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An FDTD Model for Low and High Altitude
Lightning-Generated EM Fields
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Abstract—To explore lightning-generated electromagnetic wave
behavior and lightning-related ionospheric phenomena, a full-
wave two-dimensional cylindrical finite-difference time-domain
(FDTD) model was developed to simulate lightning-generated
electromagnetic wave propagation in the ionosphere with high
altitude and long distance capabilities. This FDTD model removes
the approximations made in other similar models to extend its ap-
plicability, and incorporates a variety of existing methods and new
techniques. A dispersive and anisotropic realization of the nearly
perfectly matched layer (NPML) absorbing boundary condition is
adopted in this numerical model for ease of implementation. Earth
curvature is included in the model through the modified refractive
index method. The surface impedance boundary condition is
adopted to treat arbitrary but homogeneous ground parame-
ters. We quantify the errors through dispersion relations, and
the solution convergence is analyzed. Comparisons between our
simulation, numerical waveguide mode theory, and experimental
data validate this model and show its capabilities compared to
other methods. Although this FDTD model was developed for
the lightning-generated electromagnetic field simulation, it is also
applicable for other very low frequency (VLF, 3–30 kHz) and
extremely low frequency (ELF, 3–3000 Hz) wave propagation
problems.

Index Terms—Electromagnetic propagation in plasma media,
finite-difference time-domain (FDTD) methods, ionosphere,
lightning.

I. INTRODUCTION

L IGHTNING discharge currents are the most common
natural sources in the Earth-ionosphere circuit. The very

low frequency (VLF, 3–30 kHz) and extremely low frequency
(ELF, 3–3000 Hz) electromagnetic waves radiated by these
lightning currents propagate between the ground and iono-
sphere with low attenuation rates. The long-range detectability
of these signals enables applications such as ionospheric re-
mote sensing [1], [2] and remote lightning discharge current
waveform measurement [3], [4]. The electromagnetic fields
produced by intense lightning also modify the atmosphere,
ionosphere and magnetosphere through a variety of processes.
For example, high altitude (40–90 km) optical emissions above
thunderstorms called sprites [5] are believed to be driven by the
transient electric field in the mesosphere produced by intense
lightning discharges [6], [7]. Although several theories were
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proposed in the past decade to explain various lightning-related
ionospheric phenomena [6], [8], [9], some aspects of the phe-
nomena still remain mysterious and detailed simulations can
help understand the role of these processes. Additionally, VLF
propagation in the Earth-ionosphere was commonly applied to
long-distance communication and navigation before the era of
GPS and satellite communication. Even today, submarine com-
munication is still dependent on man-made VLF transmitters.
These scientific and engineering applications require an accu-
rate numerical model of lightning-generated electromagnetic
fields for data analysis and theoretical predictions.

The most common mathematical formulations for the calcu-
lation of electromagnetic waves radiated by lightning discharges
are based on the waveguide mode theory [10]–[12]. In mode
theory, the atmosphere is treated as a dielectric layer between
the reflecting boundaries, the ground and ionosphere. The fields
in this waveguide can be expressed as the sum of the fields in in-
dependently propagating waveguide modes whose propagation
properties (phase velocity, attenuation rate, and field structure)
are a function of the boundaries. A mode theory formulation is
especially efficient for long distances from the source because
the variable attenuation rates ensure that only a small number of
modes contribute significantly to the fields. Although it is inher-
ently a frequency domain formulation, wide band time domain
problems can be solved with an inverse Fourier transform. The
mode theory solutions used in this work were calculated using
the long wave propagation capability (LWPC) code [13] that is
based on a complete two-dimensional (2-D) waveguide propa-
gation formulation and can handle arbitrarily complex vertical
inhomogeneities in the ionosphere.

An alternative approach is the finite-difference time domain
method (FDTD) [14], which has some advantages over the mode
theory. Arbitrarily complex inhomogeneities can be easily in-
cluded in an FDTD calculation, while the horizontal inhomo-
geneities that mode theory can easily handle are limited [15].
Extending fields and sources to arbitrarily high altitudes in an
FDTD code is also straightforward, but it is challenging to com-
pute fields or include sources significantly above the main re-
flecting altitude ( 80–90 km) using a numerical mode theory
code.

