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Abstract— In this paper, we present two results con-
cerning the fuzzy modeling and control of nonlinear sys-
tems. The first result is on the approximation of smooth
nonlinear dynamical systemsusing linear Takagi-Sugeno
fuzzy models. The secondresult is on the approximation
of smooth nonlinear state-feedbackcontrollers using the
theso-calledparallel distributed compensation(PDC)con-
tr oller. Both resultsare basedon the effectivenessof us-
ing linear Takagi-Sugenosystemsto approximate nonlin-
ear function, which is alsoprovenin this paper.

I . INTRODUCTION

We have witnessedrapidly growing interestin fuzzy
control in recentyears.This is largely dueto themany
successfulapplicationsof fuzzycontrolto nonlinearsys-
tems.In orderto explaintheapparentsuccessfuzzycon-
trol hasenjoyed,it is necessaryto investigatethefunda-
mentalcapabilitiesof variousfuzzy modelingandcon-
trol frameworks.Therehasbeenagreatdealof research
in addressingthis issue[2]-[4], [6]-[7], [16].

Amongvariousfuzzy modelingthemes,theso-called
Takagi-Sugeno(T-S)model[1] hasbeenoneof themost
popularmodelingframework. A generalT-S modelem-
ploys anaffine modelwith a constanttermin theconse-
quentpartfor eachrule. Thisis oftenreferredasanaffine
T-S model. In this paper, we focuson a specialtypeof
T-S fuzzy model in which the consequentpart for each
rule is representedby a linearmodel(withouta constant
term). We refer this typeof T-S fuzzy modelasa linear
T-S model. The appealof a linear T-S model is that it
rendersitself naturallyto Lyapunov basedsystemanal-
ysisanddesigntechniques[11] [14]. A commonlyheld
view is thata linearT-S modelhaslimited capabilityin
representinganonlinearsystem[8].

In [10], a controller structure called parallel dis-

tributedcompensation(PDC) is introduced.This struc-
tureutilizesa fuzzystatefeedbackcontrollerwhichmir-
rorsthestructureof theassociatedlinearT-Smodel.The
idea is that for eachlocal linear model, a linear feed-
backcontrolisdesigned.Theresultingoverallcontroller,
whichis nonlinearin general,is afuzzyblendingof each
individual linear controller. Applicationsof T-S model
togetherwith PDC controllerhave achieved many suc-
cessesin realsystems[9], [12], [13].

In this paper, we attemptto addressthe fundamental
capabilitiesof linear T-S modelsand PDC controllers.
Two resultsare given in this paper. The first result is
thata linearTakagi-Sugenofuzzy modelcanbeanuni-
versalapproximatorof smoothnonlineardynamicsys-
tem. It hasbeenknown thatsmoothnonlineardynamic
systemscanbeapproximatedby T-S modelswith affine
modelsas fuzzy rule consequences[3],[6]. However,
most resultson stability analysisand controllerdesign
of T-S modelsarebasedon the linear T-S models,i.e.,
T-S modelshaving linear modelsas fuzzy rule conse-
quences.The questionneededto be addressedis: “Is
it possibleto approximateany smoothnonlinearsys-
temswith Takagi-Sugenomodelshaving linear models
asruleconsequences?”.In paper[5], theauthorsgavean
answerto this questionfor the simpleone-dimensional
case. This papertries to answerthis questionfor � -
dimensionalnonlineardynamicsystemby constructing
theT-Smodelto approximatetheoriginalnonlinearsys-
tem. The answeris “Yes”. That is, the original vector
field plus its velocity canbeaccuratelyapproximatedif
enoughnumberof fuzzy rulesareused.

Thesecondresultin this paperis thatPDCcontroller
can be an universal approximatorof nonlinearstate-
feedbackcontroller. Both resultsarebasedon the fact
that smoothnonlinearfunctionsundermild constraints



canbe
�

approximatedby linearTakagi-Sugenosystems.
In this paper, ��� is usedto denotethe � -dimensional

vectorspacesof real vectors. ���� is usedto represent
thesetof � -dimensionfunctionswhose� -th derivative
is continuousonthedefinedregion. 	�
 standsfor the � -th
componentof vector 	 and 
�
 standsfor the standard
vectornormor matrixnorm. ����	�� is thesetof numbers� suchthat ���� ����� , whereM is a constant.� �"!#�%$"&'&'& �)(
is usedto representthesummationwith all thepossible
combinationsof *,+ , *.-0/1/1/ and * � .

