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Abstract The lightning sferic has been shown to be a valuable radio signal for detecting perturbations of
the lower ionosphere caused by the lightning activity itself and by other terrestrial and space events
(Shao et al., 2012, https://doi.org/10.1038/ngeo1668). Adding to many existing methods, we have recently
proposed an improved ray theory (RT) model for investigating the lightning sferic transmission in the
Earth‐ionosphere waveguide (Qin et al., 2017, https://doi.org/10.1002/2016JD025599). In the present study,
a further modification to the RT model was made to increase its accuracy in modeling the lightning sferic
in a broader frequency band and a larger distance range. The modification included two aspects: a new
incident angle finding technique and a novel method for deriving the high‐order hop series. To
quantitatively evaluate the effectiveness of the modification, a comparative study of this modified RT model
with its previous version and the full‐wave finite difference time domain model was carried out. The results
showed that this modified RT model did better than its previous version and was in close agreement
with the full‐wave finite difference time domain method in modeling the lightning sferic in frequencies
bands lower to 3, 5, and 7 kHz for distances up to 500, 800, and 1,000 km, respectively.

1. Introduction

The properties of VLF/LF (very low frequency/low‐frequency: 3–30/30–300 kHz) radio wave transmission in
the Earth‐ionosphere waveguide (EIWG) has been extensively investigated since the 1960s. There are two
main theoretical approaches that have been widely deployed in the investigation: the mode theory (MT)
and the ray theory (RT) or wave hop theory. The MT depends on the summation of a series of mode solution
of a wave in each geometric optics to derive the summation of wave packets with different paths in EIWG
(Berry, 1964; Berry et al., 1969; Berry & Herman, 1971; Jacobson et al., 2009; Qin et al., 2017; Shao &
Jacobson, 2009; Wait, 1961). Moreover, the PDE model that was initially used for solving the radio waves
within the stratified ionosphere (Nagano et al., 1975; Pitteway, 1965) has been recently extended to whole
space to investigate the wave distributions in EIWG when a lightning sferic propagates through the
ionosphere (Lehtinen & Inan, 2009; Nagano et al., 2003). More recently, numerical models based on finite
difference time domain (FDTD; Hu & Cummer, 2006; Marshall, 2012) and finite difference frequency
domain (Marshall et al., 2017; Marshall & Inan, 2010; Tran et al., 2017) techniques have been developed
for estimating the full‐wave property of radio source transmission in EIWG in either two‐dimension‐
cylindrical or three‐dimension‐spherical manners.

VLF/LF radio wave transmission is heavily influenced by the state of the bottom of the lower ionosphere,
which is known as the ionospheric D (daytime) or E (nighttime) region. Both the phase and amplitude of
the radio wave are extremely sensitive to the electron density profile (EDP) in the ionospheric D/E
region, and hence to the solar and cosmic radiation (Graf et al., 2013; Inan et al., 2010; Lehtinen &
Inan, 2008; Marshall & Inan, 2010; Peter & Inan, 2007; Thomson, 1993, 2005, 2010; Thomson et al.,
2004, 2007, 2017; Thomson & Clilverd, 2000, 2001; Thomson & McRae, 2009). Recent advances in light-
ning detection have raised interest in probing the ionospheric D/E region with lightning sferics (radio
atmospherics). The lightning sferic has been used to investigate the EDP of the lower ionosphere with
various models: the modified LWPC (Cheng et al., 2006; Cheng & Cummer, 2005; Cummer, 2000;
Cummer et al., 1998; Cummer & Inan, 2000; McCormick et al., 2018), the FDTD model (Han et al.,
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2011; Han & Cummer, 2010a, 2010b; Marshall, 2014; Marshall et al., 2015), the multilayer media full‐
wave model (Lay et al., 2014; Lehtinen & Inan, 2008; Shao et al., 2012), and the RT model (Qin
et al., 2017).

Among all models, an MT‐based model is more convenient for predicting the behavior of long‐distance VLF
propagation in EIWG, which the high‐order modes could be ignored, while an RT‐based model is more effi-
cient for higher‐frequency waves (up to LF) at short‐distance propagation in EIWG, which the high‐order
wave hops could be neglected. In principle, they deliver identical results if every high‐order modes or wave
hops are precisely solved and accumulated (Davies, 1990). Nevertheless, this is usually quite difficult to
achieve. The FDTD‐based full‐wave model is substantially accurate, but the computational burden limits
its applications like the inversion of EDP of the lower ionosphere D/E region. Most of the FDTD‐based mod-
els were developed for studying the wave‐induced particle heating and ionizing problems in the ionosphere
(Hu et al., 2007; Marshall, 2014; Marshall et al., 2015).

