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1. Explain the following concepts:  

a. What is a central potential, and what is its significance? (5 points) 
 
 
 
 
 
 
 
 
 

b. What is Rydberg constant, and what does it represent? (5 points) 
 
 
 
 
 
 
 
 
 
 

c. Can you explain why the hyperfine splitting (the energy difference) of the ground 
state of the hydrogen atom is so stable? (5 points) 
 

 
 
 
 
 
 
 
 
 

d. What situation does Fermi’s golden rule describe? (5 points) 
 
 
 

 
 
 
 
 
 
 



2. Angular Momentum  
a. From the fundamental commutation relation !𝑥#$, 𝑝̂() = 𝑖ℏ𝛿$( , prove the following 

relations where r is the radial coordinate in spherical coordinates (10 points) 
 

!𝐿/$, 𝑥#() = 𝑖ℏ𝜀$(1𝑥#1, !𝐿/$, 𝐿/() = 𝑖ℏ𝜀$(1𝐿/1, and !𝐿/$, 𝑓(𝑟)) = 0. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

b. For the eigenstate of the 𝐿/7 and the 𝐿/8 operator |𝑙 = 1,𝑚 = 1⟩, find the probability that 
the measurement of 𝐿/> would yield the values ℏ, 0 and −ℏ. (10 points). 

 
 
 
 
 
 
 
 
 

 
 

 
 

 
 

 
 



3. Particle in a central potential 
A quantum particle is in a central potential, and the state is given by 

𝜓(𝑟⃗) = 𝐴C(𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥)𝑒HIJ
K. You can use the table in the next page to answer these 

questions. 

a. What is the probability to find 𝐿/7 value of 0 and 6ℏ7, respectively? (10 points) 
 

 
 

 
 

 
 

 
 

 
 

b. What is the probability to find the 𝐿/8 value of −2ℏ,−ℏ, 0, ℏ, and 2ℏ, respectively? 
(10 points) 

 
 
  



Spherical Harmonics 
 
l = 0 

  
 
 
l = 1 

 
 
 
l = 2 

 
 
 
 
 
Recurrence Relation for Associated Laguerre Polynomials 
 

ρ𝐿O
P (𝜌) = (2𝑝 + 𝑞 + 1)𝐿O

P (𝜌) − S
𝑝 + 1

𝑝 + 𝑞 + 1T 𝐿OUV
P (𝜌) − (𝑝 + 𝑞)7𝐿OHV

P (𝜌) 

 
 
Orthonormality Condition for Electronic States of a Hydrogen Atom 
 

⟨𝜑YZ[Z\Z|𝜑Y[\⟩ = 	𝛿YZY𝛿[Z[𝛿\Z\ 
  



4. Rydberg Atoms 
The atoms excited to a high angular momentum state is called a Rydberg atom. Here, we 
explore the properties of the hydrogen atoms excited to the Rydberg state. 
 
a. Show that for a hydrogen atom in the state corresponding to maximum orbital angular 

momentum (l = n - 1), (10 points) 
 

⟨𝑛, 𝑛 − 1|𝑟|𝑛, 𝑛 − 1⟩ = 𝑎C𝑛 `𝑛 +
1
2a 

⟨𝑛, 𝑛 − 1|𝑟7|𝑛, 𝑛 − 1⟩ = 𝑎C7𝑛7(𝑛 + 1) `𝑛 +
1
2a 

 
 
 

  



b. Under the same conditions as in problem 4a, show that for large values of n and l, (10 
points) 

 
b〈𝑟̂7〉 → 𝑎C𝑛7 

Δ𝑟
〈𝑟〉 → 0 

𝐸Y → −
1
2
𝑒7

𝑛7𝑎C
 

 
where (Δ𝑟)7 = 〈𝑟̂7〉 − 〈𝑟̂〉7. 
 
  



5. Interacting spin systems (Cohen-Tannoudji, Liu and Laloe Exercise 2 in EXIII) 
In this problem, we consider two spin ½ particles coupled by an interaction Hamiltonian 
of the form 𝑎(𝑡)𝑆V ∙ 𝑆7 , where 𝑎(𝑡) approaches zero when |𝑡| approaches infinity, and 
takes on a non-negligible value on the order of 𝑎C only within the time interval |𝑡| ≤ 𝜏 near 
𝑡 = 0. 
 
a. At 𝑡 = −∞, the system is in the state |↑↓⟩, where the first spin is in the + eigenstate of 

𝑆pV8  and the second spin is in the – eigenstate of 𝑆p78 . Without any approximation, 
calculate the state of the system at 𝑡 = +∞. Show that the transition probability 𝒫(↑↓
	→	↓↑) of finding the system in the |↓↑⟩ state at 𝑡 = +∞ depends only on the integral 
∫ 𝑎(𝑡)𝑑𝑡t
Ht . (10 points) 

  



b. Calculate 𝒫(↑↓	→	↓↑) by using first-order time-dependent perturbation theory. Discuss 
the validity conditions for such an approximation by comparing the results with that 
obtained in part a. (10 points) 


