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We present a method to reduce the scattering from arbitrary objects by surrounding them with shells
composed of several layers of homogeneous anisotropic materials. An optimization procedure is used to find
the material parameters for each layer, the starting point of which is a discretized approximation of a coordinate
transformation cloaking shell. We show that an optimized, three-layer shell can reduce the maximum scattering
of an object by as much as 15 dB more than a 100-layer realization of a coordinate transformation cloaking
shell. Moreover, using an optimization procedure can yield high-performance cloaking shell solutions that also
meet external constraints, such as the maximum value of permittivity or permeability. This design approach can
substantially simplify the fabrication of moderate-size cloaking shells.
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Significant research has recently focused on developing
new methods to minimize the interaction between given ob-
jects and electromagnetic waves. Pendry et al. �1� showed
that carefully designed inhomogeneous and anisotropic
shells can prevent electromagnetic radiation from penetrating
inside them and, more importantly, cancel the scattering off
these shells, making them and their interior effectively trans-
parent to electromagnetic waves. What is appealing about
this coordinate transformation approach is its generality: it
can be used to conceal objects of any size and shape.

Even though numerical simulations �2� and further theo-
retical analysis �3� confirmed the efficacy of this method,
experimental demonstrations have proven more challenging.
One effort �4� involved a cylindrical shell surrounding a
metal cylinder and demonstrated the basic physics of such
structures, namely, that waves can be steered around the
structure. However, in this work approximations were made
�2� that significantly reduced the scatter reduction perfor-
mance of the shell. Other work has derived different approxi-
mations to ideal cloaking shell parameters that also sacrifice
performance for fabrication simplicity �5–7�.

The difficulty of fabricating cloaking shells specified by
coordinate transformation theory stems from the require-
ments on the material that composes it: the shell has to be
anisotropic with its permittivity and permeability varying
continuously with position over a broad range of values. Its
physical implementation will always require some form of
discretization of these continuous profiles. For example,
Schurig et al. �4� used a ten-layer stepwise approximation of
the ideal parameters in their experiment.

Beginning with the notion that anisotropy appears to be
the most important ingredient of cloaking shells that are not
electrically small, one might ask whether cloaking shells
composed of anisotropic layers can be designed through an-
other approach. Here we show that scatter reducing shells
composed of a relatively small number of homogeneous lay-
ers can be designed through an optimization procedure that
uses a coordinate transformation shell as the initial condition.

The performance of fewer than five optimized layers can
equal or even exceed the performance of a 100-layer discrete
approximation of the smoothly homogeneous shell designed
through coordinate transformations.

For simplicity, we will focus on the two-dimensional cy-
lindrical shell for electromagnetics, but the analysis pre-
sented here can be applied for other geometries and wave
types as well, such as acoustics �8�. Figure 1 shows a perfect
electric conductor �PEC� cylindrical object of radius a sur-
rounded by a shell of outer radius b. It has been shown �2�
that one set of relative material parameters that completely
cancel the scattering from the structure is �in cylindrical co-
ordinates�,

�r�r� = �r�r� =
r − a

r
, ���r� = ���r� =

r

r − a
,

�z�r� = �z�r� = � b

b − a
�2r − a

r
, �1�

where z is the invariant direction, and r and � are the radial
and azimuthal coordinates, respectively.

We consider the TE �transverse electric� polarization for
which only �z, �r, and �� are relevant. We assume that the
cloak can be assembled from M concentric layers of homo-
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FIG. 1. Cylindrical perfect electric conductor surrounded by a
multilayer shell and illuminated with a plane wave. The input and
output radii of the shell are a and b, respectively.
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geneous materials as shown in Fig. 1. Each layer is charac-
terized by permittivity and permeability tensors that are con-
stant with position inside the layer. Our goal is to find a set
of parameters that minimizes the scattering off the cloak.
One choice is to use the stepwise approximation of Eqs. �1�
as in Ref. �4�. Using this approach and TE polarization, as
was pointed out before �9,10�, the boundary conditions at the
inner interface of the cloak with the PEC object induce sig-
nificant scattering. We therefore expect that other choices of
material parameters may improve cloaking performance.

The exp�+j�t� time convention is assumed throughout.
Consider a plane wave having the electric field Einc
= ẑ exp�−jk0r cos �� incident on the object and shell depicted
in Fig. 1. The symmetry of the problem allows us to compute
the fields inside and outside our structure analytically, by
employing the procedure outlined in �11�.

Thus, the incident plane wave can be expanded into a sum
of Bessel functions of the first kind as

Einc = J0�k0r� + 2�
n=1

�

jnJn�k0r�cos�n�� �2�

while the scattered field in the r�b region can be written in
terms of Hankel functions of the second kind as

Esc = �
n=0

�

AnHn
�2��k0r�cos�n�� . �3�

The fields in layer m inside the shell are given by

Em = �
n=0

�

�BmnJ��kmr� + CmnY��kmr��cos�n�� , �4�

where m=1,M, Y� is the Bessel function of the second kind,
km=���z,m��,m, and �=n���,m /�r,m. The coefficients An,
Bmn, and Cmn can be found by imposing the continuity of
tangential E and H fields across the boundaries of each layer.

