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Abstiact— In this paper, we presenttwo results con-
ceming the fuzzy modeling and control of nonlinear sys-
tems. The first resultis on the approximation of smooth
nonlinear dynamical systemsusing linear Takagi-Sugeno
fuzzy models. The secondresultis on the approximation
of smooth nonlinear state-feedbackcontrollers using the
the so-calledparallel distrib uted compensation(PDC) con-
troller. Both resultsare basedon the effectivenessof us-
ing linear Takagi-Sugenosystemsto approximate nonlin-
ear function, which is alsoprovenin this paper.

I. INTRODUCTION

We have witnessedapidly growing interestin fuzzy
controlin recentyears. This is largely dueto the mary
successfuhpplicationof fuzzy controlto nonlinearsys-
tems.In orderto explaintheapparensucces$uzzy con-
trol hasenjoyed, it is necessaryo investigatethe funda-
mentalcapabilitiesof variousfuzzy modelingand con-
trol frameawvorks. Therehasbeena greatdealof research
in addressinghisissue[2]-[4], [6]-[7], [16].

Amongvariousfuzzy modelingthemesthe so-called
Takagi-Sugen¢T-S) model[1] hasbeenoneof themost
popularmodelingframewvork. A generall-S modelem-
ploys anaffine modelwith a constantermin the conse-
quentpartfor eachrule. Thisis oftenreferredasanaffine
T-S model. In this paper we focuson a specialtype of
T-S fuzzy modelin which the consequenpart for each
ruleis representedly alinearmodel(withouta constant
term). We referthis type of T-S fuzzy modelasa linear
T-S model. The appealof a linear T-S modelis that it
renderdtself naturallyto Lyapune basedsystemanal-
ysisanddesigntechniqueg11] [14]. A commonlyheld
view is thata linear T-S modelhaslimited capabilityin
representing nonlinearsysten8].

In [10], a controller structure called parallel dis-
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tributed compensatioifPDC) s introduced. This struc-
ture utilizesafuzzy statefeedbaclcontrollerwhich mir-
rorsthestructureof theassociatetinearT-Smodel. The
ideais that for eachlocal linear model, a linear feed-
backcontrolis designedTheresultingoverallcontrolley
whichis nonlinearin generaljs afuzzyblendingof each
individual linear controller Applicationsof T-S model
togetherwith PDC controllerhave achieved mary suc-
cessedn realsystemg9], [12], [13].

In this paper we attemptto addresghe fundamental
capabilitiesof linear T-S modelsand PDC controllers.
Two resultsare given in this paper The first resultis
thata linear Takagi-Sugenduzzy modelcanbe an uni-
versalapproximatorof smoothnonlineardynamicsys-
tem. It hasbeenknown that smoothnonlineardynamic
systemsanbe approximatedy T-S modelswith affine
modelsas fuzzy rule consequencef3],[6]. However,
mostresultson stability analysisand controller design
of T-S modelsare basedon the linear T-S models,i.e.,
T-S modelshaving linear modelsas fuzzy rule conse-
guences. The questionneededio be addresseds: “Is
it possibleto approximateary smoothnonlinearsys-
temswith Takagi-Sugenanodelshaving linear models
asrule consequences?ih paper5], theauthorggase an
answerto this questionfor the simple one-dimensional
case. This papertries to answerthis questionfor n-
dimensionalnonlineardynamicsystemby constructing
the T-S modelto approximatehe original nonlinearsys-
tem. The answeris “Yes”. Thatis, the original vector
field plusits velocity canbe accuratelyapproximatedf
enoughnumberof fuzzyrulesareused.

The secondesultin this paperis thatPDC controller
can be an universal approximatorof nonlinear state-
feedbackcontroller Both resultsare basedon the fact
that smoothnonlinearfunctionsundermild constraints



canbeapproximatedy linear Takagi-Sugengystems.

In this paper R" is usedto denotethe n-dimensional
vector spacesof real vectors. C;* is usedto represent
the setof n-dimensionfunctionswhosem-th dervative
is continuouonthedefinedregion. z; standdor thei-th
componenbf vectorz and|| || standsfor the standard
vectornormor matrix norm. O(z) is the setof numbers
y suchthat| £ < M, whereM is aconstant ", .

IS usedto representhe summatiorwith all the p035|ble
combination®f 41, jo ... andj,.

