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Limitations on subdiffraction imaging with a negative refractive index slab
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A planar slab of material, for which both the permittivity and permeability have the values of21,
can bring not only the propagating fields associated with a source to a focus, but can also refocus
the nonpropagating near fields, thereby achieving resolution beyond the diffraction limit. We study
the sensitivity of this subwavelength focus to the slab material properties and periodicity, and note
the connection to slab surface plasmon modes. We conclude that significant subwavelength
resolution is achievable with a single negative index slab, but only over a restrictive range of
parameters. ©2003 American Institute of Physics.@DOI: 10.1063/1.1554779#
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A wave incident on the interface between two materi
whose indices of refraction are of opposite sign will under
negative refraction. This recently appreciated propagatio
phenomenon has been predicted to lead to numerous i
esting optical phenomena, including a superfocusing eff
Veselago showed theoretically that a planar slab with in
of n521 could focus the rays from a nearby electroma
netic source to an image on the opposite side of the slab1 In
a more recent analysis,2 it was shown that in addition to th
far-field components associated with a source being brou
to a focus by the slab, the nonpropagating near-field com
nents could also be recovered in the image. It was, theref
proposed that the image created by a planar slab could
principle, containall of the information associated with th
source object, thereby achieving resolution well beyond t
of the diffraction limit. For this reason, the slab was d
scribed as aperfect lens. We maintain this description here
referring specifically to a planar slab of continuous mate
with m521 and«521 ~no losses! as a perfect lens.

The resolution enhancement associated with the per
lens was a surprising result, stimulated by the experime
demonstration3 of a left-handedmaterial at microwave fre-
quencies, for which«,0 andm,0. However, far from be-
ing a continuous material, the measured sample was c
prised of two interlaced periodic arrays of copper eleme
one array being composed of split ring resonators,4 and the
other, wires.5

The values of the electromagnetic parameters and
spatial periodicity render the experimental sample disti
from the idealized perfect lens. The question then arises a
whether or not focusing beyond the diffraction limit can a
tually be observed using any practically obtained or fab
cated material, or even can be simulated using standard
merical methods~e.g., finite difference or finite elemen!
which inevitably approximate the ideal situation. We explo
the inherent limitations associated with realizable materi
and the expected impact on the focusing properties of a s

The planar geometry we consider here allows a straig
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forward analysis to be implemented, as was used in Re
The fields from an arbitrary electromagnetic source are
panded in a Fourier series over homogeneous and inho
geneous plane waves. The influence of the slab on each p
wave component can easily be determined by a stand
transfer matrix technique. Restricting the field variation
one transverse direction, with the electric field havingS po-
larization, we find the field expansion

E~x,z,t !5(
kx

E~kx!exp~ ikzz1 ikxx2 ivt !ŷ, ~1!

wherekz andkx are the components of the wave vector no
mal to and parallel to the slab, respectively. Outside the s
the wave equation leads to the usual dispersion relation
lating the frequencyv and the components of the wave ve
tor, or kz5Av2/c22kx

2. Those modes for whichukxu,v/c
are propagating, while those for whichukxu.v/c decay eva-
nescently along the propagation direction~z!. As was shown
in Ref. 2, it is the latter inhomogeneous modes that are
sponsible for image resolution beyond the diffraction lim.
The ability to recover these components in an image is w
distinguishes a negative index structure from all other po
tive index materials.

For each plane wave component, we can determin
transfer function, defined as the ratio of the field at the ima
plane to that at the object plane. For anS-polarized plane
wave incident on a slab of thicknessd and arbitrary values of
« andm, the transfer function has the form

tS5eikzdH eqzdF1

2
1

1

4 S mkz

qz
1

qz

mkz
D G

1e2qzdF1

2
2

1

4 S mkz

qz
1

qz

mkz
D GJ

21

, ~2!

where we have now definedqz5Akx
22«mv2/c2, and rede-

fined kz5Akx
22v2/c2. The expression forP-polarized

waves is similar to Eq.~2!, with the explicitly appearingm
replaced by «. We apply all of our arguments to th
S-polarization terms in this letter, as the results forP polar-
ization follow trivially.
6 © 2003 American Institute of Physics
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Whenm is positive, the first term in brackets will dom
nate the behavior of the transmitted wave for sufficien
larged and ukxu.v/c, with the evanescent components d
caying exponentially through the slab. When both« and m
are equal to21, however, the normally dominant solutio
vanishes, andts51 for every component from the sourc
field—homogeneous or inhomogeneous, thus, exactly re
ducing the source field in the image plane. But the balanc
delicate; any deviation from the perfect lens condition, ho
ever small, will result in an imperfect image that degrad
exponentially with slab thicknessd, until the usual diffrac-
tion limit is reached. This sensitivity has been noted by ot
researchers.6,7

The effect on the image of deviations from the perfe
lens condition for a given slab thickness can be estimated
determining those values of parameters which cause the
terms in Eq.~2! in brackets to be roughly equivalent. Fo
small deviations from the perfect lens condition, we can fi
an approximate expression for the resolution of the slab.
«521 andm5211dm, the two terms in the denominato
of Eq. ~2! are of approximately the same magnitude wh
2kzd52 ln u(dm/2)2u. Assuming that this limit occurs whe
the value ofkx is large, we haveuqzu;ukzu;ukxu, and we can
replaceqz with kx . At the maximumkx , the minimum re-
solvable feature will be on the scale oflmin52p/kx . We,
thus, find the resolution enhancement,R5kx /k0 , of the lens
as a function of small deviations in the permeability is

R[
l

lmin
52

1

2p
lnUdm

2 U l

d
. ~3!