The paperis organizedas follows: SectionII gives
a constructionprocedureof T-S systemand the proof
of the fact that smoothnonlinearfunction undermild
constraintscanbe accuratelyapproximatedby the con-
structedT-S system.SectionIII presentsthe two state-
mentsfore-mentionedfor T-SmodelandPDCcontroller.
Concludingremarksarecollectedin SectionIV.

I I . APPROXIMATION OF NONLINEAR FUNCTIONS

USING L INEAR T-S SYSTEMS

A. LinearT-SFuzzySystems

The main featureof linear Takagi-Sugenofuzzy sys-
temsis to expressthe local propertiesof eachfuzzy im-
plication (rule) by a linear function. The overall fuzzy
systemis achieved by fuzzy ‘blending’ of theselinear
functions. Specifically, the linear Takagi-Sugenofuzzy
systemis of thefollowing form:

Rule � : IF 	 + ��23� is � 
�+541414 and 	 � ��26� is � 
 �
THEN ��798 
 	:��23� ,

where	<;=��26� 7?> 	 + ��26�A@3	 - ��26�A@ 41414 @3	 � ��26�CB arethefunction
variables. � 7ED @"FG@ 41414 @3H and H is the numberof IF-
THEN rules. �I
 � are fuzzy sets. The linear function��798 
 	J��26� is theconsequenceof the � -th IF-THEN rule,
where8 
:K � +ML � .

Thepossibilitythatthe � th rulewill fire is givenby the
productof all themembershipfunctionsassociatedwith
the � th rule. N 
6��	J��26�3� 79O ��QP + �I
 � ��	 � ��26�3�A/
We will assumethat

N 
 ’s have alreadybeennormalized,

i.e.
N 
 ��	R�TSVU and

WX 
 P + N 
 ��	�� 7YD . Thenby usingcenter

of gravity methodfor defuzzification,we canrepresent
theT-Ssystemas:

�Z7\[] ��	�� 7 WX 
 P + N 
 ��	�� 8 
 	 (1)

Thesummationprocessassociatedwith thecenterof
gravity defuzzificationin system(1) canalsobeviewed
asan interpolationbetweenthe functions 8 
 	 basedon
thevalueof theparameter	 .
B. ConstructionProcedure of T-SFuzzySystems

Supposethatthenonlinearfunction
] ��	��=^,� �`_ � is

definedovercompactregion acbd��� with thefollowing
assumptions:
A1-1.

] 7 U
A1-2.

] K � -+ . Therefore,
]

, egfe � and e $ fe � $ arecontinuous
andthereforeboundedover a .

Next, wewill constructT-Ssystem [] ��	�� 7 WX 
 P + N 
 ��	�� 8 
 	
to approximate

] ��	�� . The objective is to make the ap-
proximationerror hi��	�� 7 ] ��	��kj [] ��	�� andits derivativee.le � smallfor all 	 K a .

Construction Procedures:
1. In region aZm 7on 	p�q� 	 
 �r�ts"mvu where s"m is a chosen

positive number, choose8 m 7 evfe � � � P m .2. Definetheprojectionoperatorwx� � mapping� � to � j D
dimensionalsubspace���kyv	 as

wY� � ��7z� j � � @3	{S
6	r
 - 	
In region a}|~aZm , choose	 �"!#�%$"&'&'&'& � ( as > * + s�* - sE/1/1/�* � sZB�; ,
where s is a positive numberand * 
 areintegers. Build
thelinearmodel 8 �"!��)$"&'&'& � ( asthesolutionof thefollowing
linearequations:8 � ! � $ &'&'& �)( 	 � ! � $ &'&'& �)( 7 ] ��	 � ! � $ &'&'&'& �)( � (2)8 �"!��)$"&'&'& � ( wx� �"� ! � $A� � � � ( 7 � ]� 	 � �"� ! � $A� � � � ( wY� �"� ! � $Q� � � � ( (3)

For fixed 	 �6!��%$"&'&'& � ( , (2)-(3)are� linearequationswith the
componentof 8 �"!��%$6&'&'& �)( asthevariables.(2) impliesthat]

and [] have thesamevalueat point 	 �6!��%$"&'&'& � ( . (3) im-
pliesthat 8 � ! � $ &'&'& �)( agreewith egfe � in the � j D dimensional
space� � yv	 �6!��%$"&'&'& � ( . They are always solvable since 	
and w are independentof eachother, i.e., the matrices� 	 �6!��%$A&'&'& � ( w�� 	 �"!��)$"&'&'& � (�� arealwaysinvertible.