The paperis organizedas follows: Sectionll gives
a constructionprocedureof T-S systemand the proof
of the fact that smoothnonlinearfunction under mild
constraintan be accuratelyapproximatedy the con-
structedT-S system. Sectionlll presentghetwo state-
mentsfore-mentionedor T-SmodelandPDCcontroller
Concludingremarksarecollectedin SectionlV.

1. APPROXIMATION OF NONLINEAR FUNCTIONS

USING LINEAR T-S SYSTEMS
A. Linear T-SFuzzySystems

The mainfeatureof linear Takagi-Sugenduzzy sys-
temsis to expressthe local propertieof eachfuzzy im-
plication (rule) by a linear function. The overall fuzzy
systemis achiered by fuzzy ‘blending’ of theselinear
functions. Specifically the linear Takagi-Sugenduzzy
systemis of thefollowing form:

Rulei: IF z1(t) is M;; - - - andx, (t) is M,

THEN y = a;z(t),
wherez? (t) = [z1(t),z2(t),- - -, z,(t)] arethefunction
variables. i = 1,2,---,r andr is the numberof IF-
THEN rules. M;; arefuzzy sets. The linear function
y = a;z(t) is theconsequencef thei-th IF-THEN rule,
wherea; € RIX™,

Thepossibilitythattheith rule will fire is givenby the
productof all the membershigunctionsassociatedvith
theithrule.

hi(z(t))
We will assumehath;'s have alreadybeennormalized,
T

i.e. hi(z) > 0and) hi(z)

i=1
of gravity methodfor defuzzification,we canrepresent
theT-S systemas:

= f(x) Zh €y

1.

2.

= 1. Thenby usingcente?'

The summationprocessassociateavith the centerof
gravity defuzzificationin system(1) canalsobe viewed
asan interpolationbetweenthe functionsa;z basedon
thevalueof theparameter.

B. ConstructiorProcedue of T-SFuzzySystems

Supposehatthenonlinearfunction f(z) : R* — R is
definedover compactegion D C R" with thefollowing
assumptions:

Al-1. f=0
Al1-2. f € C2. Therefore f, % and% arecontinuous
andthereforeboundedver D.
Zh

to approximatef (z). The objective is to male the ap-
proximationerrore(z) = f(z) — f(z) andits deriative
9 smallfor all z € D.

Construction Procedures:
In region Dy = {z | |z;| < €o} Wheregg is a chosen
positve numbeychoosesy = % lz=0-
DefinetheprojectionoperatorP |, mappingR"™ ton —1
dimensionabubspac®” /x as

Next, wewill construcfT- Ssystemf

<y,r>

— 5
l]?

Inregion D\ Dy, choosex;, j,....;, @S| jie joe Jn€
wheree is a positve numberand j; areintegers. Build
thelinearmodela;, ;,...;, asthesolutionof thefollowing
linearequations:

Play=y—

@y jo..jnTi1j2.ejn F (@15 in) 2
of
@jij..jn P |$j1j2---jn oz |$m2 Jn |$j1j2---jn(3)

Forfixedz;, ;,.. ;.. (2)-(3)aren linearequationsvith the
componendf a;, ;,...;, asthevariables.(2) impliesthat
f and f have the samevalueat pointz;,j, . j,. (3)im-
pliesthata;, ;,...;, agreewith % inthen—1 dimensional
spaceR" /z;,;,..j,- They arealways sohable sincex
and P areindependentf eachother i.e., the matrices
[ Zjijoin PlZjijo..j. | arealwaysinvertible.
Choosehefuzzy rulesasfollowing:
Rule0: IF 1 (t) isabout0 - - -

0

andzy,(t) is about

THEN f(z) = apz,
Rulejija...jn: If z1(t) isaboutje - - -
Jn€

andz, (t) isabout

THEN f(2) = aj,jy..ju2

]T



jp€+E

Jip€

Fig. 1. Projectionof Dj, ;,...;, onz;, z;, plane

For Rule 0, choosethe possibility of firing ho(z) as1
inside Dy and0 outside.The possibility of firing for the
j1j2---jnth rule is given by the productof all the mem-
bershipfunctionsassociateavith the 51 js...5,-th rule.