Once we know the fields inside and outside our structure,
we can compute the figure of merit used throughout this
paper: the radar cross section per unit length also known as
scattering width �SW�, which is defined as ����
=2	R	Esc�� ,R� /Einc	2, where R is the distance from the ob-
ject where the far-field scattered field Esc is evaluated. Since
in the far-field region Esc is inversely proportional to R, � is
independent of R as long as R is big enough.

The question is whether we can derive a set of material
parameters for the layered shell that would reduce the scat-
tering more than if we simply discretize the profiles given by

Eqs. �1�. The answer is affirmative and we outline the pro-
cedure for the general case of an M-layer shell, after which
we apply the method to a specific example.

To maximally reduce object visibility, one should mini-
mize max� ����. However, since the forward scattering of
an object that is not electrically small is usually largest �12�,
we solve the simpler problem of optimizing for the permit-
tivity and permeability tensors that minimize the forward
scattering �i.e., the shadow�. As we will see next, this heu-
ristic gives a strongly reduced SW in all directions. Math-
emathically, we want to find the � and � values that mini-
mize the function ���=0,�z

�1¯M� ,�r
�1¯M� ,��

�1¯M��, where
the superscripts signify that we have one set of material pa-
rameters for each one of the M layers. This is a classical
optimization problem that can be solved with a variety of
algorithms. In this paper, we use the Broyden-Fletcher-
Goldfarb-Shanno �BFGS� method, which is already imple-
mented in software tools such as MATHEMATICA and MATLAB.
The BFGS method provides a local minimum for f around a
specified starting point, X0= ��z,0

�1¯M� ,�r,0
�1¯M� ,��,0

�1¯M��, whose
choice is very important for the success of this algorithm.
Since it already gives good results, we choose X0 to be the
discretized version of Eqs. �1�, namely, �z,0

�i� =�z�r
= �Ri+Ri+1� /2� �similar expressions for �r,0

�i� and ��,0
�i� �, where

Ri and Ri+1 are the inner and, respectively, outer boundaries
of layer i, R1=a, and RM+1=b. The local minimum in
���=0� gives the material parameters for each of the M
layers.

We illustrate the procedure for an object that has the di-
mensions specified in �2�, namely, a=10 cm, which makes it
1.33 wavelengths at the working frequency of 2 GHz. We
choose to design a thin shell of 1.3 cm, i.e., b=11.3 cm. For
this size, three layers provide enough degrees of freedom
�nine in total, i.e., �z, �r, and �� for each layer� to signifi-
cantly reduce the scattering width of our object. Table I
shows the starting point and material parameters found by
the optimization algorithm, while Fig. 2 shows the scattering
width normalized to the object diameter versus angle for our
design �curve d� and, for comparison, for three other shells
whose material parameter profiles are the three-, nine-, and
100-level staircase approximation of Eqs. �1�.

This example demonstrates that the optimization method
presented here not only enables the design of shells com-
posed of a reduced number of layers, but also can signifi-
cantly improve their performance. In this case, the maximum
scattered field is approximately 15 dB smaller for the opti-
mized three-layer cloak than for the 100-layer discretization
of the coordinate transformation cloak. Figure 3 illustrates
the contribution of these scattered fields to the total fields:

TABLE I. Optimized material parameters for the three-layer cloak.

Initial guess Optimized parameters

Layer �z �r �� �z �r ��

1 1.60 0.021 47.15 3.32 0.006 47.21

2 4.61 0.061 16.38 6.06 0.039 16.88

3 7.40 0.098 10.23 7.99 0.10 10.63
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the optimized version perturbs the incident field considerably
less than the staircase approximation to the analytical cloak.
We also notice that, even though a �� of 47 in the innermost
layer of the shell is difficult to achieve with current materi-
als, it is still significantly lower than what would be required
for the nine-layer ���=139� or 100-layer ���=1539�
approximations of the analytical cloak.

From a sensitivity point of view, random perturbations of
up to 1% applied simultaneously to all the optimized � and �
parameters given in Table I change the scattering width by
approximately 
5 dB for most angles. This makes the opti-
mized shell fairly sensitive to changes in the desired param-
eters, but even with these perturbations the performance of
the optimized shell is significantly better than that of the
discretized analytical shell. We also emphasize the impor-
tance of choosing a good starting point in the BFGS optimi-

zation algorithm. If, for instance, we choose all the initial
permittivity and permeability components to be unity, the
final values given by the iterative algorithm result in a shell
that, even though it reduces the overall scattering compared
to the bare cylinder, has a maximum scattering cross section
that is 30 dB bigger than the optimized cloak specified in
Table I.

