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Abstract. We present a new technique for uniquely identifying a single failing vector in an interval of test vectors.
This technique is applicable to combinational circuits and for scan-BIST in sequential circuits with multiple scan
chains. The proposed method relies on the linearity properties of the MISR and on the use of two test sequences,
which are both applied to the circuit under test. The second test sequence is derived from the first in a straightforward
manner and the same test pattern source is used for both test sequences. If an interval contains only a single failing
vector, the algebraic analysis is guaranteed to identify it. We also show analytically that if an interval contains two
failing vectors, the probability that this case is interpreted as one failing vector is very low. We present experimental
results for the ISCAS benchmark circuits to demonstrate the use of the proposed method for identifying failing test
vectors.
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1. Introduction

As feature sizes of integrated circuits (ICs) shrink
and designs increase in complexity, built-in self-test
(BIST) and scan design are being increasingly accepted
as industry-wide test solutions [6]. The combination
of scan design and BIST, commonly referred to as
scan-BIST, is now especially common. A scan-BIST
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technique typically applies a large number of pseudo-
random patterns to the circuit under test via internal
scan chains. The responses are then captured by the
scan chains and compacted to a short signature in a
multiple-input signature register (MISR) [3]. The prop-
erties of MISRs and their effectiveness for response
compaction have been studied extensively in the liter-
ature [12, 18, 21, 25, 28]. However, a drawback of this
approach is that the compact signature provided by the
MISR provides only limited information for fault diag-
nosis, either to determine (failing) test vectors that pro-
duce errors on observable outputs or to identify error-
capturing (failing) scan cells.

Fault diagnosis is essential not only for the iden-
tification of manufacturing defects, but also for yield
learning. In addition, fault diagnosis during silicon de-
bugs is useful for design error detection. The cost of di-
agnosis is usually determined by the total time required
for test application, identification of failing vectors and
scan cells, fault localization, and failure analysis. For
a scan-BIST scheme involving millions of vectors and
tens of thousands of scan cells, the diagnosis and fail-
ure analysis time can be extremely high. Due to the
large numbers of test vectors and scan cells, it is of-
ten difficult to determine a small set of failing vectors
and failing scan cells that can be used for failure anal-
ysis. The diagnostic accuracy provided by a typical
scan-BIST scheme is therefore too low to be useful
in practice [26]. Hence, there is a need for scan-BIST
schemes that offer high diagnostic accuracy, i.e., they
provide a small set of failing vectors and failing scan
cells, without requiring excessive test application time,
processing time, and additional on-chip hardware.

Diagnosis in a scan-BIST environment can be
broadly classified as either time diagnosis or space
diagnosis. Time diagnosis refers to the identification
of the set of failing testing vectors in a BIST session.
Space diagnosis refers to the identification of failing
(error-capturing) scan cells. A number of space diag-
nosis techniques have been proposed in the literature
[4, 5, 23, 29]. These techniques provide a small set of
candidate failing scan cells out of the tens of thousands
of scan cells in large ICs.

A more difficult problem in scan-BIST diagnosis is
that of identifying the set of failing vectors. This is
because the number of test vectors applied to the cir-
cuit under test in a typically BIST scheme is usually
much larger than the length of a scan chain. As a result,
even fewer practical techniques are available today for
rapidly identifying a small set of candidate failing vec-

tors. Early work on failing vector identification was
based on the analysis of LFSR sequences [20], and
the use of cycling registers [24] and error-correcting
codes [11, 17]. An alternative approach that does not
require intermediate signatures was presented in [1].
These techniques suffer from several drawbacks, in-
cluding limitations on error multiplicity and restriction
to a single-bit response stream [20], diagnostic aliasing
[11, 17, 24], and high overhead [1, 11]. A promising
matrix-based approach for identifying failing vectors
is presented in [7]. However, it makes several simplis-
tic assumptions, e.g., it limits the number of erroneous
channels driving the MISR and the number of errors per
MISR channel. Recently, a method based on the combi-
nation of cycling registers and pruning techniques was
proposed for failing vector identification [15]. While
this approach is useful for narrowing down the set of
candidate failing vectors, it suffers from the drawback
that it cannot identify all failing vectors.