Rjvj...jn (@ (8)) = Ty Mj, (i(2)) (4)
wherethemembershigunctionfor z; is givenas
1 — lziziie] s
M (z;) = { ¢ i —gicl < g

0 elsewhere

It is notedthat ;,;,..;,(z) have alreadybeennormal-

ized,i.e. hj,jy. 4, (x) > 0@ndy>; o o by ()
1.

Thereforewe canwrite f () as

f@) =hoaoz + D hjijpjutisjpjnt  (6)

J1j2.-Jn
Remark: It shouldbe pointedoutthatthespecificmem-
bershipfunctionconstructedibore is only neededvhen
we wantto approximateéboththe nonlinearfunctionand
its derivative. Therewill be muchmorefreedomif we
only needto approximatehe functionitself.

C. Analysisof Approximation

In this subsectionwe will prove the fact that ary
smoothnonlinearfunction canbe approximatedto ary
degreeof accurayg, usingthe linear T-S fuzzy systems
constructedbore. Thisfactwill form the foundationof
thetwo statement this paper

First, we will divide region D\ D, into mary small
regions

Djyjs...jn = {z|z € D, jie < x; < (ji + 1)e Vi}

In the following discussionsye will only concentrate
on one of suchregions (Dj,j,...j,), Which is shavn in

Fig. 1, by assuminghatz € Dj,j,..;,. Fromthe con-
structionprocedureabore, we know thatonly the fuzzy
rulescentereattheverticesof D;, 5, . ;, canbeactvated
atz. Thatis hyy,..1,(z) # 0onlyif z;,, 4, is oneof
thevertex pointsof Dy, j,. ;..

Considere(z), the approximatiorerrorbetweenf (z)

andf(z)
le()| = [f(z Z iy js.. ]n a’jle---jan
J1J2--JIn
= |f(z Z hjyjs.. Jn ajljz---jnlejz---jn
J1j2--Jn
> B (@) (T = o)
J1j2..dn
= |f(z Z Bjsg.jn (@) F(Tj1js..jn) —
J1j2--Jn
D Rrjsin (@) (T = Tjigo i) |
J1j2..dn
< D Mg @I @) = F (@)l +
Jj1J2---Jn
Z Rjiga.. Jn ||a]1J2 Jn( $j1j2---jn)||
Jj1J2---Jn
< max ||f(z) = f@u,.0.)] +
lilz.ln
Jnax ap,..1, (2 = 2., |
162
Notethat
Ayly..1n (T — Tiy1..0,)
<(.’E - xlllz...ln)a xlllz...ln) af
11150, | F @) + ox .

- xlllz...ln)’ xlllg...ln>
[T

((30 — Tyly..dy) — (=

Sincez € Dj,j,..j,, the distancebetweenz andary
vertex point of D, j,. ;. is lessthan/ne, i.e. | z —
Ty, | < v/ne, we canmalke e(z) arbitrarily smallby
justreducinge.

Now considetthe approximatiorof %. Beforedoing
that, threefactsfor the membershigunctionsare pre-
sented.

Factl: Define

ONjy js...jn o= Ohj1iy...in | Ohjijy...in Ohjjy...i
o T o011 T o2 T ' OTn
whereit exists,then
Ohjijy...j
> =0 @
or

J1j2.Jn

Liyls...

)

Jn|
T



Proof: Take thederr\/atlvesofz v Ti1G2
Since}; . i Rjijs.j, = 1, its dervatives with re-
spectto z; WI|| 'beo. |

Fact2:

Oy js...jn
PONCEEINNIRES ®)
j1j2.-Jn

Proof: For vertex pointzy,,._.i, € Djyj,...j,, de-
finel; = 2j; + 1 — [;, thenit canbe proventhat

|$: -1

Ohy iy 0
('T - xl1l2...l_i...ln) 182‘%.1 = |z +(‘T - xlllz...ln)i
7
Ohy,1,..
81—;- o= — Pty + Mgty )
Ohy iy 0.
(z — wlllg...ll...ln) # |z +(z — xlllz...ln)i

Ohyyiy..1,, .
o, lz=0, t#]
Summinguptheseequationdor all theruleslyls...l,, that
areeffective in region D, 5,...;,.. thefactis proved. W

Fact3: Definea, asthesolutionof thefollowing lin-
earequations

a;x = f(x) %)
ayPl; = % « P (10)