The validity of this approximate expression can be seen
comparison with Fig. 1. For example, for a deviation
dm50.005 andl/d510, the numerically computed transfe
function in Fig. 1 shows that the range ofkx values near
unity is approximately up tokx;10k0 ; Eq. ~3! predictsR
;9.5.

The dependence of the resolution enhancementR on the
deviation from the perfect lens condition is critical. The ra
l/d ~wavelength to slab length! dominates the resolution, th
logarithm term being a relatively weakly varying functio

FIG. 1. Transfer function for a left-handed slab. For the perfect lens,
transfer function would be unity for allkx . However, the deviation of eithe
the real or imaginary part ofm limits the range ofkx , so that the slab acts a
a low-pass filter. The losses, inherent to left-handed materials, also rem
the singularities that appear in the transfer function.
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For example, ifl/d51.5, we find that to achieve anR of 10,
dm must be no greater than;6310219! However, forl/d
510,dm can vary by as much as;0.002 to achieve the sam
resolution enhancement. Deviations in either the real or
imaginary part of the permeability will result in the sam
resolution. The effect of varyinge ~for S polarization! is
much smaller than that associated withm, and we do not
discuss the effects of this variation further.

The transfer function has poles that occur when:

tanhS qzd

2 D52
mkz

qz
or cothS qzd

2 D52
mkz

qz
. ~4!

Equation~4! corresponds to the dispersion relations for s
plasmon polaritons.8,9 For certain values ofkx , these disper-
sion relations are satisfied, and resonant surface modes
exist on the slab. The direct excitation of these surfa
modes for imaging applications is undesirable, as the co
spondingkx components will be disproportionately repr
sented in the image. Yet, the existence of these resonanc
essential, as the recovery of the evanescent modes ca
seen as the result of driving the surface plasmon far off re
nance. The appearance of resonances can be seen in Fig~1!,
which shows the transfer function as a function ofkx .

While losses severely limit the obtainable resolution
the focus for a negative index slab, periodicity, as exists
example in structuredmetamaterials3 or in the sampling as-
sociated with finite-difference simulations, also imposes
significant resolution limitation. The effect of periodicity i
minimal for propagating plane waves whose wavelength
much larger than the repeated unit-cell size; however, p
odicity has a significant effect on the recovery of the no
propagating components having large transverse wave n
ber.

We can introduce periodicity into this analysis in an a
proximate manner. The wave equation in a medium, ass
ing thatE is polarized in they direction, is

]2Ey

]x2 1
v2

c2 n2~x!Ey5qz
2Ey . ~5!

We have assumed that the periodic variation in the inde
only in the transverse~x! direction. Under these assumption
n2(x)5n2(x1a), wherea is the repeat distance.

Due to the periodicity inn2(x), Eq. ~5! in Fourier space
will involve sums over reciprocal lattice vectorsgn

52np/a. However, to obtain a rough estimate of the lim
tation that periodicity imposes on the resolution enhan
ment, we solve Eq.~5! for an index having the form

n2~x!5112D sin
2px

a
. ~6!

Using this form in Eq.~5! and assuming the periodic modu
lation is sufficiently weak that only two bands need be co
sidered, we find the modified dispersion relation by evalu
ing the determinant

Uk0
22kx

22qz
2 k0

2D2

k0
2D2 k0

22~kx2g!22qz
2U50, ~7!

whereg52p/a and k05v/c. WhenD!1, the bands only
weakly couple, and we ignore the effects of higher mo
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excitation to find an expression forqz . When the two terms
in the denominator of Eq.~2! are roughly equal, we then
have the condition

qzd52 lnU12 k0
2D2

kz
2 U1sinh21Ug22kx

2

2k0
2D2U. ~8!

In the limit k0D/g!1, the resolution enhancement is a
proximately

R[
l

lmin
5

1

2p
lnS l2

a2D4D l

d
. ~9!

A similar resolution enhancement limit to that obtain
by a variation in material parameter is thus imposed by
introduction of periodic modulation. Similar to Eq.~6!, the
effects of periodicity enter logarithmically, and again lead
a critical dependence. As an example, anR of 10 for a slab
with l/d510 and D;1 requires a periodicity of;l/20.
While admittedly of limited quantitative use, Eq.~9! shows
that the inherent periodicity in metamaterials will impose
limitation on the resolution of the lens. This same limitati
will result also from numerical methods that model a co
tinuous material by evaluating the fields at a finite numbe
sampling points periodically spaced. This limitation has u
doubtedly complicated numerical attempts to observe the
perfocusing effect.10 A more recent numerical study has co
cluded that, within the parameter range determined from
~6! and with a fine enough discretization grid, enhanced re
lution can indeed be observed in finite-differen
calculations.11

It should be noted that we have applied a definition
resolution in this work that may not be appropriate for
Downloaded 23 Mar 2004 to 132.239.73.116. Redistribution subject to AI
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applications. For instance, calculations~not shown! suggest
that the excitation of surface slab plasmons leads to a br
background in the image plane, with the subwavelength f
tures superposed. However, for certain applications, the s
wavelength information obtained from such an image m
be of value.

Our conclusion from this analysis indicates that the p
fect lens effect exists for a fairly restricted region of para
eter space. Yet, demanding as these specifications
achieving subwavelength resolution is possible with curr
technologies. Negative refractive indices have been dem
strated in structured metamaterials, and such materials ca
engineered to have tunable material parameters so a
achieve the optimal conditions. Losses can be minimized
structures utilizing superconducting or active elements.
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