In practice, it is found that the effective range of lightning sferics for probing the localized lower iono-
sphere is from 250 to 800 km. This is because that the sky wave is insignificant below 250 km and the
wave characteristics largely rely on the path‐averaged EDP of the ionosphere under long‐distance propa-
gation (>800 km). Although the lightning sferic has a broad spectrum spanning from several hertz to sev-
eral gigahertz, only the wave in bands from VLF to LF can be bounded back to form a detectable
sky wave.

The RT model is found to work well in LF bands, but with a lower accuracy when near the bottom of VLF
bands. Jacobson et al. (2012) reported that their model lost agreement with the experimental data under fre-
quencies of 5 kHz. The ITU only recommended a wave hop solution in EIWG for spectrum over 60 kHz,
which was based on statistical results measured in the band from 16 to 1,000 kHz (ITURP, R., 2002).
Nevertheless, there is little literature addressing quantitatively the question, to which frequency band or
range does the RT model work? Therefore, it is necessary to have a benchmark on the suitable range and
frequency band of the RT model before its further applications.

In this paper, we propose a further modification to our previous RT model for simulating the lightning sferic
in EIWG (Qin et al., 2016; Qin et al., 2017). The modification includes two aspects: (1) to take account of
high‐order hops by introducing an adequate wave hop series, aiming to improve the accuracy in modeling
the lightning sferic at large ranges (>800 km), and (2) to introduce a new ray incident angle finding techni-
que, aiming to improve further the model performance. The modified RT model is then compared with its
previous version as well as the full‐wave FDTD model on modeling lightning sferics in ranges from 100
up to 1,000 km at frequencies from 3 up to 100 kHz, aiming to have a quantitative evaluation of the perfor-
mance of the RT model. Details of the model implementation and comparison results are given in the
following sections.

2. Model Descriptions
2.1. EIWG Parameters and the Lightning Source

The RTmodel in this paper is a modified version of that by Qin et al. (2017). The FDTDmodel used for com-
parison is from Hu and Cummer (2006). Both models use the identical EIWG parameters for the computa-
tions reported here.

The EIWG is composed of the lower ionosphere, the earth ground and the cavity between them. The lower
ionosphere is treated as vertically stratified cold plasma with an EDP (Ne) and an electron‐neutral collision
rate (υen) as follows (Wait & Spies, 1964):

Ne ¼ 1:43×1013×e−0:15×z0×e β−0:15ð Þ× Z−h′ð Þ m−3! "
(1)

υen ¼ 1:8611×1011×e−0:15×z s−1
! "

(2)

TheNe of the ionospheric D/E region is different during daytime and nighttime: h′= 75 and β= 0.4 is for the
daytime case and h′= 82 and β = 0.5 for the nighttime case. The Earth magnetic field makes the anisotropic
nature of the wave propagation in the lower ionosphere. The Earth magnetic field magnitude is set to
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4.9 × 10−5 T and the angle of dip (DIP) is set to 154°, which is the condition around Duke University
(Thébault et al., 2015). The ground is assumed to be a perfect electric conductor. The cavity is set to be
inhomogeneous air with εr = 1 and σ = 0.

The lightning source is set as a 400‐m‐long vertical electric monopole over a ground plane (effectively a ver-
tical dipole). The current along the channel is spatially uniform but temporally with a lightning return stroke
current waveform (Heidler et al., 1999) as

I tð Þ ¼ I0
η

t=τ1ð Þn

t=τ1ð Þn þ 1½ &
e−t=τ2 ; η ¼ exp −

τ1
τ2

n
τ2
τ1

# $1=n
 !

: (3)

where τ1 = 10 us, τ2 = 45 us, n = 2, and I0 = 10 kA, represent a peak current of 10 kA.