An elegant analytical technique for identifying fail-
ing vectors is described in [13]. This method takes ad-
vantage of the availability of efficient public-domain
numerical software tools; the computation time for
this method can be reduced through the use of
appropriately-chosen signature register polynomials. A
potential drawback of this approach however is that it
may identify a large number of candidate failing vec-
tors. The principle of superposition is first used in [8, 9]
for identifying failing vectors. Failing vector identifi-
cation is also the focus of [14], where a MISR and
a second device consisting of T-flip-flops are together
used to determine the location of a single error vector
in a stream of n response vectors of m bits each, as
well as the m-bit error vector. While the MISR gener-
ates a signature based on signature analyis, the second
output compactor consists of T-flip-flops that are not
connected to each other. Since only a single test vec-
tor is assumed to fail, the modulo-2 difference between
the signatures of the T-flip-flops for the correct test re-
sponse and the erroneous response is equal to the error
vector E corresponding to the test response sequence.
To determine the position of the failing vector in the
test sequence, the initial state of the m-bit MISR is cho-
sen to be the state that is reached after the test response
stream of n m-bit vectors is compacted, followed by a
sequence of 2m − 1 − n m-dimensional all-0 vectors
provided as input to the MISR. With this initial state,
the state E is reached after N cycles of the all-0 vector
is applied to the MISR, where N denotes the position
of the failing vector in the test sequence.
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In other related prior work, erroneous frames of scan
cells can be identified [30], where the i th frame con-
sists of the i th scan cells of all N scan chains. The scan
chains are connected to two MISRs, one of which is
programmable, and in every repetition of the test set,
the programmable MISR has to implement a different
primitive polynomial. In order to identify up to t erro-
neous frames, 2t signatures for the complete test set are
needed. In addition, to localize the failing scan cells,
every scan chain must be considered separately. For
a large number of scan chains, this approach imposes
time overhead, as well as area overhead due to the need
to modify the scan-BIST architecture.

A recent technique for failing vector identification
relies on the use of overlapping intervals of test vectors
[19]. An interval is a set of consecutive test vectors.
A separate BIST signature is determined for each in-
terval to determine is pass/fail status. An advantage of
this approach is that all failing vectors are included in
a reduced set of candidate vectors for failure analysis.
The overlap allows effective pruning the set of candi-
date failing vectors with low hardware overhead. An
interval that does not contain a failing vector can be
omitted from the set of candidate failing vectors. De-
spite these advantages, the interval-based approach of
[19] suffers from the drawback that a larger number
of non-failing vectors are often included in the set of
candidate failing vectors.

In this paper, we present a new technique for
uniquely identifying a single failing vector in an
interval for combinational circuits and for sequential
circuits with multiple scan chains. As in [14], this ap-
proach is based on an algebraic analysis of the sig-
natures captured in the MISR during a BIST session.
The algebraic analyis is based on the well-known the-
ory of shift-register sequences as described in detail in
the literature [3, 16, 27, 31–33]. Instead of demon-
strating how to apply this methodology in practical
situations, the emphasis of this paper is on the the-
ory underlying the method. The analysis relies on the
linearity properties of the MISR, and on the use of
two test sequences, where the second test sequence
is derived from the first in a straightforward manner.
The same test pattern source is used for both test se-
quences. If an interval contains only a single failing
vector, the algebraic analysis is guaranteed to iden-
tify it. In addition, we show that if the interval con-
tains two (or more) failing vectors, the probability that
this pair of failing vectors is misinterpreted as a single
failing vector is extremely low. The proposed method

can be used with a standard STUMPS-like BIST
architecture.

The proposed approach is based on a classification
of faults on the basis of their ease of detection using
pseudorandom patterns. This approach is not intended
for the “easy faults” that are detected by a large number
of test patterns. The benefit of the proposed approach
for such faults is limited because they require very short
intervals. The focus here is on faults that cause only a
few failing vectors within an interval. The identifica-
tion of these failing vectors and the underlying faults
imposes an onerous burden on the failure analysis en-
gineer. We show through simulation experiments that
the ISCAS benchmark circuits contain a large number
of such single stuck-at faults, therefore the proposed
analysis technique for identifying single failing vec-
tors within an interval can reduce diagnosis time sig-
nificantly. Once a failing interval is identified, the test
vectors in the interval can be either applied from the
tester or from a BIST pattern source. A set of appro-
priate interval lengths can be determined through pre-
processing on the set of faults that are targeted by this
approach. In addition to facilitating effect-cause analy-
sis, the proposed approach can also benefit cause effect
analysis [10]. For example, the knowledge of candidate
failing vectors can improve the resolution provided by
a compact fault dictionary [22].

An inefficient approach to identify a failing test vec-
tor in a failing interval is to apply the vectors in that
interval, and bypass the MISR and download all the
test responses captured in the scan chains. To see what
this entails, consider a design with 500 scan chains and
200 scan cells per scan chain. If the interval contains
200 test vectors, the total volume of test response that
must be used to identify a failing test vector is as large
as 20 Mbits. Even though diagnosis is done off-line,
this amount of test data volume for a typical design
imposes a severe burden on ATE memory for on-tester
diagnosis, and workstation memory for off-tester di-
agnosis. In the proposed method, the failing vector is
identified by examining only the MISR signature at the
end of the test session, and even though the test patterns
are applied twice (as explained in the next section), the
volume of test response data is only 1 Kbits.

The organization of the paper is as follows. In
Section 2, we describe the algebraic technique for iden-
tifying failing vectors in an interval for combinational
circuits. In Section 3, we extend the algebraic analy-
sis to a full-scan BIST environment with multiple scan
chains. In Section 4, experimental results are provided
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for the ISCAS-85 and the ISCAS-89 benchmark cir-
cuits. Finally, Section 5 presents conclusions.