ThenVd, Je suchthat ||a,; —
Tjijoinll < €KL,

Proof: Sincea, is the solutionof the linearequa-
tions (9) (10) and all the parameterof the equations
(f(x), % andP|,) arecontinuoudunctionsof z, a,, will
depenccontinuouslyonz. Consequentlylja—a;, j,...j, ||
canbemadearbitrarilysmallby choosingasmallenough
valuefor e. n
Now consideré¢, thedifferencebetween2! and4L.

a‘jljz---jn” < gif ||3: -

o 0f 0. g Pitdain i ga )
|| || = 5, le 2 |
of Ol
J1j2---Jn
> Bjgnnn ()55l
j1j2 -Jn
= Z f(@152...5a) ]la]; In |z
J1j2---Jn
Ohj,js...j
> gz — lejz...jn)$

J1j2.-Jn

Qj1jo..jn |z |l

> (f(w)+%

J1j2---Jn
E h]1]2 ]n

8h]1]2 -Jn
J1j2---Jn

]1]2 Jn
|z E, gy jo.. ]n

J1j2---Jn

> 5
4~ Oz
J1J2Jn
Z @jjgennjn (T
12w
Z hjljZ---jn(:E)
12
(FromFactl)
= = ) tjpjul@
j172..Jn
> hjrjoin(®
j1j2..Jn
(FromFact?2)
= I Y. tipiul
j1j2..Jn

+ E Rjigoin@iiain —
ji1j2--Jn

+0(e)
IS s — 00) (& — ) 2t
J1j2--Jn
Z Rjijs...jn (a’jljZ---jn — Qg
J1G2ee-Gn
(FromFact2)

Z Rjijs...jn(T)

J1J2--Jn

|$ (wjljZ---jn — )+

O(¢*))

ajljg...jn

— Zjyjyenin) |l

of

= 12, - Oisj..jn
oz "

ox o

|z (Zj1j3..jn — T)

7132 In 81,

aj1j2---jn|| + 0(6)

Ol jo..jn |
oz r

— Tj1ja..jn)
)@j1js...jn || + O(€)

ahj1j2 -Jn
ox

Z Pjijs...jn (2)

J142.-Jn

— Zj1jojn) le +ag

ag|

IN

|z |

) +0(e)

From Fact (3), it is known ge can be madearbitrarily

smallby reducinge.

Next considerregion Dy. In region Dy, it is knovn
from Taylor seriesthat e(z) and % can alsobe made
arbitrarily smallby reducingey. Thereforewe have the
following theoremby summarizingheresultsabore:

Theoem4: For smooth nonlinear function f(z)
R* - R! satisfiedAssumptionsAl-1 Al1-2, it canbe
approximatedto ary degreeof accurag, by linear T-S
fuzzy systems. Furthermorejts deriatives can be ap-
proximatedo ary degreeof accurayg, exceptfor afinite
numberof points.
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Fig. 2. Nonlinear function f(zi,z2) = 8z1 +

10z, sin(4x1) + 23 — 42122
Approximation error

Fig. 3. Approximationerrorof nonlinearfunction

Remark: It may be aguedthat the membershigunc-
tion is not continuouson the boundarybetweenD, and
Dj,j,..j.- TO overcomethe discontinuity somebumper
functions can be includedto smooththe membership
function without affecting the approximationaccurag
[15].

D. Example

An exampleis givenin this subsectioror illustration.
Considerthe approximatiorof two dimensionahonlin-
earfunction f(z1,z2) = 8z1 + 10z sin(4z) + 23 —
4z129 shovn in Figure2. A 25 x 40 grid is used. The
maximumapproximatiorerroris 1.38. We alsoplot the
approximationerror in Figure 3. It shouldbe pointed
outthe approximatiorerrorcould be furtherreducedoy
usingmorefuzzyrule.

[11. APPLICATIONS TO MODELING AND CONTROL
OF NONLINEAR SYSTEMS

A. Approximationof NonlinearDynamicSystemsising
Linear Takagi-SugnoFuzzyModels

Thelinear Takagi-Sugenduzzy modelis usedto de-
scribedynamicsystemsilt is of thefollowing form:

Rulei: IF z1(t) is M1, - - - andzy, (t) is My,
THEN %(t) = A;z(t),

wherez® (t) = [z1(t), z2(t),- - -, z,(t)] arethe system
states.s = 1,2,---,r andr is the numberof IF-THEN
rules. M;; arefuzzy setsand(t) = A;z(t) arethe
consequences thei-th IF-THEN rule.

