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Off-normal incidence simulations of metamaterials
using FDTD

D. Schurig®'

Department of ECE, Duke University, Box 90291, Durham, NC 27708, U.S.A.

SUMMARY

A method is described for applying FDTD simulation to electromagnetic metamaterial slabs with off-
normal incident plane wave radiation. Issues of incommensurate spatial periods and interpolation of
irregularly spaced data are discussed. Validity of the method is tested on a dielectric slab with known
analytical solutions and the method is used to analyse split ring resonators of current interest. Copyright ©
2006 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The field of electromagnetic metamaterials has experienced significant growth in its theoretical
development, range of material operation, and potential for applications. Strong electro-
magnetic response has been seen in the Terahertz frequency range [1,2]. The understanding of
negative material response has been extended from isotropic to anisotropic (indefinite) [3] to
chiral and bianisotropic [4,5]. Application enabling developments have emerged including
improved microwave devices [6], realization of super lensing [7], and reduced optical aberrations
of curved lenses [8]. Implementing these developments requires numerical simulation of
metamaterials at the unit cell level. Since analytical calculation of the response of an arbitrary
composite material is typically intractable, numerical simulation is the standard method for
metamaterial design, and is also necessary for the interpretation of complex experimental
reflection and transmission data.

Methods for simulating the reflection and transmission coefficients (S parameters) at normal
incidence are well established using both commercial and custom software [9-11]. These
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simulations are used to extract the effective medium properties of the materials, ¢ and u. These
effective medium properties can, in theory, be used to predict the response of an arbitrary shape
of the material, to radiation incident at any angle. However, there are cases where this response
extrapolation using effective medium theory is questionable, and a direct simulation of off-
normal incidence response would be desirable. For example, it is often not easy to satisfy the
effective medium limit,

ka«1 (1)

due to design or manufacturing limitations. This is the case for many of the samples fabricated
in the literature where ka ~ 1, (e.g. Reference [12]). Another example is a thin structure of single
unit cell thickness. Such a structure may not be considered a volumetric material describable by
volumetric material properties. In this case, it is even unclear how to define the lattice parameter
in the thin direction. This issue has arisen in research of high-frequency metamaterials where
fabrication of single layers of in-plane structures is relatively straightforward, but assembly of
multiple layers, into a volumetric sample is difficult [1, 2]. Even when assembly is possible, it may
be desirable to measure individual layers of material prior to assembling a costly sample.
Additionally, single layer, in plane structures may not be testable by normally incident
radiation. For example, radiation normally incident on in-plane split ring resonators will not
yield any excitation flux threading the rings.

Off-normal incidence simulations of metamaterials are not well developed in the literature,
but can be accomplished with commercial software using an appropriate mapping of the
problem, and interpolation of the simulation data. For the simulations to be presented here, we
use Microwave Studio (MWS) from CST corporation. The resulting simulation data can be
processed, interpolated and plotted using many standard packages, but the process will be easier
if advanced interpolation algorithms, such as Delauney triangulation, are available.

The mapping we will use to convert a free space problem to a bounded simulation is
sometimes called the waveguide simulator method. This method, which predates modern
numerical modelling, was originally an experimental technique [13]. More recently, the photonic
crystal community has used this and other techniques for reflection calculations [14-16].

2. BOUNDARIES AND FIELDS

Electromagnetic simulation software can solve for the fields inside a rectangular volume
containing arbitrary material objects. Each face of this volume is configured with a boundary
condition, usually electric, magnetic or open. The electric boundary condition forces electric
fields parallel to the surface to be zero, as would be the case at a perfectly conducting surface.
Analogously, the magnetic boundary condition forces magnetic fields parallel to the surface to
be zero. The open boundary condition simulates a reflectionless, impedance matched surface,
equivalent to the surface of an infinite half space.