3. Choosethefuzzy rulesasfollowing:
Rule U : IF 	�+v��23� is aboutU 41414 and 	 � ��23� is aboutU

THEN [] ��	�� 798 mM	 ,
Rule * + * - /�/�/ * � : If 	 + ��26� isabout* + s 41414 and	 � ��23� isabout* � s

THEN [] ��	�� 798 �"!��%$A&'&'& �)( 	



� � �� � �� � �� � �� � �� � �

x

x i2

i1
ε j i1 ε +εi1

j i2 +ε

εi2

ε

j

j

Fig. 1. Projectionof ���������"�'�'� ��� on �i���6�i��� plane

For ������h�U , choosethe possibility of firing
N m���	�� as D

inside a m and U outside.Thepossibilityof firing for the* + * - /�/�/ * � th rule is given by the productof all the mem-
bershipfunctionsassociatedwith the * + * - /�/�/ * � -th rule.N �"!��%$"&'&'& � ( ��	J��26�3� 79O �
 P + � �)  ��	 
 ��23�3� (4)

wherethemembershipfunctionfor 	 
 is givenas

� �)  ��	 
 � 7¡n D j£¢ �  �¤i�) #¥ ¢¥ � 	¦
�j§*1
�sv�i�zsU elsewhere
(5)

It is notedthat
N �6!��%$"&'&'& � ( ��	�� have alreadybeennormal-

ized,i.e.
N �"!��)$"&'&'& �)( ��	���¨©U and � �"!��%$"&'&'& � ( N �"!��)$"&'&'& �)( ��	�� 7D .

Therefore,wecanwrite [] ��	R� as:[] ��	R� 7 N m 8 mQ	Zª X�"!��%$"&'&'& � ( N �"!��%$6&'&'& � ( 8 �"!��)$"&'&'& � ( 	 (6)

Remark: It shouldbepointedoutthatthespecificmem-
bershipfunctionconstructedabove is only neededwhen
we wantto approximateboththenonlinearfunctionand
its derivative. Therewill be muchmorefreedomif we
only needto approximatethefunctionitself.

C. Analysisof Approximation

In this subsection,we will prove the fact that any
smoothnonlinearfunctioncanbeapproximated,to any
degreeof accuracy, using the linear T-S fuzzy systems
constructedabove. This factwill form thefoundationof
thetwo statementsin thispaper.

First, we will divide region aq|~a m into many small
regions

a � ! � $ &'&'& �)( 7¡n 	��%	 K a§@i* 
 s¬«­	 
 «¡��* 
 ª D �%s�®��6u
In the following discussions,we will only concentrate

on one of suchregions ( a �"!��%$"&'&'& �¯( ), which is shown in

Fig. 1, by assumingthat 	 K a � ! � $ &'&'& �)( . From the con-
structionprocedureabove, we know thatonly thefuzzy
rulescenteredattheverticesof a �"!��%$"&'&'& �¯( canbeactivated
at 	 . That is

N¦° ! ° $ &'&'& ° ( ��	R�}±7 U only if 	 ° ! ° $ &'&'& ° ( is oneof
thevertex pointsof a �"!��%$"&'&'& � ( .