The optimization procedure presented above shows that
for an object of 1.33 wavelengths in diameter, a three-layer
optimized cloak is more than 100 times better than a three-
layer approximation of the analytical cloak. If we double the
size of the object �i.e., 2.66 wavelengths in diameter�, the
improvement provided by optimization of three layers is
only a factor of 7. With another factor of 2 �i.e., 5.32 wave-
lengths� optimization yields a factor of 2 improvement. This
size dependence of the optimization improvement is ex-
pected; as the object becomes larger, we need to minimize
increasingly more coefficients in the Hankel function expan-
sion of the scattered field �see Eq. �3��. Three layers do not
provide enough degrees of freedom to dramatically improve
the cloaking of a five-wavelength-wide object. However, by
increasing the number of layers, we expect to obtain signifi-
cant improvements through optimization for larger objects.

Optimization adds a great deal of flexibility to the con-
straints that can be imposed on cloaking shells. Equation �1�
shows that for thin shells, the required values of �� inside
the innermost layers have to be large �in the previous ex-
ample, it is ��=47 inside the innermost layer�, which can be
an obstacle to fabrication. These extreme values can be re-
duced through optimization and still yield significant im-
provements over the discretized analytical shell. We demon-
strate this in the following example by designing a
nonmagnetic cloak that can potentially be implemented at
optical frequencies.
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FIG. 4. �Color online� Top: The scattering width vs angle for the
three-layer approximation of the analytical cloak �dash-dotted�,
nonmagnetic cloak �dashed�, and three-layer optimized nonmag-
netic cloak �solid�. Bottom: The total fields inside and around the
nonmagnetic optimized cloak.
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FIG. 2. �Color online� The scattering width normalized to the
object diameter for the three-layer �a�, nine-layer �b�, and 100-layer
�c� approximations of the analytical cloak compared to the opti-
mized cloak �d�.

Position (cm)

P
os

iti
on

(c
m

)

-40 -20 0 20 40

20

0

-20

-1

0

1

E
lectric

field
( arbitrary

units )

FIG. 3. �Color online� Total electric field for the nine-layer ap-
proximation of the analytical cloak �top� and the optimized three-
layer cloak �bottom�.
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From a practical perspective, even though it requires only
three layers, the optimized shell described above is hard to
fabricate: one needs to control both � and �; in addition,
these parameters need to be quite big �for example, �� needs
to be 47 in the innermost layer�, which is hard to achieve at
high frequencies. For this reason, there is significant interest
in designing cloaking shells that have certain properties that
make them easier to fabricate. Some approximations to ideal
parameters have been devised �2,5� to facilitate physical re-
alizability, but most of these sacrifice performance to a high
degree.

One such set of parameters that avoids using the harder to
fabricate magnetic materials and can be used to create shells
able to conceal objects detected using TM �transverse mag-
netic� polarized waves �only �z, �r, and �� are relevant for
this polarization� is �5�

�r = � b

b − a
�2� r − a

r
�2

, �� = � b

b − a
�2

, �z = 1. �5�

Considering the same object as before �i.e., a=10 cm�,
Fig. 4 �top� shows the scattering width versus angle, ����,
for a relatively thick cloaking shell of outer radius b
=17 cm made of a medium whose parameters are given by
the above equations �dashed curve� compared to that of the
three-layer approximation of the analytical cloak �dash-
dotted curve�. We chose a slightly thicker shell than before in
order to obtain easier to achieve material parameters inside

it. Neither of these approximations achieves especially good
performance.

Optimization can dramatically improve the performance
of a three-layer nonmagnetic cloak. The initial guess was
given by Eqs. �5�, and we added the additional constraint to
simplify fabrication that no component of permeability or
permittivity could be larger than 10. The resulting optimized
cloak material parameters are given in Table II and the com-
puted scattering width is shown in Fig. 4 �top�. This opti-
mized three-layer cloak gives an approximately 15 dB reduc-
tion in the scattering width over the cloak described by Eqs.
�5�, and Fig. 4 �bottom� illustrates the total electric field dis-
tribution around the shell and shows its good performance.
We note that, as expected, stricter requirements on � increase
� and consequently decrease to some extent the performance
of the shell. For example, if we require ��5, then max� �
reaches 0 dB, and for ��8, max� �
−5 dB.

In conclusion, we present a practical optimization ap-
proach used to design layered shells of anisotropic materials
that significantly reduce the scattering width of an object.
This approach yields better performance and can also pro-
vide simpler material parameters compared to cloaking shells
designed with coordinate transformation theory. As an ex-
ample, we find that an optimized three-layer shell can per-
form much better than a 100-layer approximation to the ana-
lytical cloak. We also used this approach to design a three-
layer nonmagnetic cloak made of relatively low permittivity
anisotropic materials realizable even at optical frequencies
that behaves significantly better than comparable designs.
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TABLE II. Optimized material parameters for the three-layer nonmagnetic cloak.

Initial guess Optimized parameters

Layer �z �r �� �z �r ��

1 1 0.064 5.90 1 0.10 4.49

2 1 0.40 5.90 1 1.38 9.99

3 1 0.80 5.90 1 0.70 0.89
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