2. Failing Vector Identification Using MISR
Signatures

In this section, we describe the algebraic analysis tech-
nique that allows us to determine the failing vector in
an interval from the signature generated by the MISR.
We consider combinational circuits here, and extend
the analysis to full-scan designs in the next section.

Suppose a sequence of test vectors t1, t2, . . . tn is ap-
plied to the circuit under test; see Fig. 1. (The masking
logic is described later.) We refer to this sequence of
k-bit vectors as an interval of length n. Let the cor-
responding sequence of m-bit test response vectors
be y1, y2, . . . yn , and let the MISR signature for this
response sequence be denoted by S(y1, y2, . . . yn) =
S(1 → n). Let the initial state of the MISR be 0, the
all-zero vector.

Next, suppose that a fault ϕ in the circuit under test
changes the fault-free response yi to the faulty response
yi ⊕ ei , where ei is the error vector. Since we are
assuming that only one test vector fails in an inter-
val, all the other test response vectors are fault-free,
i.e. e j = 0, j �= i . The erroneous signature corre-
sponding to an error for the i th test vector, denoted
S(1 → n, i, ei ) is given by

S(1 → n, i, ei )

= S(y1, y2, . . . yi−1, yi ⊕ ei , yi+1, . . . , yn)

= S(y1, y2, . . . , yi−1, yi , yi+1, . . . , yn)

⊕ S(0, . . . , 0, ei , 0, . . . , 0)

= S(1 → n) ⊕ �S1(i, ei )

where �S1(i, ei ) is the difference between the MISR
signature obtained for the fault-free circuit and the

Fig. 1. Signature analysis for a combinational circuit.

MISR signature for the faulty circuit with the test se-
quence t1t2 . . . tn .

Let the state transition matrix of the m-bit MISR be
A. For the simplicity of presentation, we assume here
that the MISR has a primitive feedback polynomial and
that the inverse A−1 of the state transition matrix A
exists. The next-state equation of the MISR, as de-
scribed in [3, 16], is given in general terms by

z(t + 1) = Az(t) ⊕ y(t) (1)

where z(t), z(t + 1) and y(t) are m-bit vectors. Note
that for notational convenience, we are using both y(t)
and yt to refer to the m-bit test response vector at time
instant t . Therefore, we have

�S1(i, ei ) = S(0, . . . , 0, ei , 0, . . . , 0)

= An−i ei , i ∈ {1, 2, . . . , n} (2)

Next we apply every test pattern twice to the
circuit under test, i.e., the test sequence is now
t1t1t2t2, . . . , tnt1n . This can be implemented by clock-
ing the circuit twice as fast as the test pattern source.
The mask control signal generates the alternating
sequence 1010 . . . 1010. For this repeated sequence
of test vectors, the fault-free response of the cir-
cuit under test is y1 y1 y2 y2 . . . yn yn, and the input
sequence to the MISR is y10y20 . . . yn0. The corre-
sponding MISR signature is S(y10y20 . . . , yn, 0) =
S(10 → n0).

If the test vector t i fails due to a fault in the circuit, the
test response of the circuit is y1 y1 y2 y2 . . . yi−1 yi−1 yi ⊕
ei yi ⊕ ei , yi+1, yi+1, . . . , yn yn, and the corresponding
signature is

S(y1, 0, . . . , yi−1, 0, yi ⊕ ei , 0, yi+1, 0, . . . , yn, 0)

= S(10 → n0) ⊕ S(0, 0, . . . , 0, 0, ei ,

0, 0, 0, . . . , 0, 0)

= S(10 → n0) ⊕ �S2(i, ei )

where �S2(i, ei ) is the difference between the MISR
signature obtained for the fault-free circuit and the
MISR signature for the faulty circuit with the test se-
quence t1t1t2t2 . . . tntn . It follows from the next-state
function of the MISR, Eq. (1) in this section, that

�S2(i, ei ) = A2n−2i+1ei (3)
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Combining Eqs. (2) and (3), we get

ei = Ai−n�S1(i, ei )

ei = A2i−2n−1�S2(i, ei )

which implies that

Ai−n−1�S2(i, ei ) = �S1(i, ei ), i ∈ {1, 2, . . . , n}
(4)

In Eq. (4) above, A is known for the MISR, and the ob-
served differences in MISR signatures �S1(i, ei ) and
�S2(i, ei ) for the two test sequences are also known.
Thus the value of i can be easily determined from this
equation. Once i is determined, it can be used to de-
termine ei . Note that under the assumption that the
MISR has a primitive feedback polynomial, we can
always use the state space of the MISR to determine
for arbitrary values of �S1(i, ei ) and �S2(i, ei ) a value
of i, 1 ≤ i ≤ 2n − 1, such that Eq. (4) is satisfied.
However, here we restrict i to lie between 1 and n, i.e.
1 ≤ i ≤ n, since we are interested in the failing vector
within the interval that produced the error. If no solu-
tion exists, we conclude that the erroneous signature
in this case cannot be attributed to the presence of ex-
actly one failing vector in the test sequence. Instead,
the erroneous signature in this case must have been
produced by more than one failing vector. In this way,
we not only determine the failing vector, i.e., the loca-
tion of the error in the test response sequence, but we
also identify the error ei , i.e., the outputs of the circuit
under test that are in error.