FDTD has been used previously to model similar problems.
Cho and Rycroft [16] developed a 2-D cylindrical model that in-
cludes electron heating caused by the quasielectrostatic field or
the electromagnetic pulse to study the electrical breakdown in
the mesosphere. They treated the ionospheric plasma as a simple
isotropic conductor at all altitudes. The approximation of the
plasma as a simple conductor is not valid above 90 km where
the collision frequency is no longer much higher than the wave
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frequency. Moreover, the anisotropy of the ionosphere due to
Earth’s magnetic field becomes significant above 60 km. The
2-D cylindrical model of Pasko et al. [17] with similar approx-
imations was used to investigate the mechanism of the ELF ra-
diation from sprites. Their model solves the full set of Maxwell
equations but treats the ionosphere as a simple, isotropic con-
ductor. Another 2-D cylindrical model developed by Veronis
et al. [18] takes into account the nonlinear effects of heating
and ionization. However, they also treated the ionosphere as a
simple, isotropic conductor and no absorbing boundary condi-
tion (ABC) was used in their model, which makes it only ap-
plicable to low altitude (below 100 km) and small region sim-
ulations. Cummer [20] reported a 2-D cylindrical FDTD model
that includes the anisotropy of the ionosphere but still assumes
that the collision frequency is much higher than the wave fre-
quency at all altitudes. Thèvenot et al. [21] developed another
FDTD model for the computation of VLF-LF propagation in
the ionosphere. Their 2-D spherical geometry model includes
the background magnetic field but is only applicable to a single
frequency source. Ma et al. [19] developed a three-dimensional
(3-D) FDTD model to simulate the electrodynamic response
of the atmosphere and ionosphere to the lightning discharges.
Their model includes the anisotropic property of the ionosphere,
but it still makes the simple conductor approximation and thus
is limited to low altitudes and low frequencies. There are some
other 3-D models [22]–[24] recently reported for Schumann res-
onance research. However, these 3-D models are only accurate
to frequencies below several hundred Hz and they treat the iono-
sphere as a simple conductor. These models are thus not appli-
cable to the higher frequency and higher altitude fields we sim-
ulate with this model.

The full wave electromagnetic 2-D cylindrical FDTD model
we describe here removes those assumptions mentioned above
and treats the ionosphere as a true cold plasma. This numerical
model includes the effects of various charged particles (elec-
trons, positive ions and negative ions). The nearly perfectly
matched layer (NPML), a versatile ABC [25] that is simple
to implement in the complicated linear medium needed here,
was adopted. In concern of the complexity of this problem,
we derive the coefficients of the iteration equations of FDTD
numerically, which is more efficient in coding in comparison
with the traditional analytical method. The surface impedance
boundary condition (SIBC) [26], [27] is adopted to approximate
the wave behaviors at the lossy ground. To accurately simulate
high frequency fields and long-distance propagation, Earth
curvature correction is included in this model. Compared with
the previous FDTD models, this model extends the simulation
altitude limitation from 100 km to 200 km and broadens the
frequency range to 30 kHz. In addition, this model is more
flexible in some aspects compared with the previous numerical
models. We can easily specify the source geometry and use
arbitrary source waveforms; the ground can be treated as PEC
or arbitrary but homogeneous parameters; errors introduced
by Earth curvature can be compensated without any extra
computational cost; and spatial inhomogeneities and even
nonlinear processes of the ionosphere can be easily included to
solve more realistic problems without changing the main part
of the code. In the following sections, we discuss the methods

Fig. 1. Typical nighttime ionosphere profiles. Left panel: the electron density
and positive ion density; right panel: the collision frequencies of electrons and
ions.

and techniques we used in this model in detail. Also, accuracy
analysis is presented. The simulation results are compared with
the mode theory solutions and broadband experimental data to
validate this FDTD model. By simulating the fields in a large
volume of space, this model is a powerful tool for calculating
VLF and lower frequency electromagnetic fields produced by
natural and controlled sources.