2.2. The RT Model

The RT model contains two major components. One is the Transfer Matrix for calculating reflection coeffi-
cients (RCs) of the waves at the EIWG upper boundary (the ionosphere) by simulating the wave behavior
within the ionosphere; another is the RT transfer function (ray optics‐based) for calculating the sky wave
at the EIWG lower boundary (the ground) by taking account of both the path propagation factor and RCs
of the waves in EIWG. Since the lightning discharge emits radio waves in a spherical and broadband man-
ner, first, the RTmodel decomposes the spherical wave into a series of plane waves with various propagation
paths (different incident angle). Then, each beam of the waves is simulated with the RT transfer function
and the summation of them gives the total field—the sky wave.

The RT model in this paper is a modified version of Qin et al. (2017), aiming to improve the modeling pre-
cision at longer distance. The modification is done in two aspects: One is that we propose a new incident
angle finding technique, which is a growth of the recommendation of (Berry & Herman, 1971) in conjunc-
tion with the phase unwrapping strategy of (Jacobson et al., 2009); another is that we propose to integrate the
high‐order wave hop series of Berry et al. (1969) into the RT transfer function. Details of the modification
made are given in the following paragraphs.

Shown in Figure 1 is the geometry for the RT model. The Transfer Matrix method first solve the wave beha-
vior within the dispersive, anisotropic, collisional, and transitional lower ionosphere and then convert the
solution into the RCs (the ∥ R∥, ⊥ R∥, ∥ R⊥, and ⊥ R⊥, which correspond to the reflection coefficients for
TM transverse magnetic] incident: TM reflected waves; TE [transverse electric] incident: TM reflected
waves; TM incident: TE reflected waves; and TE incident: TE reflected waves, respectively) at the EIWG
upper boundary (Nagano et al., 1975), for each ray at each frequency. These RCs are then used in the RT
transfer function to predict the sky wave.

Figure 1. Illustration of the geometry of the ray theory model. Red solid lines dG and dR represent the propagation path of
the ground wave and sky wave, respectively. The hp stands for the penetration depth of the sky wave, and hi stands for the
height of the bottom of the ionospheric D region. This figure is modified from Figure 2 of Qin et al. (2017).
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The RT transfer function for the vertical electric field of the first hop of the sky wave at a receiver on the
ground is derived based the ray optics, which has a form in the frequency domain as

E1 ωð Þ ¼ 2E0 ωð Þ
dR

sin θrð Þ½ &2∥R∥FtFiFre−jk0 sin θið ÞdDþ2 cos θið Þh½ & (4)

E0 ωð Þ ¼ jωl
4πε0c2

I ωð Þ (5)

where E0(ω) is the radiation field of the lightning source at frequency ω, h the height from the EIWG
upper boundary to the horizontal line connecting the source and receiver or the phase propagation
distance along the x direction, θi the ray incident angle, dR the total distance of the reflecting path, dD
the distance along the x direction from the source to the receiver, hi the height from the earth ground
to the bottom of the ionosphere, θr the angle between the incident ray to the normal of the earth ground
at the source point (the radiating angle of the source dipole, which is given by θr = θi + dG/(2R) with the
R being the radius of the Earth and the dG being the great circle distance on the earth surface), hp the
approximate penetration depth of the wave ray into the ionosphere, Fi the focus factor, and Ft and Fr
are two antenna factors.

For the Fi, it is adopted from the derivation of Bremmer (1949):

Fi ¼
Re þ hs

Re

2*m* sin θi
2*m

! "

sin θið Þ

" #1
2

·
Re þ hs−Re cos θi

2*m

! "

Re þ hsð Þ cos θi
2*m

! "
−Re

" #1
2

where Re is the Earth radius, hs the reflection height, and m the order of the wave hop, which is an approx-
imation of the complete derivation of Fi from a spherical coordinate system by Wait (1961) with the Airy
function being replaced with the first term of their asymptotic expansions. This approximation becomes bet-

ter under the condition that the 2
kRe

% &1
3
khs is larger (i.e., a high frequency or a high reflection height). In this

study, since the distance studied is shorter than 1,000 km, the Fi is insignificant and is very close to 1.

Besides, the amplitude of E1(ω) is also subjected to these two factors: the spherical expansion factor (1/dR) of
the source radiation field and the damping effect of the ionosphere (| ∥ R∥|). The phase of E1(ω) is composed
of two parts: one is that when the wave is outside the ionosphere (e−jk0 sin θið ÞdDþ2 cos θið Þh½ &) and another is that
when the wave is inside the ionosphere (the phase of ∥ R∥).