Considerh²��	R� , theapproximationerrorbetween
] ��	��

and [] ��	��

Ahi��	��g
 7 
 ] ��	���j X�6!��%$"&'&'& � ( N �"!��%$"&'&'& � ( ��	R� 8 �"!��%$"&'&'& � ( 	r
7 
 ] ��	���j X�6!��%$"&'&'& � ( N �"!��%$"&'&'& � ( ��	R� 8 �"!��%$"&'&'& � ( 	 �"!��)$"&'&'& � (j X�"!��%$6&'&'& � ( N �"!#�%$"&'&'& � ( ��	�� 8 �"!��)$"&'&'& � ( ��	�j�	 �"!��%$6&'&'& � ( �g
7 
 ] ��	���j X�6!��%$"&'&'& � ( N �"!��%$"&'&'& � ( ��	R� ] ��	 �"!��%$A&'&'& � ( ��jX�"!��)$"&'&'& � ( N �6!��%$A&'&'& � ( ��	�� 8 �"!#�%$"&'&'& � ( ��	³j´	 �"!��)$"&'&'& � ( �g
« X�"!��)$"&'&'& � ( N �6!��%$A&'&'& � ( ��	��g
 ] ��	R�Jj ] ��	 �"!#�%$A&'&'& � ( �g
�ªX�"!��)$"&'&'& � ( N �6!��%$A&'&'& � ( ��	��g
 8 �"!��)$"&'&'& � ( ��	µj´	 �"!��)$A&'&'& � ( �g
« ¶µ·~¸° ! ° $A&'&'& ° ( 
 ] ��	��Jj ] ��	 ° ! ° $A&'&'& ° ( �g
:ª¶µ·~¸° ! ° $A&'&'& ° ( 
 8 ° ! ° $"&'&'& ° ( ��	µj´	 ° ! ° $"&'&'& ° ( �g

Notethat8 ° ! ° $A&'&'& ° ( ��	µj´	 ° ! ° $"&'&'& ° ( �7 ¹ ��	³jº	 ° ! ° $A&'&'& ° ( �A@3	 ° ! ° $"&'&'& ° (G»
6	 ° ! ° $A&'&'& ° ( 
 - ] ��	 ° ! ° $ &'&'& ° ( �Rª � ]� 	 � �.¼ ! ¼ $A� � � ¼ (½ ��	³j�	 ° ! ° $6&'&'& ° ( ��j ¹ ��	�j�	 ° ! ° $ &'&'& ° ( �A@3	 ° ! ° $ &'&'& ° ( »
6	 ° ! ° $A&'&'& ° ( 
 - 	 ° ! ° $A&'&'& ° (,¾
Since 	 K a �"!��%$6&'&'& � ( , the distancebetween	 and any
vertex point of a �"!#�%$"&'&'& � ( is lessthan ¿ � s , i.e. �À	�j	 ° ! ° $"&'&'& ° ( ��«p¿ � s , we canmake hi��	�� arbitrarily smallby
just reducings .

Now considertheapproximationof egfe � . Beforedoing
that, threefactsfor the membershipfunctionsare pre-
sented.

Fact1: Define� N �"!��%$"&'&'& � (� 	 � � 7oÁ e.Â � ! � $A� � � � (e � ! � � e.Â � ! � $A� � � � (e � $ � � /1/1/ e.Â � ! � $A� � � � (e � ( � �ºÃ
whereit exists,thenX�"!��)$"&'&'& � ( �

N �"!��%$"&'&'& �¯(� 	 � � 7 U (7)



Proof: Take thederivativesof �d�6!��%$"&'&'& � ( N � ! � $ &'&'& �)( .
Since � �"!#�%$"&'&'& �)( N �"!��%$"&'&'& � ( 7ÄD , its derivatives with re-
spectto 	 
 will be U .

Fact2:X�"!��%$6&'&'& � ( ��	�j�	 �6!��%$"&'&'& � ( � �
N �6!��%$"&'&'& � (� 	 � � 7 j�Å (8)

Proof: For vertex point 	 ° ! ° $A&'&'& ° ( K a �"!#�%$"&'&'& � ( , de-
fine Æ� 
 7 F1* 
 ª D j´� 
 , thenit canbeproventhat

��	�j�	 ° ! ° $A&'&'& Ç°  �&'&'& ° ( � 
 � N ° ! ° $6&'&'& Ç°  �&'&'& ° (� 	 
 � � ªZ��	³j�	 ° ! ° $A&'&'& ° ( � 

� N<° ! ° $"&'&'& ° (� 	 
 � � 7 j�� N¦° ! ° $A&'&'& ° ( ª N ° ! ° $ &'&'& Ç°  �&'&'& ° ( �
��	�j�	 ° ! ° $A&'&'& Ç°  �&'&'& ° ( � 
 � N ° ! ° $6&'&'& Ç°  �&'&'& ° (� 	 � � � ªZ��	³j�	 ° ! ° $A&'&'& ° ( � 

� N<° ! ° $"&'&'& ° (� 	 � � � 7 UÈ@9��±7 *

Summinguptheseequationsfor all therules��+"��-~/�/�/É� � that
areeffective in region a �"!��%$6&'&'& �)( , thefactis proved.