By usingcenterof gravity methodfor defuzzification,
we canrepresenthe T-S modelas:

r

&= f@) =) hi(x) A

=1

(11)

whereh;(x) is thepossibilityfor thei-th rule to fire.
Considetthenonlinearsystem:

i = f(z)

wheref (z) is avectorfield definedover compactegion
D C R"* with thefollowing assumptions:
A2-1 f(0) = 0, i.e.theoriginis anequilibriumpoint.
A2-2 f e C%. Therefore,f, %, and%’; arecontinuous
andboundedover D.
Supposef (z) canbewrittenas| fi(z) fn(z) ]T.
What we mean by approximationis finding a T-S
fuzzy modelf(z) = [ fi(z) fu(z) 17 suchthat
£ (z) — f(z)| is small.Since| f (z) — f(z)]|| is smallif
andonly if eachof its componentgwhich arenonlinear
functions)is small, thenby applyingTheorem4 proven
in the previous section,we obtainthe following corol-
lary:

Corollary 5: For ary smoothnonlinearsystem(12)
satisfying the abore assumptionsjt can be approxi-
matedto ary degreeof accurag, by aT-Smodel(11).

Similarly, smooth nonlinear control systemz =
f(z) + g(z)u can also be approximatedusing a T-S

T

(12)

fuzzy modelé = » hi(z)(Aiz + Biu). By treating
=1

1=
u asextraneoussystemstate,we canalso approximate
thesmoothnonlinearcontrolsystem: = f(z,u) by T-S

<
fuzzy models = ) "hi(z,u)(Asz + Byu). In this case,

thefuzzyruleis 012 tﬁefollowing form:
Rules: IF .’Bl(t) is M, ---, .’En(t) is M;,, ul(t) is N1,
-+ - anduy, (t) is Ny,

THEN %(t) = A;z(t) + Bu(t),
wherezT () = [z1(t), z2(t), -, z,(t)] arethe system
statesandu” (t) = [u1(t),u2(t), - - -, unm (t)] arethesys-
teminputs. i = 1,2,--.,r andr is the numberof



IF-THEN rules. M;;, N;; arefuzzy setsand (t) =
A;z(t) + Bju(t) is theconsequencef thei-th IF-THEN

rule. h; (.’L‘, u) = H?;lMij (.’I,‘Z (t))HanlNik(Uk (t)) is the
possibilityfor thei-th rule tofire.

Remark: Therearemary resultson the approximation
of anonlinearsystenusinga T-Smodelwith affine mod-
elsasrule consequencesnsteadof usinglinearmodels
& = A;z(t) + B;u(t) asrule consequencesffine mod-
els¢ = A;z(t) + Bju(t) + C; areused. To do that,
the statespaceis first divided into mary small regions
andfirst-order Taylor expansionarounda point in that
region is adoptedas the rule consequenceBy includ-
ing the constantterm in the output of the fuzzy rules,
moreflexibility canbe obtainedn the choiceof regions
andmembershigunctions,but the stability analysisand
synthesidbecomeamoreinvolved.

B. Approximation of Nonlinear State-Eedbak Con-
troller usingPDC Contwoller

In this paperwe will consideraspecialform of fuzzy
controllerintroducedin [11] whereit wastermedparal-
lel distributedcompensatioffPDC). The PDCcontroller
structureconsistof thefuzzyrules:

Rulej: IF z1(t) is Mj - -- andz,,(t) is My,

THEN u(t) = K;z(t)
wherej = 1,2, -- -, s. Theoutputof thePDCcontroller
is

u = ihj(ac)Kjx (13)
7j=1

Following similar aumentasin the abose subsection,
we obtainthe following theorem:

Theoem6: For smoothnonlinearstatefeedbackcon-
troller v = K(z) defined over a compact region

(K (0) = 0), canbeapproximatedo ary degreeof accu-
racy by PDCcontroller(13).

IV. CONCLUSIONS

In this paper we discussedhe approximatiorof non-
linear systemusing T-S modelswith linear modelsas
rule consequencesie presented constructionproce-
duresof T-S modelsandproved thatthis constructedr-
S modelcanapproximatesmoothnonlinearsystemplus
its velocity with ary desiredaccurayg. We alsoshaved
thatthe effectivenessof PDC controllerasan universal
approximatorof smoothnonlinearstate-feedbackon-
troller.
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