Equation (4) suggests that matrix multiplication and
inversion operations are necessary to determine i and
ei . This is however not necessary, and the computation
can be speeded up significantly if we utilize the next-
state and previous-state functions of the MISR [3, 16].
From the feedback structure of the MISR, we can easily
determine the next state and previous state for every
flip-flop in the MISR. Next, we set �S2(i, ei ) to be the
initial state of the MISR, and depending on the value of
the index i −n−1, we calculate an appropriate number
of next states or previous states. For example, if i = n,
we calculate the previous state; on the other hand, if
i = 1, we calculate the nth previous state and check to
see if it equals �S1(i, ei ).

We now illustrate the failing vector identification
procedure using a small example as shown in Fig. 2.
The circuit under test has four inputs x1, x2, x3, x4 and
three outputs y1, y2, y3. The outputs are connected via

Fig. 2. Example to illustrate failing vector identification.

masking logic to the three parallel inputs of the MISR.
The MISR has three stages and it has a primitive feed-
back polynomial. The circuit under test has three gates
numbered 1 to 3.

Consider a stuck-at-0 fault on the line connecting the
output of Gate 1 to an input of Gate 2. The original test
sequence consists of the five (pseudorandom) test pat-
terns t1 = 0010 , t2 = 1001, t3 = 1100, t4 = 0110 and
t5 = 1011. The corresponding outputs yc1, yc2, yc3 and
y f 1, y f 2, y f 3 for the fault-free and the faulty circuit, re-
spectively, as well as the accumulated signatures in the
MISR are shown in Table 1. The accumulated signa-
ture for the correct circuit is 011 and the accumulated
signature for the faulty circuit is 101. For the difference
�S1(i, ei ), we have �S1(i, ei ) = 101 ⊕ 011 = 110.

The second test sequence consists of the ten test
patterns t1, t1, t2, t2, t3, t3, t4, t4, t4, t5, t5, where ev-
ery test pattern of the original test sequence is ap-
plied twice. The control input of the masking logic
is 1010101010 and in every second cycle, the input
to the MISR is 0 = 000. The corresponding test re-
sponses yc1, yc2, yc3 for the fault-free circuit under test,
the test responses y f 1, y f 2, y f 3 for the faulty circuit

Table 1. Circuit outputs and signatures for the original test sequence
consisting of five patterns.

t t1t2t3t4 yc1 yc2 yc3 y f 1 y f 2 y f 3 zc1zc2zc3 z f 1z f 2z f 3

t1 0010 110 110 000 000

t2 1001 100 100 110 110

t3 1100 011 001 011 011

t4 0110 110 110 010 000

t5 1011 010 010 011 110

�S1 = 110 011 101
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Table 2. Circuit outputs and signatures for the derived test sequence
consisting of ten patterns.

t t1t2t3t4 yc1 yc2 yc3 y f 1 y f 2 y f 3 zc1zc2zc3 z f 1z f 2z f 3

t1 0010 110 110 000 000

t1 0010 000 000 110 110

t2 1001 100 100 111 111

t2 1001 000 000 111 111

t3 1100 011 001 011 011

t3 1100 000 000 010 000

t4 0110 110 110 101 000

t4 0110 000 000 000 110

t5 1011 010 010 000 111

t5 1011 000 000 010 001

�S2 = 001 101 100

under test, as well as the accumulated signatures are
shown in Table 2. The accumulated signature for the
fault-free circuit is 101 and the accumulated signa-
ture for the faulty circuit is 100. We therefore obtain
�S2(i, ei ) = 101 ⊕ 100 = 001.

According to Eq. (4), the index i is determined with
n = 5 as follows: �S2(i, ei ) = (001)T = An−i+1�S1

(i, ei ) = A6−i (110)T , where

A =




0 1 1

1 0 0

0 1 0




and (001)T and (110)T denote the transpose of (001)
and (110), respectively.

Instead of multiplying the vector 011 repeatedly by
A, we can use the simple shift register equations for
the state components under input 0. The state successor
equations are:

z1(t + 1) = z2(t) ⊕ z3(t)

z2(t + 1) = z1(t)

z3(t + 1) = z2(t).

With the initial state (110), we easily compute the
state sequence (110), 111, 011, 001 and for 6 − 3 = 3,
the states (001)T and A6−i (110)T are equal, and i = 3
is uniquely determined.

Next we compute the error vector e3, which is deter-
mined as e3 = A3−5�S1(3, e3) = A−2(110)T . Instead
of matrix multiplication, we can again use the shift reg-
ister equations for the state components of the MISR.