II. THEORY AND METHODS

A. Governing Equations

The ionosphere can be regarded as an inhomogeneous cold
plasma with Earth’s magnetic field superposed as long as the
energy generated by lightning is not high enough to modify
the medium. Although the electric fields produced by intense
lightning discharges can modify the ionosphere, this sort of ef-
fect is localized [8], and the assumption of a linear cold plasma
medium should not affect the simulation results significantly.
In a cold plasma, the effect of the wave magnetic field on the
charged particles and the thermal motion of the particles are ne-
glected. All of these particles affect the electromagnetic wave
behavior in the ionosphere although they do so to different de-
grees. In many cases, the effect caused by the ions can be ne-
glected because the mass of an ion is about 2000 to 6000 times
larger than an electron. Consequently, at ELF/VLF, the field-
driven ion motion is usually much smaller than the electron
motion. However, in the lowest ionosphere (below 60 km),
the negative ion density is high compared to electrons due to
the complicated chemistry processes and dominates the conduc-
tivity of the atmosphere at low altitudes. In addition, at low fre-
quencies ( 150 Hz) close to the ion gyro-frequencies and at
high altitudes (above 110 km), the effect of ions cannot be
neglected. Hence, the contribution from ions is included in this
numerical model.

The three important parameters that describe a cold magne-
tized plasma are.

1) Plasma frequency: , where de-
notes different species of the charged particles, is the
charge of each type of particles, is the mass of each
species and is the number density of the particle.

2) Gyrofrequencies: , where is
Earth’s magnetic field.

3) Collision frequencies: .
Fig. 1 shows typical midlatitude density (nighttime) and colli-

sion frequency profiles of electrons and ions [3] calculated using
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the International Reference Ionosphere (IRI) [28]. This iono-
sphere profile will be used throughout this work unless specifi-
cally stated.

The fields in this medium are described by Maxwell’s
equations

(1)

(2)

coupled to an equation for currents derived from the Lorentz
equation of motion of the free electrons and ions in the medium
in response to the electric field and an ambient static Earth’s
magnetic field

(3)

where is defined as the unit vector in the direction of Earth’s
magnetic field and is the total currents combining the con-
tribution from every species of charged particles, i.e.,

.
We notice (3) is coupled to the Maxwell equations (1) and

(2), resulting in a complicated but linear system describing the
wave behavior in the magnetized cold plasma. The cross term
from Earth’s magnetic field makes the medium anisotropic,
so that the wave number depends on the wave propagation angle
relative to the direction of Earth’s magnetic field. This point
makes the whole system challenging to implement. The cou-
pling between the electric field, plasma electric current, and
Earth’s magnetic field requires the spatial and temporal aver-
aging of many field variables, which can impact the accuracy
and stability. The time derivative term in (3) describes the fre-
quency-dependent property of the medium conductivity. As a
result, the plasma currents cannot be explicitly eliminated from
the equation system, which increases the number of coupled
scalar equations, state variables and the numerical computation
complexity.

B. Geometry and Source Current Modeling

A common and interesting (from an application stand point)
form of lightning is the cloud-to-ground (CG) discharge. The
current in a CG discharge is predominantly vertical. Hence,
we simplify the problem from a 3-D system to 2-D cylindrical
problem to substantially increase the size of problem that can
be solved. The geometry of the problem is shown in Fig. 2.

Fully 3-D background magnetic fields cannot be
simulated in 2-D cylindrical coordinates. In our model, we
approximate 3-D homogeneous by taking the along
the propagation path and rotating it to make it symmetric, as
demonstrated in Fig. 3 for a radial component of . The same
approximation is made for any component of , and there
is no need to approximate a component because it is already

symmetric. The numerical simulation results presented in
later sections show that the circular symmetry approximation
results in good agreement with the mode theory results, even
for the near-field calculation, indicating this is a reasonable
approximation.

Fig. 2. Geometry of the computational domain of the FDTD model.

Fig. 3. Diagrams of Earth’s magnetic field (only r component is shown):
(a) 3-D model and (b) 2-D cylindrical model.

This model can have Earth’s magnetic field of arbitrary
inhomogeneity that satisfies the symmetry constraint, but in
many applications the computation domain is small enough that

is reasonably homogeneous. All simulations we show below
are based on this assumption.

Lightning stroke current models are generally quite compli-
cated [29], [30], and the FDTD approach used in this model en-
ables a source with completely arbitrary time and spatial varia-
tions. Throughout this work, the return stroke current waveform
is assumed to be uniform along the lightning discharge channel
and given by

(4)

where , , ,
, , and is the lightning

discharge channel length [31].