Faces assigned the open condition can be configured as ports for radiation entering or exiting
the volume. This provides a means of exciting the volume and measuring the response. The
software will automatically determine the modes of these ports. For example, if two pairs of
opposite faces are set to the electric boundary condition, and the remaining pair of opposite
faces is set to open, then the modes of ports configured on the open faces would be the well-
known modes of a metallic walled rectangular wave guide [17].
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The simulation software will excite a specified port with a specified mode pattern of entering
radiation, determine the fields inside the volume, and decompose the radiation exiting all the
ports into exiting modes. This decomposition yields a set of complex amplitudes of the exiting
modes relative to the entering mode. These complex amplitudes are the S parameters, Sign)i),
where m is the mode and i is the port through which radiation is exiting, and # is the mode and j
is the port that is providing the excitation.

If one pair of opposite faces is electric and one pair is magnetic we can simulate TEM plane
waves. Specifically, the modes of this TEM waveguide are pairs of plane waves with equal and
opposite angles of propagation relative to the waveguide axis. Below, we will analyse a sum of
two plane waves and demonstrate that there are nodal surfaces that match these boundary
conditions. We will choose the electric pair of faces to be y oriented, the magnetic pair to be x
oriented and the open pair to be z oriented, (Figure 1). First we note that a TEM plane wave
propagating in the z-direction (i.e. normally incident) with electric field polarized in the
y-direction will match the boundary conditions. This mode can propagate at any frequency
and will thus be the lowest mode, since the modes are typically ordered by their low-frequency
cut-off. For higher-order modes, we start with a pair of plane waves polarized with electric field
in the y-direction, propagating at angle 6 to the z-axis,

E = gel " +yel 6)

where the wave vectors are given by
ky = thkX+kz 3)

and the wave vector components by
ky = sin 9% and k. = cos 0% 4)

The electric field can then be written as
E = 2y cos(kyx)e'*= (5)

The electric boundary conditions are obviously satisfied.
Using Maxwell’s equation,

V x E = iouH ©)
we find the magnetic field,
H= o [—Xk- cos(kyx) + Ziky sin(kyx)]e'= )
Ju

We can see that on x-planes specified by
kyx =mn (3

the z-component of magnetic field is zero and the field would satisfy a magnetic boundary
condition. If the simulation volume has a length in the x-direction given by /., then allowed
values for k, are
ky =sin0 2 =22 ©)
c U
Now we see that by choosing the mode number, m, and the length of the simulation volume in
the x-direction, /, we can set the angle of the plane waves. If we want to find the reflection and
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Figure 1. Converting a large (or infinite) model to a finite simulation volume space with appropriate port
modes and boundary conditions.

transmission coefficient of a plane wave for a particular angle of incidence we simulate with an
appropriate choice of simulation volume and mode.

P(0) = S1imy1m) (10)

7(0) = S20m1(m) (11)

The fields we have chosen here correspond to S-polarization in free space jargon and TE modes
in wave guide jargon. We could just as easily have started with,

H = X"+ xe' (12)

to obtain results for P-polarization with TM modes.
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As mentioned above, the simulation software orders the modes by cut-off frequency. A given
mode is cut-off when the equivalent conditions apply: k. = 0, k, = w/c and 0 = /2. From (9),
the cut-off frequency of a mode is given by

mc
=,

and the mode will not propagate (i.e. k. is imaginary) below this frequency.

(13)

3. THE f-sin 8 PARAMETER SPACE

FDTD simulations give S-parameter results at a set of evenly spaced frequency points.
These points are obtained by taking a discrete Fourier transform of the transient response
of the system to an excitation pulse. The pulse is chosen to have significant amplitude over the
range of frequencies where results are desired. The upper frequency of the pulse determines
the mesh density required. The lower frequency may be set greater than zero to prevent the
excitation of certain modes of the volume or ports. For example, stimulation of a port mode
below its cut-off may excite surface modes with large amplitudes that swamp the desired
propagating results.

A significant issue with off-normal FDTD is that the incident angle will not be constant over
the range of frequencies that the simulation provides. We can see this from (9) and (13) which
yield

fsin0 =f. (14)

The cut-off frequency, f., is fixed in the simulation by the choice of mode and the dimensions of
the simulation volume. The sine of the angle of incidence will be inversely related to the
frequency at each of the frequency points provided by the simulation. This set of points will lie
on a hyperbola in the f-sin § parameter space. Of course, one can cover any desired region of
this parameter space with an appropriate set of hyperbolas obtained from separate simulations
with different modes, m, and lengths, /., Figure 2. The intercept of the hyperbola with the line,
sin 6 = 1, yields the cut-off frequency for the mode. As seen from the figure a set of simulations
with uniformly spaced cut-off frequencies gives a reasonably uniform coverage of the entire
parameter space, with hyperbolic curves, except near the origin.