The state predecessor equations are:

z1(t) = z2(t + 1)

z2(t) = z3(t + 1)

z3(t) = z1(t + 1) ⊕ z3(t + 1)

and with the initial state �S1(3, e3) = 110, we have the
predecessor state sequence 110, 101, 010 with the error
vector e3 = A−2�S1(3, e3) = 010. It can be seen from
Table 1 that indeed for the third input pattern t3 = 1100,
the outputs y f 1, y f 2, y f 3 = 001 and yc1, yc2, yc3 =
011 differ by the error vector e3 = 001 ⊕ 011 =
010.

Recall that failing vector identification using the
above procedure is guaranteed if a single test vec-
tor produces an error. We next determine the condi-
tion under which the case of two failing vectors is
incorrectly diagnosed as a single failing vector. Sup-
pose that for the test sequence T = {t1, t2, . . . , tn},
a fault causes test vectors t i and t j to fail, produc-
ing errors ei and e j , respectively. Let us assume that
our diagnosis procedure interprets this pair of fail-
ing vectors as a single error ek for the test vector t k .
This implies that An−i ei ⊕ An− j e j = An−kek and
A2n−2i+1ei ⊕ A2n−2 j+1e j = A2n−2k+1ek , which leads
to the following:

A−i ei ⊕ A− j e j = A−kek

A−2i ei ⊕ A−2 j e j = A−2kek

Since k and ek are known from the diagnosis proce-
dure, we now determine ei and e j using the following
equations:

ei = Ai (A−kek ⊕ A− j e j )

ei = A2i (A−2kek ⊕ A−2 j e j ) (5)

(Ai−2 j ⊕ A− j )e j = (Ai−2k ⊕ A−k)ek (6)

Since the feedback polynomial of the MISR
is assumed to be primitive, the matrix Ai−2 j⊕
A− j = A− j (Ai− j ⊕ I) for i − j �= ±2n − 1 is
invertible and for fixed i and j , the error e j is
determined uniquely from (6) and the error ei is
then determined uniquely from (5). For each of the
( n−1

2 ) pairs of i and j , 1 ≤ i < j ≤ n, i, j �= k, the
corresponding error vectors e j and ei are uniquely
determined by the Eqs. (6) and (5), respectively, and
( n−1

2 ) two-positional errors can be interpreted as a
one-positional vector ek in position k. The total number
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of errors caused by two failing vectors is ( n
2 )(2m − 1)

(2m − 1), where m denotes the number of outputs in
the circuit under test. If all errors are equally likely,
the probability p2→1 that a pair of failing vectors is
misinterpreted as a single failing vector is given by

p2→1 =
( n−1

2

)
( n

2

)
(2m − 1)(2m − 1)

= n − 2

n
· 1

22m − 2m+1 + 1
≈ 1

22m
. (7)

Although the assumption that all possible errors are
equally likely is not realistic in practice, we conclude
that it is extremely unlikely that two failing vectors will
be misinterpreted as a single failing vector using this
technique. If a fault is easy to detect by pseudorandom
inputs, then even in short intervals we can expect sev-
eral failing vectors. Therefore, we apply the proposed
methods only to faults that are not easy to detect using
pseudorandom patterns.

To determine the failing test vectors, we con-
sider R test intervals t1,1, t1,2, . . . , t1,l ; t2,1, t2,2, . . . ,

t2,l ; . . . , t R,1, t R,2, . . . , t R,l of length l with R · l ≈
1000. For each of these intervals we compare the ex-
pected correct signature with the actually obtained sig-
nature. If a difference between the obtained and the
expected (correct) signature occurs in the jth interval,
1 ≤ j ≤ R, we use the proposed method to compute
the failing test vector t j

i j
for this interval. If no solu-

tion is found to exist with 1 ≤ i j ≤ l, we ignore this
interval and conclude that a higher-positional error oc-
curred. If there is a solution with 1 ≤ i j ≤ l, we assume
that a one-positional error occurred since the probabil-
ity that a higher-positional error is misinterpreted as a
one-positional error is extremely low.

Fig. 3. Signature analysis for scan-BIST.

3. Failing Vector Identification for Scan-BIST

In this section, we extend the analysis of Section 2
to scan-BIST. We assume that the circuit under test
has L scan chains, each of length M , that drive an
L-bit MISR; see Fig. 3. To fill the L scan chains
of length M with a test pattern Xi , the test pattern
generator TPG generates L pseudorandom sequences
x j

i = (x j
i1; . . . , x j

i M ), j = 1 . . . , L , of length M , and
these are shifted into the L scan-chains.