III. TECHNIQUE DETAILS

A. Finite Difference Algorithm and Discretization Scheme

Several FDTD methods have been developed to address the
issue of electromagnetic wave propagation in a cold plasma.
Nickisch and Franke [32] proposed a method that is unstable if
the plasma has nonzero collision frequency [33]. Young [34] de-
rived a method with a differencing scheme in which and are
collocated in time. This method results in an efficient set of iter-
ative equations that have a fairly simple structure even for com-
plicated anisotropy. However, the main limitation of this method
is that the maximum Courant number is and
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is dependent on the particle plasma frequency. In our applica-
tion, this can result in an extremely small time step at high alti-
tude to ensure the stability of the whole system. Another class of
FDTD method for cold plasma is the recursive convolution (RC)
methods. The original RC method [35] is only first order accu-
rate [33], [34]. The improved RC method piecewise linear re-
cursive convolution (PLRC) [36] is second order accurate but its
stability condition is also dependent on medium properties [33].

In consideration of these properties, we adopt the direct inte-
gration (DI) FDTD [33] method. This method collocates and

in time and space, which results in a more tightly coupled and
complicated set of difference equations. The most appreciable
advantage of method is that the stability condition in
unmagnetized plasma is independent of medium properties
and remained the same as free space. We find empirically
that this is also valid for magnetized plasma. We can quantify
this advantage by considering the stability condition for 1D
problem without the presence of Earth’s magnetic field. For a
typical ionosphere profile shown in Fig. 1, at 200 km above
the ground, the plasma frequency is about .
Consequently, the maximum time step for method is

based on the maximum Courant number defined
as . The maximum time step size for the

method is not dependent on the plasma frequency and
remained the same as in free space, which is about
if the spatial step size is chosen to be 0.5 km. This value is
almost one order larger than that of the method.

B. Iteration Coefficients

Considering the three species of particles (electrons, positive
ions, and negative ions), the whole system can be converted to
15 scalar equations with 15 state variables. After the discretiza-
tion of these equations using collocation, these 15 equa-
tions can be divided into two groups. The first group consists 12
linear equations and the corresponding 12 state variables are all
the components of and , which can be written as

(5)

where

and

, and are the coefficient ma-
trixes that depend on the medium properties and discretization
parameters.

To derive an explicit set of difference equations, we need to
solve for all the state variables simultaneously. Analytical de-

riving the coefficients for FDTD iteration equations ( col-
located) means solving a linear equation system of 12th order.
This kind of symbolic calculation is very tedious and compli-
cated even with the aid of a symbolic calculation package such
as Maple or Mathematica because the matrixes are not block di-
agonal thus the closed form of these coefficients are very com-
plicated. An alternative way to do this is deriving the difference
equation coefficients numerically with the equation given by

(6)

The entries in and are all the coefficients
needed to implement the explicit FDTD iteration and these
coefficients are only needed to be calculated once for a time
invariant system. The coupling of the 12 linear equations and
the leapfrog scheme make spatial averaging necessary during
implementing the whole system. For example, to update ,
we need to use the state variables , , , , and the
derivative , , , which are not spatially
collocated with . The whole equation system can be built
by combining (5) and the second group of three difference
equations for the update, which is easy for coding and
reduces the computational complexity.

One point need to be mentioned for this method is that the
field values have to be scaled to avoid ill conditioning of the
coefficient matrixes and . The scaling scheme is shown as
below

(7)

(8)

In the above formula, and are the scaled field values to be
used in iteration while and are the original field values. The
electric field in this scheme has no need to be scaled. By doing
this, the extremely huge original condition numbers (around

) of the iteration coefficient matrixes can be reduced to ac-
ceptable numbers (around ) to avoid the stability and accu-
racy problems.

C. Absorbing Boundary Condition

In this electromagnetic wave propagation model, ABCs are
always required to truncate the computational domain without
artificial reflections at the outer boundaries. Few ABCs are ca-
pable of handling a strongly dispersive and anisotropic medium
such as cold plasma. The perfectly matched layer [37] is one
that can handle such a medium [38], [39]. We use the NPML
variant [25] for ease of implementation.

Following Cummer [25], the governing equations of the
NPML for the transverse magnetic (TM) fields
are

(9)

(10)
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(11)

where and are NPML conductivities in and direction
and . The TE fields in the NPML obey
similar equations.