For finding the incident angle for each wave ray at each frequency, we introduce the penetration depth hp
(Figure 1) as proposed by Berry and Herman (1971):

hp ¼
phase ∥R∥

% &
−π

4π
*

λ
cos θið Þ

(6)

where π is subtracted for that the total waves propagating in an anisotropic medium always suffer a phase
inversion (π phase shift) when they are reflected by the horizontally extended boundary. There is a problem
that the phase of ∥ R∥ has ambiguities on the wraps when hp is much larger than λ/ cos (θi). Fortunately, the
phase wraps can be solved by using the angle unwrapping technique proposed by Jacobson et al. (2009):
tracking the phase starting from a large incident angle for which the phase wrap is unlikely to happen,
decreasing smoothly the incident angle and repeating the tracking for each angle value, unwrapping all
the phase jumping, the total penetrating phase (phase( ∥ R∥)) can then be estimated by the final wrap‐clean
result. With hp and phase of ∥ R∥ acquired, the incident angle (θi) can then be found at given a distance based
on equation (6).

To demonstrate the difference, a comparison between this modified Berry's angle finding technique and that
of the Jacobson's is provided in Figures 8 and 9 in section 3.2.
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For predicting the high‐order wave hops, a more complicated wave propagation path is considered, which
includes all the possible wave mode conversions in and between two reflections (TM‐TM mode or TE‐TM
mode). The transfer function for the second hop of the sky wave in the frequency domain is given by

E2 ωð Þ ¼ 2E0 ωð Þ
dR

sin θrð Þ½ &2R2FtFi
2FGFre−jk0 sin θið ÞdD*2þ2 cos θið Þh*2½ &; (7)

R2 ¼ ∥R∥*Re∥*∥R∥ þ ∥R⊥*Re⊥*⊥R∥: (8)

where FG stands for the divergence factor caused by the spherical Earth, which is approximately equal
to Fi

−1, the term ∥ R∥ * Re∥ * ∥ R∥ stands for the component with TM‐TM mode conversion, and the
term ∥ R⊥ * Re⊥ * ⊥ R∥ stands for that the TE waves from the first hop reflection is converted back to
TM waves at the second hop reflection. Similarly, for the third wave hop, we have the R3 as

R3 ¼ ∥R∥*Re∥*∥R∥*Re∥* ∥R∥ þ ∥R⊥*Re⊥*⊥R∥*Re∥* ∥R∥

þ ∥R⊥*Re⊥*⊥R⊥*Re⊥*⊥R∥ þ ∥R∥*Re∥* ∥R⊥*Re⊥*⊥R∥

¼ ∥R∥

% &3
Re∥
! "2 þ 2 ∥R∥

% &
∥R⊥

% &
⊥R∥

% &
Re∥
! "

Re⊥ð Þ

þ ∥R⊥

% &
⊥R⊥
! "

⊥R∥

% &
Re⊥ð Þ2

(9)

In general, the transfer function for nth (n > 1) wave hop, taking all the mode conversions in high‐order
hops, can be expressed in an equation as follows (Berry et al., 1969):

En ωð Þ ¼ 2E0 ωð Þ
dR

sin θrð Þ½ &2RnFtFn
i F

n−1
G Fre−jk0 sin θið ÞdD*nþ2 cos θið Þh*n½ &;

Rn ¼ ∥R∥
! "n Re∥

! "n−1þ

∑
n

K¼2
∑
k−1

i¼1
rnki ∥R∥

! "nþ1−k−i
∥R⊥⊥R∥

% &i

⊥R⊥
! "k−i−1

# $
Re∥
! "n−k Re⊥ð Þk−1

# $
;

rnki ¼
n−k þ 1ð Þ; f or i ¼ 1

nþ 2−k−ið Þ k−ið Þ
i i−1ð Þ

rnk i−1ð Þ; f or i>1:

8
><

>:

(10)

Figure 2. Simulated lightning sferics for the isotropic condition (without earth magnetic field) at a fixed distance of 300 km, for both daytime and nighttime cases,
from the RT (red curve) and FDTD (black curve) models. Panels (a) and (b) are for the daytime for time and frequency domain respectively, and (c) and (d) are for
the nighttime for time and frequency domain respectively. RT = ray theory; FDTD = finite difference time domain.
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The TM and TE wave reflection coefficients (Re∥ and Re⊥) on the ground are given by