When the scan-chains are filled, the test pattern is
applied and the test response Yi is captured in the L
scan-chains and shifted out. Simultaneously the next
test pattern Xi+1 is generated by the TPG and shifted
into the scan-chains. The test response Yi consists of L
sequences y j

i = (y j
i1, . . . , y j

i M ), 1 ≤ j ≤ L , which are
captured in the L scan-chains and shifted out. Thus the
test pattern Xi and the corresponding test response Yi

can be described in a matrix form as

Xi =




x1
i

x2
i

·
·
·

x L
i




=




x1
i1 x1

i2 · · · x1
i M

x2
i1 x2

i2 · · · x2
i M

·
·
·

x L
i1 x L

i2 · · · x L
i M




(8)

and

Yi =




y1
i

y2
i

·
·
·

yL
i




=




y1
i1 y1

i2 · · · y1
i M

y2
i1 y2

i2 · · · y2
i M

·
·
·

yL
i1 yL

i2 · · · yL
i M




(9)
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respectively. The state of the MISR is denoted by
z = z1z2 . . . zL . According to (8) and (9), the test
patterns Xi and the test responses Yi are L × M ma-
trices consisting of M L-dimensional column vec-
tors (x1

i1, x2
i1, . . . , x L

i1)T , . . . , (x1
i M , x2

i M , . . . , x L
i M )T and

(y1
i1, y2

i1, . . . , yL
i1)T , . . . , (y1

i M , y2
i M , . . . , yL

i M )T respec-
tively, where T denotes the transposition.

If a test sequence X1, X2, . . . , Xn is applied to a
circuit under test with L scan-chains of length M ,
the test responses Y1, Y2, . . . , Yn are captured in the
L scan chains, given out in L data streams and com-
pacted by the L-dimensional MISR with the linear state
transition function (1) in n × M steps into a signature
S(Y1, Y2, . . . , Yn).

Now we assume that due a fault ϕ in the circuit under
test, for the test input Xi an erroneous test response
Yi ⊕ Ei is captured in one or more of the L scan-
chains, shifted out and compacted by the MISR into
the signature s(Y1, . . . , Yi−1, Yi ⊕ Ei , Yi+1, . . . , Yn).

Thereby we assume that only the test response Yi ⊕
Ei under the test input Xi is erroneous. For all the other
test inputs X j , j �= i , the corresponding test responses
Y j , j �= i are assumed to be correct. The error Ei , i.e.,
the difference in the test responses for the test pattern
Xi can be represented in matrix form as follows:

Ei =




e1
i

e2
i

·
·
·

eL
i




=




e1
i1 e1

i2 · · · e1
i M

e2
i1 e2

i2 · · · e2
i M

·
·
·

eL
i1 eL

i2 · · · eL
i M




Since the MISR is a linear automaton with the linear
state transition function (1) and with the initial state 0
we have:

S(Y1, . . . , Yi−1, Yi ⊕ Ei , Yi+1, . . . , Yn)

= S(Y1, Y2, . . . , Yn) ⊕ S(0, . . . , 0, Ei , 0, . . . , 0)

where 0 denotes an M by L matrix of all 0s.
Next, we apply a second, modified test sequence to

the circuit under test, derived in a straightforward fash-
ion from the first test sequence. The goal here is to
provide an all-0 L dimensional column vector (0) in-
put to the MISR for one clock cycle immediately after
each test response Yi , 1 ≤ i ≤ n, is shifted in M clock
cycles into the MISR. The second test sequence can be
easily generated by use of the same test pattern source

as for the first test sequence. The masking logic is used
to provide every M clock cycles an additional 0 input to
the MISR and at the same time, freeze the scan clock
using simple gating logic. This is done immediately
after the capture cycle of the scan operation.

The signature of the MISR for the second test se-
quence is given by

S(Y1, 0, . . . , Yi−1, 0, Yi ⊕ Ei , 0, Yi+1, 0, . . . , Yn, 0)

= S(Y1, 0, Yi−1, 0, Yi , 0, Yi+1, 0, . . . , Yn, 0)

⊕ S(0, 0, . . . , Ei , 0, . . . , 0, 0).

We now assume that if the input Ei is applied to the
MISR with initial state 0, the MISR is driven to the state
z(Ei ). This implies that the first test sequence give us
S(0, 0, . . . , Ei , . . . , 0) = A(n−i)M z(Ei ).
From the second test sequence, we get

S(0, 0, . . . , 0, 0, Ei , 0, . . . , 0, 0) = A(n−i)(M+1)+1z(Ei ).

Hence we conclude that

z(Ei ) = A(i−n)M S(0, . . . , 0, Ei 0, . . . , 0)

z(Ei ) = A(i−n)(M+1)−1

× S(0, 0, . . . , 0, 0, Ei , 0, 0, 0, . . . , 0, 0)

and

S(0, . . . , 0, Ei , 0, . . . , 0)

= Ai−n−i S(0, 0, . . . , 0, 0, Ei , 0, 0, 0, . . . , 0, 0)

(10)

From Eq. (10), we can easily determine i , i.e., the
failing vector in the BIST sequence. An admissible
value of i must lie between 1 and n. As in Section 2, it
is not necessary here to carry out matrix multiplication
and inversion in order to determine a value of i that sat-
isfies this equation. Instead, we can use the next-state
and previous-state functions to reduce the amount of
computation. We consider the MISR with initial-state
S(0, 0, . . . , 0, 0, Ei , 0, 0, 0, . . . , 0, 0) and determine if
the state S(0, . . . , 0, Ei , 0, . . . , 0) can be reached for
different values of i .