The primary advantage of the NPML formulation is that the
NPML partial differential system is in the exact same form as the
regular medium equation system with the replacement of those
unstretched variables by stretched variables. The relationship
between the stretched variables and the unstretched variables is
simply defined by the ordinary differential (12) coupled to the
original equation system, which is easy to be converted to the
time domain form

(12)

where and .
This point makes the NPML very flexible in practical ap-

plications because it can be applied to different numerical
methods without changing the primary iterative equations. This
is a significant advantage in a complex medium because the
derivation of difference equation coefficients is time consuming
and tedious. The NPML has been proved to be a true perfectly
matched layer in Cartesian coordinates and have similar perfor-
mance to the standard PML in curvature coordinates [40].

D. Air-Ground Interface

Previous FDTD models have treated the ground as a perfect
electric conductor (PEC) [19], [20]. But, in reality, ground is
a lossy dielectric and at higher VLF frequencies, this property
becomes important. Due to this fact, very small cell size is re-
quired if we need to model the wave propagation in the ground
accurately. For example, if the conductivity of the ground is
0.01 S/m, the permittivity is 15 and the permeability is 1, which
are reasonable parameters for the ground, to accurately calcu-
late a 5 kHz wave propagating in the ground, the maximum
space step we can choose is approximately 45 m to maintain
10 sample points per wavelength. Such small cell size results in
a huge number of cells for the computational domain of many
applications. Therefore, directly applying FDTD method on the
lossy ground is unacceptable in consideration of the current lim-
itation of computer power and memory.

Since we are not interested in the fields below the ground
surface in this work, if we can treat the interface between the
atmosphere and the lossy ground correctly without calculating
the fields inside the ground, a significant computational saving
can be achieved. The technique of surface impedance boundary
conditions (SIBC) [26], [27] is a good choice here although this
method is an asymptotic method. The idea of SIBC is finding
the relationship between the tangential electric fields and the
tangential magnetic fields at the interface. In frequency domain,
the relation is given by

(13)

(14)

where and , both of which depend on the trans-
mission angle with the expression of

(15)

are the surface impedance of the lossy ground for vertical and
horizontal polarizations respectively. Given the low frequencies
of interest, we assume , which means whatever
the incident angle is, the transmission angle is always very close
to 90 . In other words, the ground is not a perfect electric con-
ductor (PEC) but a good conductor for the frequency range we
are interested in and this fact makes the radio wave arriving the
interface enter the ground nearly normally independent of the
incident angle.

Consequently, the surface impedances for these two polariza-
tions are approximately the same

(16)

Let , we have

(17)

To save the computational expense, we need to implement the
above convolution of SIBC recursively. This can be achieved by
the exponential fitting of the discrete impulse response. Then,
only two time levels of are needed for the approximation of
the convolution. Very similar equations can be derived for the
other polarization.

E. Earth Curvature Approximation

For short distance propagation with small incident angles,
Earth curvature can be neglected. However, the effect of Earth
curvature is significant when the incident angle of the propa-
gation exceeds 50 to 60 [41] or the frequency is higher than

12 kHz. Therefore, the Earth-flattening approximation has to
be used in this work. There are several methods available for
Earth curvature correction. One of the most convenient is the
method of the modified refractive index [41], [42]. The essence
of this method is to replace the larger physical distance of the
upper layers of the ionosphere by a larger electrical distance by
introducing a fictitious refractive index correction factor. That
is , where , is the
radius of Earth and is the height. Please be noted that this is
only correct when , i.e. the thin shell case. This method
of Earth curvature correction is derived from the Bouger law by
ray theory. Other methods such as the conformal mapping earth
flattening procedures [43] result in similar formulations.

To apply this method in this full wave FDTD model, we scale
the different field components in different ways. Namely, we
scale the permeability for the TM mode fields and
the permittivity for the TE mode fields to keep
the total magnetic energy and electric energy unchanged after
introducing the fictitious refractive index factors.
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Fig. 4. Maximum cell size profiles versus altitudes for the specific source
frequencies.

F. Dispersion Analysis

In a cold plasma with the presence of a static magnetic field,
the dispersion relation is dependent on the wave propagation di-
rection because the medium is anisotropic. Another important
property of this medium is that two propagation modes exist,
the ordinary mode (O-mode) and extraordinary mode (X-mode).
With the aid of the dispersion relation analysis, given the iono-
sphere profiles, error tolerance, propagation direction and the
frequency range, we can estimate the maximum spatial grid size

as a function of altitude. This analysis is helpful to estimate
the numerical simulation accuracy.