Our goal may then be to run a set of simulations with uniformly spaced cut-off frequencies
that cover the region of f-sin 0 parameter space of interest,

Jfi =iAf (15)

where f; are cut-off frequencies spaced Af apart and indexed by i. For metamaterials this will
not, in general, be possible, because the simulation volume must be composed of an integral
number of finite size unit cells. Thus, it is required that

Iy, =na (16)

with a, the unit cell size, and n, the number of unit cells, in the x-direction. (Since the response of
a partial unit cell is not useful for predicting material behaviour, » must be an integer.) From
(13) and (16) we find

cm

fC_

" 2an

(17)
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Figure 2. The parameter space of frequency and angle of incidence. A single simulation gives results along

a hyperbolic curve in this space. In the upper right these hyperbolic curves are shown solid. In the middle

range, individual points along the curves are shown evenly spaced in frequency. The lower curves have
undergone a thinning procedure the yields more uniform point distribution in this parameter space.

so that the cut-off frequency is a product of fixed constants, and a ratio of integers. We can still
find a set of approximately evenly spaced cut-off frequencies by rationalizing the evenly spaced
set (15),

m; . . (2a,
— = rationalize (—fi, 8) (18)
n; c

where m; and n; are a set of integers that give an approximately evenly spaced set of cut-off
frequencies to within an error, &. We should choose

g<27“Af (19)

or the rationalization will return the same m and »n for different values of i. However, making ¢
small requires large numerators (m;) and denominators (7;), and simulation time scales linearly
with the number of unit cells, i.e. the denominator.

This issue of not being able to simulate any desired point in the parameter space is not unique
to FDTD. This occurs in any method that attempts to simulate large or infinite problems with a
finite volume and appropriate boundary conditions, and the problem possesses two or more
indivisible spatial periods. In this case, simulations can only be performed for parameters that
make all the spatial periods commensurate.
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One spatial period in our problem is the wavelength of the field variation along the sample
surface in the plane of incidence,

21
Ay = — 20
=T 20)
This wavelength (which is twice the spacing between nodes of the port mode) must be
commensurate with the other spatial period, the unit cell size, a,
ly=m % = na 2n

4. FREQUENCY POINT SPACING

The spacing between the frequency points is determined by the length of the time series that is
Fourier transformed. The time series can be extended arbitrarily by padding with zeros
(truncation) or by use of an autoregressive (AR) filter to predict the long duration transient
response of the system. The discrete Fourier transform of course returns points evenly spaced in
frequency. Because the hyperbolic curves have steep slope near cut-off and are relatively flat
near fmax, this even spacing yields a much lower density of points in the f-sin § plane near cut-
off. To obtain a desired point spacing in the sin 6 direction near cut-off, the following equation

can be used,
_ .fmﬁX 1
V= (B (22)

where N is the number of frequency points, A, is the spacing in the sin 0 direction near cut-off.
However, this can lead to unnecessarily high point densities near f.x, Figure 2. To keep the
data sets smaller these points can be thinned to a more uniform density. This post simulation
thinning may be necessary for the interpolation scheme described below.

Once we have the three parameter sets that will vary between simulations, m;, n;, N;, the rest
of the simulation model can be set up. Let the plane of incidence be the x—z plane, with the z-axis
being normal to the sample surface, Figure 1. The simulation volume need have only one unit
cell of metamaterial in the y-direction. It must have #; unit cells in the x-direction and the same
number of unit cells in the z-direction as the desired sample. The boundary conditions shown
in the figure, (electric on the y-oriented faces, magnetic on the x-oriented faces and open on the
z-oriented faces), are for S-polarization. P-polarization is obtained by swapping the electric and
magnetic boundaries.