Re∥ ¼
cos θið Þ−∆g

cos θið Þ þ∆g
;Re⊥ ¼

cos θið Þ− 1
∆g

cos θið Þ þ 1
∆g

; and ∆g ¼
k0
ke

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−
k02

ke2
sin2 θið Þ

s

:

The modified RT model is then implemented for modeling the lightning sferic in frequency bands from 3 to
100 kHz and ranges from 100 up to 1,000 km. In general, no incident angle can always be found for waves
below 2 kHz. The spectrum up to 100 kHz usually covers over 80% energy of the lightning sferic. Other
details of the RT model can be found in Qin et al. (2017).

To demonstrate the difference, a comparison of themodeling results between this modified RTmodel and its
previous version is provided in Figures 6 and 7 in section 3.2.

For comparison and evaluation, the FDTD model of Hu and Cummer (2006) is implemented with the same
EIWG and lightning source parameters as the RT model. The earth ground is set to perfect electric conduc-
tor, and perfect matched layer is applied for the boundary of the modeling region to absorb all outward
waves. It should be noted that an inadequate grid size in the FDTD model may lead to numerical

Figure 3. The simulated lightning sferics for the anisotropic condition (with earth magnetic field) for the nighttime for northward (Az = 0°) or southward
(Az = 180°) propagation sferics at distances 100, 300, 600, and 1,000 km, respectively, from the RT (red curve) and FDTD (black curve) models. Panels (a), (c),
(e), and (g) are for time domain, and (b), (d), (f), and (h) are for frequency domain for different distances. Due to the reciprocity of northward and southward
propagation sferics, the two cases have the same results. RT = ray theory; FDTD = finite difference time domain; DIP = angle of dip.
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dispersion at high frequencies. The FDTD model must be run for a long time to accurately extract lower
frequencies from an impulsive source. In this study, the grid size of the FDTD is a fixed 100 m. At this
grid size, numerical dispersion can be detectable above 100 kHz in frequency, depending somewhat on
the propagation distance. Thus, the comparison is intentionally limited to this frequency, and it is clear in
the presented waveforms that numerical dispersion is not significant. Similarly, although absorbing
boundary conditions can lead to late time instability in this type of FDTD simulation, the resulting
exponential growth makes it obvious when it occurs. Stability issues are not significant in the FDTD
simulations presented here. The time duration of the FDTD simulations is longer than 5 ms, but the
waveforms are intentionally truncated to the same duration as the RT simulations so that the spectra can
be directly compared. Details of the modeling results are given in section 3.1.

3. Modeling Results
3.1. Comparison Between This Modified RT and the FDTD Models

With the same lightning source and EIWG condition set in section 2.1, simulations of lightning sferics have
been performed with both the modified RT and the FDTD models, as shown in Figures 2–5. For each case,
the RT output has a time length including at least six wave hops, and the FDTD output has a time length

Figure 4. The simulated lightning sferics for the anisotropic condition (with earth magnetic field) for the nighttime for eastward (Az = 90°) propagation sferics at
distances 100, 300, 600, and 1,000 km, respectively, from the RT (red curve) and FDTD (black curve) models. Panels (a), (c), (e), and (g) are for time domain, and
(b), (d), (f), and (h) are for frequency domain, for different distances. RT = ray theory; FDTD = finite difference time domain; DIP = angle of dip.
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truncated as the RT simulation length. For comparison, the vertical E fields for the same lightning sferic
from both models are plotted in the same diagram and presented in both time and frequency domains.
The time domain shows the total field waveform and phase alignment of the lightning sferic, while the
frequency domain presents the amplitude of the lightning sferic versus frequency. In all the Figures 2–5,
the frequency ranges from 3 to 100 kHz for the frequency domain and the time duration is from 0 to
1,000 us for time domain.

Shown in Figure 2 are the simulated lightning sferics for the isotropic condition (without Earth magnetic
field in the ionosphere) at a fixed distance of 300 km, for both daytime and nighttime cases, from the RT
(red curve) and FDTD (black curve) models. Panels (a) and (b) are for the daytime for time and frequency
domain respectively, and (c) and (d) are for the nighttime for time and frequency domain respectively.
There is no difference in the results between the sferic propagation directions because the ionosphere
is isotropic.