As in the case of a combinational circuit under test
we next ask under what conditions can a fault ϕ in a
full-scan sequential circuit, which is identified by the
proposed method as a one-positional error under the
test pattern Xi , is actually a two-positional error under
the test patterns Xr and Xs .
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If the two errors Er and Es under the test patterns
Xr and Xs are erroneously interpreted as a single error
Ei under the test pattern Xi then

S(0, . . . , 0, Er , 0, . . . , 0, Es, 0, . . . , 0)

= S(0, . . . , 0, Ei , 0, . . . , 0),

which implies that

A(n−r )M z(Er ) ⊕ A(n−r )M z(Es)

= A(n−i)M z(Ei ), and

S(0, 0, . . . , 0, 0,

Er , 0, 0, . . . , 0, Es, 0, 0, . . . , 00)

= S(0, 0, . . . 00, Ei , 0, . . . , 0, 0),

which implies that

A(n−r )(M+1)+1z(Er ) ⊕ A(n−r )(M+1)+1z(Es)

= A(n−i)(M+1)+1z(Ei )

have to be valid. The error z(Ei ) and the error position i
are determined by the proposed diagnosis method, and
in the following discussion these values are assumed
to be known.

We take into account the fact that for a MISR with
a primitive feedback polynomial, the matrix (I ⊕ Am),
1 ≤ m ≤ 2L − 1 here, is invertible. It is then easy to
show that for every pair r, s, with 1 ≤ r, s ≤ n, z(Er )
and z(Es) are uniquely determined from z(Ei ) and i .
Thus, if a one-positional error Ei under the i th test pat-
tern Xi is identified by the proposed method, a total of
( n−1

2 ) two-positional errors can be erroneously inter-
preted as this one-positional error. The number of all
possible two-positional errors is ( n

2 )(2L M − 1)2, where
L is the number of scan chains and M is the number of
scan cells in a scan chain.

If we assume that all the possible two-positional er-
rors are equally likely then the probability p2→1, that
a pair of failing vectors is misinterpreted as a single
failing vector is given by

p2→1 =
( n−1

2

)
( n

2

)
(2L M )2

= n − 2

n
· 1

22L M − 2L M+1 + 1
≈ 1

22L M

which is very small for realistic values of L and M .
In practice, the assumption that all the two-positional

errors are equally likely is unrealistic. Nevertheless, we

expect the the probability that a two-positional error is
erroneously interpreted by the proposed method as a
one-positional error to be extremely small. Based on
these results, we are able to identify a failing vector for
a fault ϕ in the circuit under test in the following way.

We consider R test intervalsn X1
1, . . . , X1

n, X2
1,

. . . , X2
n, . . . , X R

1 , . . . , X R
n each of length n. For each

of these R intervals, we compare the expected correct
signatures of the MISR with the signatures obtained
for the circuit under test. From the differences between
these signatures, we use the proposed method to deter-
mine for the j th interval, 1 ≤ j ≤ R, the value i j of the
corresponding failing test input X j

i . If no solution is
found for Eq. (10), 1 ≤ i j ≤ n, for the j th interval then
we ignore these interval. On the other hand, if a solution
is found, then X j

i is taken to be a failing test pattern for
the fault ϕ in the circuit under test. The test pattern
X j

i is uniquely determined if exactly one test pattern
detects the fault in this interval. In the next section, we
present experimental results for the ISCAS-85 and the
ISCAS-89 circuits.

4. Experimental Results

We first present experimental results for the ISCAS-85
combinational benchmark circuits. We identified a set
of faults for each circuit that are not easily detected
by a small number of pseudorandom patterns. These
faults are of interest to us and the proposed method is
targeted toward them. In order to eliminate the easy to-
detect faults that are not of interest to us, we applied
100 pseudorandom vectors to the circuit under test as
a pre-processing step. We only retained those faults
that were not detected by these patterns. We injected
these faults into the circuits one at a time, and collected
the MISR signatures in each case for various interval
lengths, varying from 100 to 500, and for a total of
1000 pseudorandom patterns. The algebraic analysis
technique was then applied to the differences in the
MISR signatures. If a one-positional error occurs in at
least one of the intervals, the corresponding failing test
pattern (and the corresponding error vector in case of
a combinational circuit) can be uniquely determined.

The results are shown in Table 3. Columns 1 and 2
list the name of the circuit and the number of faults
that are not detected by the first 100 (pre-processing)
pseudorandom test patterns. Columns 3, 4, 5, 6, 7 list
the number of hard-to-detect faults (out of those listed
in Column 2) that cause exactly one failing vector in
at least one interval. These are the faults for which the
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Table 3. Experimental results for the ISCAS-85 benchmark circuits.