Fact3: Define 8 � asthesolutionof thefollowing lin-
earequations 8 � 	 7 ] ��	R� (9)8 � wx� � 7 � ]� 	 � � w (10)

Then ®�Ê , ËÌs suchthat 
 8 � j 8 � ! � $ &'&'& �)( 
­«ÍÊ if 
6	Îj	 �"!��%$"&'&'& � ( 
0«Ïs=Ð D ,
Proof: Since 8 � is thesolutionof the linearequa-

tions (9) (10) and all the parametersof the equations
(
] ��	�� , egfe � andw³� � ) arecontinuousfunctionsof 	 , 8 � will

dependcontinuouslyon 	 . Consequently, 
 8 j 8 �"!��%$"&'&'& �)( 

canbemadearbitrarilysmallbychoosingasmallenough
valuefor s .
Now consider e.le � , thedifferencebetweenevfe � and erÑfe � .

 � h� 	 
 7 
 � ]� 	 � � j � � � �"!��%$6&'&'& � (

N �6!��%$"&'&'& � ( 8 �"!��%$"&'&'& � ( 	R�� 	 
7 
 � ]� 	 � � j X� ! � $ &'&'& �)( 8 � ! � $ &'&'& �)( 	 �
N �6!��%$"&'&'& � (� 	 � �

j X� ! � $ &'&'& �)( N � ! � $ &'&'& �¯( ��	R� 8 � ! � $ &'&'& �)( 
7 
 � ]� 	 � � j X�"!��%$6&'&'& � ( ] ��	 �"!#�%$"&'&'& � ( � �
N �"!��)$"&'&'& � (� 	 � �

j X�"!��%$A&'&'& � ( 8 �6!��%$"&'&'& � ( ��	µj�	 �6!��%$A&'&'& � ( � �
N �"!��)$"&'&'& �)(� 	

j X�"!��%$6&'&'& � ( N �"!#�%$A&'&'& � ( ��	�� 8 �"!��)$A&'&'& � ( � � 
7 
 � ]� 	 � � j X�6!��%$A&'&'& � ( � ] ��	��kª �
]
� 	 � � ��	 �"!��%$A&'&'& � ( j�	��Rª

���Òs - �3� � N �6!��)$"&'&'& � (� 	 � � j X�"!��%$6&'&'& �)( N �"!#�%$"&'&'& �)( ��	�� 8 �"!��)$"&'&'& �)(
j � N �"!��%$6&'&'& � (� 	 � � X�"!��%$6&'&'& �)( 8 �"!��)$A&'&'& �)( ��	³j�	 �"!��%$6&'&'& �)( �g
7 
 � ]� 	 � � j X� ! � $ &'&'& �)( �

]
� 	 � � ��	 � ! � $ &'&'& �)( j�	�� �

N �"!��%$A&'&'& � (� 	 � �
j X�"!��%$6&'&'& � ( 8 �"!��)$"&'&'& � ( ��	�j�	 �"!��%$6&'&'& � ( � �

N �"!��%$"&'&'& � (� 	 � � jX�"!��)$"&'&'& � ( N �6!��%$"&'&'& � ( ��	�� 8 �"!��)$"&'&'& � ( 
Jªd�µ�ÒsA�
(FromFact1)7 
rj X� ! � $ &'&'& �¯( 8 � ! � $ &'&'& �)( ��	³j�	 � ! � $ &'&'& �¯( � �

N �"!��%$"&'&'& � (� 	 � � jX� ! � $ &'&'& �)( N � ! � $ &'&'& �)( ��	�� 8 � ! � $ &'&'& �)( 
Jªd�µ�ÒsA�
(FromFact2)7 
 X� ! � $ &'&'& �)( 8 � ! � $ &'&'& �)( ��	�jº	 � ! � $ &'&'& �)( � �

N �"!��%$"&'&'& � (� 	 � � ª 8 �
ª X� ! � $ &'&'& �)( N � ! � $ &'&'& �)( 8 � ! � $ &'&'& �)( j X� ! � $ &'&'& �)( N � ! � $ &'&'& �)( ��	�� 8 � 
ªÓ�µ�ÒsA�« 
 X�"!��%$6&'&'& � ( � 8 �"!��)$"&'&'& � ( j 8 � �M��	³j�	 �"!#�%$"&'&'& � ( � �

N �"!��)$"&'&'& � (� 	 � � 

ª³
 X�"!��%$6&'&'& � ( N �"!��)$"&'&'& � ( � 8 �6!��%$"&'&'& � ( j 8 � �g
�ªd���ÒsQ�

(FromFact2)

From Fact (3), it is known egle � can be madearbitrarily
smallby reducings .

Next considerregion aZm . In region aZm , it is known
from Taylor seriesthat h²��	R� and egle � can alsobe made
arbitrarily smallby reducings6m . Therefore,we have the
following theoremby summarizingtheresultsabove:

Theorem4: For smooth nonlinear function
] ��	��c^��� _ � + satisfiedAssumptionsA1-1 A1-2, it canbe

approximated,to any degreeof accuracy, by linear T-S
fuzzy systems.Furthermore,its derivatives canbe ap-
proximatedto any degreeof accuracy, exceptfor afinite
numberof points.
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Remark: It may be arguedthat the membershipfunc-
tion is not continuouson theboundarybetweenaZm anda �"!��)$"&'&'& � ( . To overcomethediscontinuity, somebumper
functions can be included to smooththe membership
function without affecting the approximationaccuracy
[15].

D. Example

An exampleis givenin thissubsectionfor illustration.
Considertheapproximationof two dimensionalnonlin-
earfunction

] ��	�+1@3	�-g� 7tå 	�+æª D Uç	�-kè"é#êR��ë,	k+Q�rªz	�ì + jë,	 + 	 - shown in Figure2. A F,í}îïë�U grid is used.The
maximumapproximationerror is 1.38. We alsoplot the
approximationerror in Figure 3. It shouldbe pointed
out theapproximationerrorcouldbefurtherreducedby
usingmorefuzzy rule.

I I I . APPLICATIONS TO MODELING AND CONTROL

OF NONLINEAR SYSTEMS

A. Approximationof NonlinearDynamicSystemsusing
LinearTakagi-SugenoFuzzyModels

ThelinearTakagi-Sugenofuzzy modelis usedto de-
scribedynamicsystems.It is of thefollowing form:

Rule � : IF 	 + ��26� is � 
�+ , 41414 and 	 � ��26� is � 
 �
THEN ð	J��26� 79ñ 
 	:��23� ,

where 	 ; ��26� 7ò> 	 + ��26�A@3	 - ��23�A@ 41414 @3	 � ��26�CB arethe system
states.� 7tD @"FG@ 41414 @3H and H is thenumberof IF-THEN
rules. � 
 � are fuzzy setsand ð	J��26� 7Íñ 
 	:��23� are the
consequencesof the � -th IF-THEN rule.

By usingcenterof gravity methodfor defuzzification,
wecanrepresenttheT-Smodelas:

ð	 7ó[] ��	R� 7 WX 
 P + N 
 ��	�� ñ 
 	 (11)

where
N 
%��	R� is thepossibilityfor the � -th rule to fire.

Considerthenonlinearsystem:

ð	 7 ] ��	�� (12)

where
] ��	R� is avectorfield definedovercompactregionacbd��� with thefollowing assumptions:

A2-1
] ��U²� 7 U , i.e. theorigin is anequilibriumpoint.

A2-2
] K � -� . Therefore,

]
, egfe � , and e $ fe � $ arecontinuous

andboundedover a .
Suppose

] ��	R� canbewrittenas
� ] + ��	��\/1/1/ ] � ��	�� � ; .