Shown in Figure 3 are the simulated lightning sferics for the anisotropic condition (with Earth magnetic
field) for the nighttime for northward (Az = 0°) or southward (Az = 0°) propagation sferics at distances
100, 300, 600, and 1,000 km, respectively, from the RT (red curve) and FDTD (black curve) models. Panels
(a), (c), (e), and (g) are for the time domain, and panels (b), (d), (f), and (h) are for the frequency domain,

Figure 5. Similar to Figure 4 but the results for westward (Az = 270°) propagation sferics for the anisotropic condition for the nighttime at distances 100, 300, 600,
and 1,000 km, respectively, from the RT (red) and FDTD (black) models. Panels (a), (c), (e), and (g) are for the time domain, and (b), (d), (f), and (h) are for the
frequency domain, for different distances. RT = ray theory; FDTD = finite difference time domain; DIP = angle of dip.
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for different distances. Due to the reciprocity of northward and southward propagation sferics, the two cases
have the same results. As shown in the figure, the results from the two models are well consistent in ranges
up to 600 km and in frequencies above 3 kHz (Figures 3a–3f). However, for the case of 1,000 km, the RT
results in the frequency domain (Figure 3h) show good agreement with that of the FDTD at frequencies
higher than 7 kHz but have big differences with that of the FDTD below 7 kHz. Nevertheless, the
difference in the time domain waveforms (Figure 3g) between the two models is not so obvious.

Shown in Figure 4 are the simulated lightning sferics for the anisotropic condition (with Earth magnetic
field) for the nighttime for eastward (Az = 90°) propagation sferics at distances 100, 300, 600, and
1,000 km, respectively, from the two models.

Figure 5 is similar to Figure 4 but for westward (Az = 270°) propagation sferics. As can be seen, the results for
eastward case (Figure 4) are significantly different from that for westward case (Figure 5), which is known as
the nonreciprocity due to the Faraday rotation effect of waves propagating in anisotropic media
(Budden, 1988).

Similar to Figure 3, the RT results in Figures 4 and 5 are well consistent with that of the FDTD in ranges up to
600 km and in frequencies above 5 kHz. But for 1,000 km case, the spectrum of the RT results is stronger than
that of the FDTD at frequencies below 7 kHz.

Overall, the difference in simulated lightning sferics between the RT and FDTD models is reasonably small
in ranges up to 600 km at frequencies above 5 kHz and in ranges up to 1,000 km at frequencies above 7 kHz.
As the distance goes further, the difference becomes bigger, which may be due to the ignorance of the iono-
sphere focus factor in the RT transfer function for simplicity.

It should be notified that introduction of the wave hop series (Berry et al., 1969) into the RT transfer function
has significantly improved the precision of high‐order hops in the RT model results at long distances. If only

Figure 6. Simulated lightning sferics for the anisotropic condition (with earth magnetic field) for nighttime along different propagation directions (northward [0°]/
southward [180°]/eastward [90°]/westward [270°]) at a distance of 600 km, from the previous RT (blue curve), the modified RT (red curve), and the FDTD
(black curve) models, respectively. Panels (a), (c), and (e) are in the time domain, and (b), (d), and (f) are in the frequency domain. RT = ray theory; FDTD = finite
difference time domain; DIP = angle of dip.
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the first hop is counted as suggested in ITURP, R. (2002), the RT results may significantly deviate from that of
the FDTD particularly at long distances.

Besides, the following two aspects should be taken into account when we interpret the simulation results.

1. The FDTDmodel uses a grid size that may lead to numerical dispersion at high frequencies. In this study,
the grid size in the FDTD simulations is a uniform 100 m throughout the domain. In our experience,
there can be significant numerical dispersion above 100 kHz with this grid size, depending on the propa-
gation distance. In all of the cases presented here, it is clear from the waveforms and spectra that numer-
ical dispersion is not a significant issue. Similarly, although boundary conditions can lead to late time
instability in this type of FDTD simulation, it is usually obvious when this is a problem due to the result-
ing exponential growth of spurious components of the solution. Thus, stability issues are not significant
in the FDTD results presented here.