5. SIMULATIONS

The port mode numbers assigned by the simulation software may not be the same as the port
mode number used here. MWS, for example, counts the uniform (normal incidence) mode as
mode one, and assigns both TE and TM modes to the same numbering sequence according to
their cut-off frequency. For S-polarization we wish to consider only the TE modes. This will
generally not present a problem since the TE modes will have lower cut-offs than the TM modes
due to the aspect ratio of our port, which is 1 x n, favouring the desired modes. Inclusion of an
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x-oriented symmetry plane will decrease run times by a factor of two, but further complicates
the mode number mapping.

If our unit cell lacks mirror plane symmetries in either transverse direction (x and y) then the
extended sample being simulated may be different than what is expected. Electric and magnetic
boundaries represent electric and magnetic mirrors which are not equivalent to periodic
boundary conditions. Figure 3 gives two examples. When # is relatively large, the x-oriented
boundaries result in a small number of reflections per unit length and will probably not
affect the electromagnetic response much. However, whatever the impact, it will vary as » varies,
which is undesirable. The y-oriented boundaries result in a reflection every cell, which will
have significant impact on the response. This effect will at least be consistent across all
simulations.

It is worth noting that the field orientation is fixed by the boundary conditions of the
simulation and polarization rotation is not possible. This implies that the extended cell
configurations resulting from the mirror boundary conditions are not bianisotropic or chiral, i.e.
alternating ring orientation restores the missing mirror plane. To avoid all these symmetry issues
and produce materials that are not bianisotropic or chiral, one can use a unit cell that is
intrinsically symmetric, or use a symmetrized super unit cell made from two (or more) sub-cells.

Thick substrates present a problem because they create large non-periodic model spaces.
These are best modelled as infinite substrates. This is accomplished by placing an open
boundary directly on the substrate media block. In this configuration a port placed on this
boundary will measure the fields propagating in the substrate rather than transmitted out of the
substrate. Thus, the through sample transmission coefficient will not be available, though the
reflection coefficient will be. When comparing to experiments, experimental results for
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Figure 3. Extended cell configurations represented by a simulation model volume (shown enclosed in a
rectangle) bounded by electric and magnetic boundary conditions.
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the reflectivity of a thick substrate sample can be converted to effectively infinite substrate
results by time gating techniques.

6. INTERPOLATION

After the simulations have run, we have data for S parameters on a set of points that cover the
f-sin 0 parameter space. Unfortunately, this data set is not on a rectangular grid, so most
plotting software cannot be used to create density or surface plots, nor can a simple reflectivity
versus frequency at fixed angle (or reflectivity versus angle at fixed frequency) plot be generated
without some interpolation.

A common interpolation scheme, used, for example, in making topographical maps, employs
Delauney triangulation [18]. A Delauney triangulation is a list of connections between each
point in a set and its nearest neighbours in the set (Figure 4). From these connections, one
can easily find triangles that tile the parameter space and are useful for interpolations. If
one wishes to know the value of the S parameter at a specific point, one finds the triangle
which contains the point and then performs an interpolation of the three vertices of that
triangle; we have used a linear interpolation, which effectively finds the plane passing through
the three vertices.

The most technical part of this scheme, finding the connection lists is provided by common
tools such as Mathematica and Matlab.
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Figure 4. A sample DeLauney triangulation of a data set. To find the interpolated value of the white point,

first find the triangle that contains it, shown shaded. Then interpolate the values at the vertices of that

triangle, shown as black points. Note the irregular spacing of the hyperbolas which is typical when
accommodating the lattice and mode spatial periods with reasonable rationalization.
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To find the weights we proceed as follows. We solve the general equation for a plane passing
through the three points (x;, y;, z;)

X — X1 y—n zZ— 1
Xo—=x1 y2—y n—21|=0 (23)
X3 — X1 V3—)V1 Z3—Z1

for z, and put it in the form

3
z= Z wix, X1, X2, X3, ¥, V1, V2, V3)Zi (24)
i=1
The coefficients, w; are the desired weights. For our data, z; and z are the complex valued S
parameters at each of the vertices and the desired interpolated value, respectively. x;, y;, and x, y,
are the real valued f and sin 6 of the vertices and the desired interpolation point, respectively.
The weights, which must all be between zero and one, if the interpolation point is inside
the triangle, can be used to determine if the containing triangle has been found or which of the
three adjacent triangles is closer to the interpolation point. The closer of the three adjacent
triangles is the one contiguous to the side joining the vertices with the largest weights. Using
the weights in this way, one can move to continually closer triangles until the containing triangle
is found.