At low altitudes, the electron density is not very high, thus the
wave propagation pattern is not very different from free space.
But at high altitudes, due to the alignment effect of Earth’s mag-
netic field, the wave propagates nearly vertically. Because of
this, here we consider a vertically propagating wave for the ac-
curacy analysis. We assume Earth’s magnetic field is vertical
and homogeneous with the magnitude of . By re-
quiring that is at most 1/10 of a wavelength, Fig. 4 shows
the maximum possible as a function of altitude. The X-mode
has the larger real part of refractive index and thus shorter wave-
length, hence the analysis is based on this mode. Based on the
dispersion analysis results, the maximum we can use is
270 m for the frequency of 5 kHz and 190 m for the frequency
of 10 kHz if the maximum altitude is 200 km. If we want to use

in the simulations, then we can ensure the accu-
racy up to 5 kHz and the maximum altitude should not exceed
175 km.

The result shown in Fig. 4 is just a rough estimate of the grid
size we can choose, which is used as a reference for choosing the
parameters of the simulations. In implementation of this model,
we may need to adjust the spatial grid size around this reference
value to meet the specific accuracy requirements. The accumu-
lated error of the electromagnetic fields at a specific location
is dependent on the propagation paths, which is not easy to be
evaluated accurately. We will examine the solution convergence
of this FDTD model in later sections.

IV. NUMERICAL RESULTS AND DISCUSSIONS

A. Comparison With Mode Theory

Here we consider three typical cases to examine the accuracy
of this FDTD model by comparing with the mode theory results.
Earth’s magnetic field with the magnitude of is in

, and direction for these three cases respectively. The spa-
tial grid size is chosen as 1 km. The observation point is located

Fig. 5. Comparison between the numerical simulation results of this FDTD
model and mode theory solutions. Upper panel: Earth’s magnetic field is
vertical; middle panel: Earth’s magnetic field is in r direction; lower panel:
Earth’s magnetic field is in � direction.

at the ground level and 300 km away from the source current.
The ionosphere is the typical nighttime profile which is shown
in Fig. 1. The numerical mode theory solution was obtained by
using the LWPC [13]. Fig. 5 shows the numerical results of this
FDTD model and mode theory model. In the upper panel and
the middle panel of Fig. 5 (note the nonlinearity of the hor-
izontal axis), the FDTD simulation results are in good agree-
ment with the mode theory results. The errors of and
cases are 3.9% and 0.2%, respectively. The error is defined as

, where is the

frequency spectrum of this FDTD model solution and is
the LWPC results, which is regarded as the reference solution.
The summation is implemented in the frequency range from 0 to
30 kHz. In the case where Earth’s magnetic field is aligned in
direction, the error ( 18%) is bigger than the other two cases,
as shown in the lower panel of Fig. 5. However, we still find
these two simulation results are very close up to 6 kHz with the
error around 0.7%. In general, the mode theory solutions have
more frequency variability at higher frequencies, which implies
higher order modes with lower loss than FDTD predicts. The
source of this small discrepancy is difficult to determine be-
cause both models are numerical and no exact solution to this
problem exists. This discrepancy occurs for the case where the
background magnetic field is purely vertical and no approxima-
tion is made about the background field geometry (see Fig. 3),
thus this approximation is not the error source. We also note that,
as will be shown later, the FDTD solution appears to have con-
verged to the error of less than a few percent, suggesting that the
FDTD solution is correct and perhaps the mode theory solution
is not. In either case, the good agreement between these two
completely different numerical techniques indicates that both
are correctly solving the problem.

Fig. 6 shows the effect of Earth curvature correction. Earth’s
magnetic field is still assumed to be . The codip
angle is 20 and the magnetic azimuth angle (horizontal Earth’s
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Fig. 6. Comparison between the mode theory solutions, this FDTD model
including the Earth curvature correction, and this FDTD model assuming flat
ground.

magnetic field to the wave propagation direction ) is 90 , i.e.
, , and .