2. For the question that the RT has larger spectra values than the FDTD at low frequencies under long dis-
tances, it could be caused by the approximation made for the focus factor Fi. In the RT model, we have
adopt the derivation of Bremmer (1949) that is an approximation of the complete derivation of Fi from
a spherical coordinate system by Wait (1961). This approximation becomes better under the condition
that the frequency or the reflection height is high but may potentially cause the RTmodel to lose its accu-
racy at low frequencies under long distances.

3.2. Comparison Between This Modified RT Model and Its Previous Version

To demonstrate the difference with and without the modification, a comparison among this modified RT
model, the previous RTmodel (Qin et al., 2017) as well as the full‐wave FDTDmodel for modeling nighttime
lightning sferics has been made. Figure 6 is the result of the case that a lightning sferic propagates along dif-
ferent directions at a distance of 600 km during nighttime, and Figure 7 is similar to Figure 6 but for the case
at a distance of 1,000 km. As seen from the figures, this modified RT model matched better with the FDTD
results at the second and third hops than the previous RTmodel did. This is because that we counted the TM‐

Figure 7. Similar to Figure 6 but for the case at a distance of 1,000 km. RT = ray theory; FDTD = finite difference time domain; DIP = angle of dip.
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TE‐TMmode components in high‐order hops in this modified RT model, while that we just counted the TM
mode in high‐order hops in the previous RT model as suggested in ITURP, R. (2016).

To illustrate the difference between this modified Berry's Angle Finding Technique (MBAFT) and the pre-
vious Jacobson's Angle Finding Technique (JAFT; Jacobson et al., 2009), a comparison of the modeling
results between the RT model with MBAFT and that with JAFT has been done. During the modeling, both
of RT‐MBAFT and RT‐JAFT were with the high‐order hop series but with MBAFT and JAFT, respectively.
Figure 8 is the result for the case that a lightning sferic propagates along different directions at a distance of
600 km during nighttime, and Figure 9 is similar to Figure 8 but for the case at a distance of 1,000 km. As
seen from the figures, RT‐MBAFT gives almost identical results to that of RT‐JAFT, except that for the case
of Az = 90° (Figures 8f and 9f) and around the frequency of 40 kHz, the RT‐MBAFT agrees better with the
FDTD than the RT‐JAFT. To understand this result, we have to check the insight of the two incident angle
finding techniques. The JAFT is based on a general concept that the phase integration reaches a minimum
once the plane wave direction aims along the vector from the source to the receiver. Therefore, the angle
making the phase integration the minimum will be the wave incident angle. While the MBAFT is much
more intuitive, which is based on the integration of the wave number in the vertical direction kz along the
virtual penetrating depth and the distance from the source to the receiver. Both incident angle finding tech-
niques are proven to be good enough, while the MBAFT under some conditions works a little bit better than
the JAFT.

4. Analysis of the Modeling Results

To have a solid evaluation of the RT model, a quantitative analysis of the difference in simulated lightning
sferics between this modified RT and the FDTD models under various cases has been made. The simulation
cases include northward/southward or eastward/westward propagation sferics during daytime/nighttime in

Figure 8. Simulated lightning sferics for the anisotropic condition (with earth magnetic field) for nighttime for different propagation direction (northward [0°]/
southward [180°]/eastward [90°]/westward [270°]) at a distance of 600 km, from the RT‐MBAFT (blue curve), the RT‐JAFT (red curve), and FDTD (black curve)
models, respectively. Panels (a), (c), and (e) are in the time domain, and panels (b), (d), and (f) are in the frequency domain. RT = ray theory; FDTD = finite
difference time domain; MBAFT = modified Berry's Angle Finding Technique; JAFT = Jacobson's Angle Finding Technique; DIP = angle of dip.
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ranges from 100 to 1,000 km in an interval of 50 km. For each case, differences in the amplitude at each
frequency of the simulated sferic between the two models are summed up and presented in a percentage
of that of the FDTD model, as shown by

ξ3−100kHz ¼
∑3−100kHz ERT fð Þj j− EFDTD fð Þj jj j
! "

∑3−100kHz EFDTD fð Þj j
: (11)

where ERT(f) and EFDTD(f) are the amplitude of the lightning sferic simulated from this modified RT model
and the FDTD model in the frequency domain, respectively, and ξ3 − 100kHz is the summation of the

Figure 9. Similar to Figure 8 but for the case at a distance of 1,000 km. RT = ray theory; FDTD = finite difference time domain; MBAFT = modified Berry's Angle
Finding Technique; JAFT = Jacobson's Angle Finding Technique; DIP = angle of dip.