Generating rectangular data for a plot usually involves interpolating closely space points
along a line, in order. Thus, the containing triangle for the next point to be interpolated is
usually the same or adjacent to, the last containing triangle. Storing the last containing triangle
ensures that the search for the next containing triangle will usually take negligible time.

7. VALIDATION

We can test this method on a material with known analytical solution. We use a material with a
unit cell that is homogenous and isotropic media with a resonant dielectric response of the
Lorentzian form and unit magnetic permeability,

(g0 — Foc)w%

2

————— 5 and u=1 (25)
wj — 1wy — o

g(w) = &0 +
where e, = 1, &9 = 3, ®o = 27(fmax/2), and y = 0.5. Our material will be one unit cell thick,
where the lattice parameter is given by

. 2
afde _Z (26)
c 3
The simulation results for the reflectivity, |S11]%, are plotted in Figure 5(A). Analytical results for
this problem can be obtained using standard boundary matching techniques resulting in Fresnel
formulas. The analytical results are shown in Figure 5(B). Figures 5(C) and (D) show excellent
quantitative agreement between analytical results and the simulations for the reflectivity, |S1,|%,
and transmissivity, |S»|*, respectively. Over most of the domain the analytical and simulation
curves are indistinguishable with a few glitches over small isolated regions.
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Figure 5. (A) Simulation results for reflectivity, |S};|%, of the test material; (B) shows the analytical results
for the test material; and (C) and (D) compare the simulation and analytical results along constant angle
lines in the data set for the reflectivity, |S1|>, and transmissivity, |S»|?, respectively.

8. SPLIT RINGS

We now show the method applied to a metamaterial. We have simulated the reflectivity,
IS11°, for a single layer of in-plane SRRs, Figure 6 (left). Here we have ¢ = 2.4 mm and
fmax = 20 GHz, so that

fmax

c

a

=0.16 7)

We restrict ourselves to one ring orientation and polarization. Here we have chosen
S-polarization and the orientation relative to the plane of incidence as shown in Figure 6(E).
Note that the extended sample being simulated is as in Figure 3(A). We show the reflectivity
versus frequency at a 30, 45 and 60° angle of incidence, Figure 6(C). Note that there is some
slight artifact visible due to the hyperbolic curve shape of the data sets. Increasing the number of
curves (and thus simulations) reduces this artifact, which is most visible where there are fine
details in the reflectivity, such as at a narrow resonance.

An alternative to the direct calculation of the reflection at oblique angles of incidence is also
shown in Figure 6 (right). Here we simulate the SRR structure for two orthogonal angles of
incidence, (Figure 6(F)), and extract the (spatially local, bulk) material properties for these two
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Figure 6. Simulation results for reflectivity (|S1;|>) of a microwave SRR with S-polarization.

fmax = 20 GHz: (A) shows the f-sinf) parameter space for the direct oblique method; (B) shows

the same results for an indirect numerical/analytical method described in the text; and (C) and (D)

show the reflectivity versus frequency at fixed angle, corresponding to the horizontal lines in (A)

and (B). The dimensions of the SRR in millimeters are given in the inset to (A). The substrate and

metallization are 0.254 mm and 17 pm thick, respectively. The SRR orientations and polarizations are
shown in (E) and (F).

orientations. Then using anisotropic Fresnel formulas we calculate the reflectivity at all angles.
While there is qualitative agreement between the two methods, this latter method does not give
good quantitative results. One reason for this is that the unit cell is only about six times smaller
than the wavelength at the maximum frequency, so the media is somewhat spatially dispersive
and spatially local material properties are not a perfect description. Secondly, a single layer of
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unit cells does not behave exactly like thin bulk material since inter-cellular coupling is absent in
the normal direction. Thus, good quantitative results for this single layer require the direct
oblique method.

9. CONCLUSION

This method of simulating metamaterials with off-normal incident radiation is apparently
accurate and applicable to metamaterials of interest. It should assist in the design and testing of
future metamaterials and metamaterial devices.
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