No of hard-to-detect faults diagnosed for different interval lengths

Circuit
No of hard-to-detect
faults considered 100 200 300 400 500

c432 26 25 (96.2%) 20 (76.9%) 19 (73.1%) 12 (46.2%) 11 (42.3%)

c499 42 42 (100%) 34 (80.0%) 27 (64.3%) 22 (52.4%) 12 (28.6%)

c880 61 61 (100%) 49 (80.3%) 43 (70.5%) 33 (54.1%) 30 (49.2%)

c1355 157 152 (96.8%) 141 (89.8%) 132 (84.1%) 121 (77.1%) 94 (59.9%)

c1908 255 243 (95.3%) 226 (88.6%) 208 (81.6%) 190 (74.5%) 148 (58.0%)

c2670 152 151 (99.3%) 140 (92.1%) 107 (70.4%) 90 (59.2%) 61 (40.1%)

c3540 563 532 (94.5%) 438 (77.8%) 396 (70.3%) 314 (55.8%) 223 (39.6%)

c5315 344 315 (91.6%) 226 (65.7%) 200 (58.1%) 130 (37.8%) 82 (23.8%)

c7552 480 447 (93.1%) 366 (76.3%) 297 (61.9%) 235 (49.0%) 155 (32.3%)

Table 4. Experimental results for the ISCAS-89 benchmark circuits.

No of hard-to-detect faults diagnosed for different interval lengths

Circuit
No of hard-to-detect
faults considered 100 200 300 400 500

s1196 148 133 (89.9%) 118 (79.7%) 110 (74.3%) 97 (65.5%) 75 (50.8%)

s5378 454 438 (96.5%) 391 (86.1%) 367 (80.8%) 339 (74.7%) 266 (58.6%)

s9234.1 913 877 (96.1%) 829 (90.8%) 774 (84.8%) 676 (74.0%) 618 (67.7%)

s13207.1 1119 1093 (96.7%) 1036 (92.6%) 1022 (91.3%) 959 (85.7%) 781 (69.8%)

s15850.1 1464 1363 (93.1%) 1252 (85.5%) 1113 (76.0%) 1017 (69.5%) 812 (55.5%)

s38417 2207 2142 (97.0) 1948 (88.26) 1764 (79.92) 1615 (73.18) 1285 (58.22)

s38584.1 3881 3751 (96.65) 3337 (85.98) 3022 (77.87) 2538 (65.39) 1734 (44.68)

failing test vector and the corresponding error vector
can be diagnosed by the proposed method. Also listed
are the percentages of the hard-to-detect faults that are
correctly diagnosed by the proposed method.

For an interval length of 100, we can uniquely iden-
tify the failing vector, which we refer to as the diagnosis
of the corresponding fault, for over 90% of the hard-to-
detect faults. In many cases, we can diagnose over 95%
of these faults. This percentage drops as expected for
longer intervals; nevertheless, we can diagnose a signif-
icant number of faults even for an interval length of 500.

The experimental results for the full-scan versions
of the ISCAS-89 circuits are shown in Table 4. For
these circuits, only the failing vector in an interval
can be identified; the corresponding error vector cannot
be obtained from the algebraic technique presented in
Section 3.

In our experiments, we do not need to explicitly to
model the scan chains. We apply a sequence of 1000
test patterns to the circuit under test. If the circuit is
combinational, we apply these test patterns to the inputs
of the circuit and we observe the outputs of the circuit.

In the case of a sequential circuit with one or more
scan chains, we apply the pseudorandom test patterns
to the primary inputs and to the secondary inputs of the
combinational part of the circuit, and we observe the
corresponding primary and secondary outputs.

As discussed in Section 2, the proposed method re-
quires very little hardware overhead. No modification
is made here to the traditional STUMPSlike BIST ar-
chitecture. The overhead is limited to m 2-input AND
gates and a small finite-state machine that generates an
alternating sequence.

5. Conclusions

We have presented a new technique for uniquely iden-
tifying a single failing vector in an interval of test vec-
tors. This approach is based on an algebraic analysis
of the signatures captured in the MISR during a BIST
session, and it is aimed that faults that are not detected
by a small number of pseudorandom test patterns. The
analysis relies on the linearity properties of the MISR,
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and on the use of two test sequences, where the second
test sequence is derived from the first in a straightfor-
ward manner. The same test pattern source is used for
both test sequences. We have shown algebraically that
if an interval contains only a single failing vector, the
analysis technique is guaranteed to identify it. In ad-
dition, we have shown through a probabilistic analysis
that if an interval contains two failing vectors, the prob-
ability that this pair of failing vectors is misinterpreted
as a single failing vector is extremely low. Experimental
results for the ISCAS benchmark circuits show that the
proposed approach can be efficiently used to uniquely
identify failing vectors in a BIST environment.
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