Figure 10. A plot of the summation (ξ3 − 100kHz) of amplitude differences in frequencies from 3 to 100 kHz of a simulated
lightning sferic between the modified ray theory and the finite difference time domain models, for sferics at distances
from 100 to 1,000 km in an interval of 50 km and propagating either northward/southward (Az = 0°/180°) or eastward/
westward (Az = 90°/270°) in either daytime or nighttime.
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amplitude difference in bands from 3 to 100 kHz between the twomodels as a percentage of that of the FDTD
model.

Shown in Figure 10 is a plot of the summation (ξ3 − 100kHz) of amplitude differences in frequencies from 3 to
100 kHz of a simulated lightning sferic between the two models for sferics at different distances in different
propagation directions during the day or night times. It shows that the overall difference between the two
models is about 6%, 8%, and 13% for sferics at distances up to 500, 800, and 1,000 km, respectively.

When the frequency band from 7 kHz to 100 kHz is concerned, the overall difference (ξ7 − 100kHz) between
the two models (Figure 11) decreases to about 6%, 7%, and 8% for sferics at distances up to 500, 800, and
1,000 km, respectively.

5. Summary

In a previous study (Qin et al., 2017), we proposed and practiced an improved RT model for modeling the
lightning sferics in EIWG. However, the RT model has relatively low accuracy in simulating distant sferics.
In the present study, aiming to improve the model precision in simulating sferics particularly at long dis-
tances, a further modification of the RT model was proposed. The modification included two aspects:

1. Referring to the recommendation of Berry and Herman (1971) and the phase unwrapping strategy of
Jacobson et al. (2009), a new technique for finding the equivalent ray incident angle of a wave to the bot-
tom of the ionosphere was proposed and applied to the RT model.

2. Referring to the work of Berry et al. (1969), a high‐order wave hop series was introduced into the transfer
function of the RT model, which made the model work better in calculating the high‐order hops at dis-
tances up to 1,000 km.

For a quantitative evaluation of the modified RT model, a comparison between the RT model and the full‐
wave FDTD model (Hu & Cummer, 2006) in simulating lightning sferics under various conditions was per-
formed. The comparison results show the following:

1. In a frequency band from 3 to 100 kHz, the overall difference between the two models is about 6%, 8%,
and 13% for distances up to 500, 800, and 1,000 km respectively.

2. In a frequency band from 7 to 100 kHz, the overall difference between the two models is about 6%, 7%,
and 8% for distances up to 500, 800, and 1,000 km respectively.

These suggest that the modified RT model can simulate lightning sferics in EIWG with high accuracy in
ranges up to at least 500, 800, and 1,000 km in a frequency band lower to 3, 5, and 7 kHz, respectively.
Most previous reports suggested to use any ray optics‐based model in LF rather than VLF, for example,
the ITU recommended using the RT model in frequencies above 60 kHz. In this study, we proved that a
well‐developed RT model could perform well for radio waves in both VLF and LF bands in EIWG in dis-
tances up to 1,000 km.

Figure 11. Similar to Figure 10 but for frequencies from 7 to 100 kHz (ξ7 − 100kHz).
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About the value of the RTmodel against the FDTDmodel, in many geophysical applications, that is, retriev-
ing the EDP of the ionospheric D layer based on observed lightning sferics, the RT model is more applicable
than the FDTDmodel for its computational efficiency. The FDTDmodel is with great accuracy, but its com-
puting cost is too high to be used for such as retrieving the ionospheric EDP from the lightning sferics. For
instance, to simulate a single lightning sferic propagating in EIWG, the FDTDmodel may cost hours to days
based on the input distance, grid size, and frequency resolution. While that for the same task with the same
computing resource, the RT model takes only about 40 s for a single run. (If the incident angle is known, it
will take less than 0.5 s.) The results of the present study show how this modified RTmodel can be used on a
wide variety of geophysical problems that rely on accurate LF propagation predictions, from ionospheric
remote sensing to lightning geolocation.
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