which implies that G is ;-colorable.                             o

Now, we can modify the synthesis procedure SCOURG
described in Section 3 to obtain a general procedure for
synthesizing space compactors with any q � ;(Gmin). Steps 1
and 2 of the new procedure are the same as in the original
procedure.

1)� Construct Gmin(V, E) using fault simulation without fault
dropping and a fast heuristic covering procedure [5].

2)� Generate the pruned graph Gmin
p  and determine its

chromatic number ;.

Fig. 12. Procedure to divide G(V, E) into n subgraphs G1 = (V1, E1), G2 = (V2, E2), ⁄ Gn = (Vn, En), where each subgraph is 2
q
-colorable.
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3)� Determine an ;-coloring of Gmin (space compaction
function) where each color is represented as a 2q-ary
vector b1b2 ⁄ bn, where n = Ñ(log2 ;/q)Æ. This is used to
obtain subgraphs G1, G2, ⁄, Gn in the following step.

4)� Generate the subgraphs G1, G2, ⁄ Gn using procedure
FORM_SUBGRAPHS of Fig. 12. Perform a 2q-coloring
of each subgraph.

5)� Assign a unique control value to each of the n steps
using log2 n control inputs.

6)� If q > 1, synthesize a space compactor with a k-bit in-
put data bus XD, a q-bit output data bus, and a log2 n-
bit control bus XC. If q = 1 then synthesize a one-step
space compactor with no control input.

Fig. 15 illustrates the application of the above design
procedure to the response graph of Fig. 13a. It shows the
mapping of the colors to logic values and the truth table of

a two-step compactor. The data values (inputs to the com-
pactor) are denoted by the letters A, B, ⁄, H. We select q = 2
and use the subgraphs and coloring of Figs. 13b and 13c.

So far we have considered the design of a multistep
space compactor for any q � 1. We next investigate the spe-
cial case q = 1 for which the maximum compaction ratio is
obtained. This is easily achievable for all the benchmark
circuits that we have examined. Fig. 16 shows a heuristic
procedure MULTI_STEP for determining the number of
steps required for multistep compaction with q = 1.
MULTI_STEP forms cycle-free subgraphs of Gmin which are
all two-colorable. The two cycle-free subgraphs of the
minimal response graph for the c7485 circuit of Fig. 11 are
shown in Fig. 17.

We next present an easily achievable lower bound on n
for q = 1.

             
(a)� (b)

(c)

Fig. 13. (a) The complete graph K8 with ;(K8) = 8, q = 2, colors encoded as quaternary vectors of length 2, and the subgraphs (b) V1 (c) V2.
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