The electron density profile is defined as [44], [45]

(18)

where and are obtained by iono-
sphere remote sensing [1]. The relative permittivity and the con-
ductivity of the ground are 10 and 0.01 S/m, respectively. The
distance between the transmitter and the receiver is 894 km. All
of these parameters are from the experimental data although the
measured data are not shown here. We will compare our simula-
tion results with the experimental data later in another example.
As expected, we find Earth curvature has little effect on the sim-
ulation results for low frequency components (below 12 kHz)
but the assumption of flat ground leads to substantial errors for
high frequency waves. After the correction, this error was com-
pensated very well and the FDTD model simulation results and
the mode theory results are very close in a wide frequency range
up to 30 kHz. It is important to include this correction factor for
all but the shortest distance ( 200 km) and lowest frequency
( 10 kHz) simulations.

B. Comparison With Experimental Data

This FDTD model will be used for lightning-generated
electromagnetic wave propagation prediction and ionospheric
or lightning remote sensing applications. Here, the simulation
results of this FDTD model are compared with the experimental
data collected by an ELF/VLF sensor at Duke University be-
tween 04:14:07.327 and 04:42:43.167 UT, JD 196 (July 14),
2004. We selected those lightning in a small region whose
latitude and longitude are from 35.1408 to 36.0552 and

to , respectively, which were obtained
from the National Lightning Detection Network (NLDN).
This process is important because, by confining the lightning
sources in this small region, we can ensure the sferics radiated
by these lightning discharges were propagating through the
same path with the same ionosphere condition. In total 10
sferics with good SNR launched by the corresponding negative
lightning discharges were chosen for the comparison. Then,
we accurately aligned these ten waveforms in time domain
and conducted averaging on them to improve the SNR. The

Fig. 7. Comparison between the experimental data collected by the ELF/VLF
measurement system and this FDTD simulation results. The Earth curvature
correction is included in the FDTD model.

first 20 ms of these sferic waveforms were included in the
averaging procedure in order to cover the wide frequency range
we are interested in. The propagation distance (629 km) and
the azimuth angle (280 ) can be determined accurately using
the NLDN data. The codip angle is 20 . Earth’s magnetic
field is again . Thus, ,

and . The
permittivity and the conductivity of the ground are 81 and
4 S/m (sea water). The parameters of the electron density
profile is again defined by [18] with and

. An eight-pole low pass filter with the cutoff
of 25 kHz was applied on both the experimental data and the
simulation results. The FDTD simulation results was mul-
tiplied by the frequency response of the ELF/VLF antenna

to compare
with the experimental data, where and

. The frequency spectra of the received
sferics and this FDTD simulation results are shown in Fig. 7.
The source used here in this simulation is given by

for

for (19)

where , , , ,
, , , and

.
In Fig. 7, the spectrum of the FDTD simulation result

matches the experimental data very well. The error is defined as
, where is

the frequency spectrum of this FDTD model result and
is the frequency spectrum of the measured horizontal magnetic
field. The error over the frequency range up to 30 kHz is within
5%. The possible reasons causing the slight differences between
them are: 1) The ionosphere profiles used in FDTD simulation
could not be exactly the same as the real ionosphere status at the
time when lightning discharges occurred; 2) The source current
we used in the FDTD simulation is different from the real source;
3) Earth’s magnetic field in the simulation is homogeneous,
which is not the real case, although for east-west propagation
path this approximation is reasonable. In light of these uncer-
tainties that prevent a perfect comparison with experimental
data, the agreement between the model and data is very strong.
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Fig. 8. Comparison between simulation results of this FDTD model and
the previous model with the simple conductor approximation at low and high
altitudes. Upper panel: the altitude is 50 km; Lower panel: the altitude is
150 km.

C. High Altitude Fields

Some of the previous models [19], [20] are based on an
approximation of (3). These models assume that the wave
frequency is much lower than particles’ collision frequen-
cies. Thus, the first item in (3) can be neglected and the cold
plasma can be approximated by a medium with the equiv-
alent anisotropic frequency independent conductivity. This
assumption simplifies the iteration equations and saves the
computational cost significantly. However, this assumption is
not valid at high altitudes where the collision frequencies of
particles are quite low, which is evident in Fig. 1. The compar-
ison between the previous models using the simple conductor
approximation and this FDTD model both in low altitude and
high altitude is plotted in Fig. 8.

at the altitude of 50 km above the ground calculated by
the previous model is observed to be indistinguishable from this
FDTD model. However, at 150 km above the ground, the pre-
vious model results in 40 to 60 dB weaker than this FDTD
model results over the frequency range from 5 to 30 kHz. Ob-
serving (3), we find the assumption made in the previous model
means that the first term on the LHS of (3) is omitted, which
leads to larger plasma currents for a fixed value of electric field
compared with this FDTD model, i.e. the assumption that the
wave frequency is much lower than particles’ collision frequen-
cies introduces more loss at high altitudes. This FDTD model is
more accurate than the previous models in high altitude regions
because this assumption was removed in this model.