What we mean by approximation is finding a T-S

fuzzy model [] ��	R� 7 � [] + ��	��\/1/1/ [] � ��	�� � ; suchthat
 ] ��	R��j [] ��	R�g
 is small.Since 
 ] ��	��Rj [] ��	��g
 is smallif
andonly if eachof its components(which arenonlinear
functions)is small, thenby applyingTheorem4 proven
in the previous section,we obtain the following corol-
lary:

Corollary 5: For any smoothnonlinearsystem(12)
satisfying the above assumptions,it can be approxi-
mated,to any degreeof accuracy, by aT-Smodel(11).

Similarly, smooth nonlinear control system ð	 7] ��	R��ª?ô���	��¯� can also be approximatedusing a T-S

fuzzy model ð	 7 WX 
 P + N 
6��	��M� ñ 
�	ïªöõ0
���� . By treating

� asextraneoussystemstate,we canalsoapproximate
thesmoothnonlinearcontrolsystem ð	 7 ] ��	�@3��� by T-S

fuzzy model ð	 7 WX 
 P + [N 
 ��	�@3���M� ñ 
 	Zªdõ 
 �R� . In this case,

thefuzzyrule is of thefollowing form:

Rule � : IF 	 + ��23� is � 
�+ , 41414 , 	 � ��26� is � 
 � , � + ��26� is ÷ 
�+ ,41414 and � � ��23� is ÷ 
 �
THEN ð	J��26� 79ñ 
 	:��23��ªøõ 
 �:��23� ,

where 	 ; ��26� 7ò> 	 + ��26�A@3	 - ��23�A@ 41414 @3	 � ��26�CB arethe system
statesand �<;æ��26� 7?> � + ��23�A@3� - ��23�A@ 41414 @3� � ��23�CB arethesys-
tem inputs. � 7 D @"FG@ 41414 @3H and H is the numberof



IF-THENù rules. � 
 � , ÷ 
 � are fuzzy setsand ð	:��23� 7ñ 
 	:��23��ª`õ 
 �:��23� is theconsequenceof the � -th IF-THEN
rule. [N 
 ��	�@3��� 7¡O ��AP + � 
 � ��	 
 ��26�3� O � ú P + ÷ 
 ú ��� ú ��23�3� is the
possibilityfor the � -th rule to fire.

Remark: Therearemany resultson the approximation
of anonlinearsystemusingaT-Smodelwith affinemod-
elsasrule consequences.Insteadof usinglinearmodelsð	 7Vñ 
�	J��26�kª õT
��J��26� asrule consequences,affine mod-
els ð	 7ûñ 
 	:��23�5ªöõ 
 �J��26�æª?� 
 are used. To do that,
the statespaceis first divided into many small regions
andfirst-orderTaylor expansionarounda point in that
region is adoptedas the rule consequence.By includ-
ing the constantterm in the output of the fuzzy rules,
moreflexibility canbeobtainedin thechoiceof regions
andmembershipfunctions,but thestabilityanalysisand
synthesisbecomemoreinvolved.

B. Approximation of Nonlinear State-Feedback Con-
troller usingPDCController

In thispaper, wewill consideraspecialform of fuzzy
controllerintroducedin [11] whereit wastermedparal-
lel distributedcompensation(PDC).ThePDCcontroller
structureconsistsof thefuzzy rules:

Rule * : IF 	 + ��26� is � � +ü41414 and 	 � ��23� is � � �
THEN �:��23� 7�ý � 	:��23�

where* 7�D @"FG@ 41414 @"þ . Theoutputof thePDCcontroller
is � 7 ÿX�QP + N � ��	R� ý � 	 (13)

Following similar argumentasin the above subsection,
weobtainthefollowing theorem:

Theorem6: For smoothnonlinearstatefeedbackcon-
troller � 7 ý ��	�� defined over a compact region
( ý ��U²� 7 U ), canbeapproximatedto any degreeof accu-
racy by PDCcontroller(13).

IV. CONCLUSIONS

In this paper, we discussedtheapproximationof non-
linear systemusing T-S modelswith linear modelsas
rule consequences.We presenteda constructionproce-
duresof T-S modelsandproved that this constructedT-
S modelcanapproximatesmoothnonlinearsystemplus
its velocity with any desiredaccuracy. We alsoshowed
that the effectivenessof PDC controllerasan universal
approximatorof smoothnonlinearstate-feedbackcon-
troller.
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