The importance of correctly treating the medium at high alti-
tudes is also evident in the low altitude fields under some con-
ditions. For example, the ionosphere profile shown in Fig. 9 is
associated with a sporadic E layer , a transient layer in the
E region of the ionosphere with relatively high electron density,
which affects the wave propagation at altitudes where the con-
ductor approximation is not valid. We use this ionosphere profile
with the layer as the input of the two FDTD models to cal-
culate the magnetic field 600 km away from the source current.
The cell size is chosen as 0.5 km for both FDTD models due

Fig. 9. Numerical simulation results with the presence of an Es layer. Upper
panel: the electron density profile with anEs layer; lower panel: the comparison
between the simulation results of the previous FDTD model with the simple
conductor approximation, this FDTD model, and the mode theory model. The
spatial grid size is 0.5 km for the FDTD models.

to the enhancement of the electron density in the layer. The
results are no longer same for these two different FDTD models
as shown in the lower panel of Fig. 9.

There is a strong attenuation maximum around 600 Hz in
this FDTD model simulation results and mode theory solution.
However, in the previous FDTD model results, no such char-
acteristics are found. This strong attenuation maximum is con-
tributed from a resonance phenomenon caused by the layer
[2]. The depth and frequency of this attenuation maximum are
dependent on the altitude and maximum of the electron density
of the layer [46]. To model this effect correctly, a full plasma
treatment of the ionosphere is clearly required.

D. Accuracy Convergence

We have conducted the general accuracy analysis by the dis-
persion analysis. Here we are going to examine the error con-
vergence of this FDTD model. Without losing generality, we
reran the case in the upper panel of Fig. 5 with the same param-
eters but different cell sizes (4, 2, 1, and 0.5 km) to investigate
the solution convergence for different frequencies. We regard
the simulation results with as the reference, then
computed the relative errors of the other simulation results and
plotted the errors in Fig. 10.

In Fig. 10, the errors of case seriously deviate
from the other cases. This is reasonable because it is very likely
that is too big to resolve the high frequency com-
ponents or the rapidly increasing electron density at high alti-
tudes. For case, all the errors are within 5% for
frequency up to 30 kHz. In the range from 0 to 20 kHz, the
error of is controlled within 2.5%. The expected
second order convergence of the model implies that it is reason-
able to take solution as the reference value. From

to , the solution converges quickly and
the solution of case is very close to the reference.
For lower frequency applications, we may use larger cell size.
For example, we find that, if , the solution error is
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Fig. 10. Convergence of solution of this FDTD model solutions: the absolute
value of the relative errors of this FDTD model with different cell sizes (0.5, 1,
2, and 4 km). The solution of �z = 0:5 km case is regarded as the reference
value.

as low as 6% for the frequency up to 10 kHz. The straight dash
doted line in Fig. 10 represents the slope of second order con-
vergence. Evidently, the error convergence lines for various fre-
quency components from to are almost
parallel to this dash doted line, which validates that this model
is second order accurate. Note that the error of this model is de-
pendent on the ionosphere profile, but because we have chosen
a realistic profile for this analysis, we expect the convergence in
other realistic cases to be similar.

V. CONCLUSION

We have developed a 2-D cylindrical FDTD model for light-
ning-generated electromagnetic wave simulation that treats the
ionosphere as a true cold plasma including the effects from var-
ious charged particles and it is capable of using arbitrary iono-
sphere profiles, arbitrary background magnetic fields, and arbi-
trary source current waveforms. After comparing the advantages
and disadvantages of different techniques for treating the cold
plasma in an FDTD simulation, we find the method is
preferable in consideration of the computational expense. This
method increases the complexity of coefficient matrix deriva-
tion, but numerically deriving the explicit FDTD iteration coef-
ficients simplifies the tedious analytical computation and diffi-
culties in implementation. The NPML ABC used in this model
works well and its performance is equivalent to other versions
of PML while the NPML is simpler to implement in the com-
plex medium considered here. The SIBC is used in this FDTD
model in treating the air-ground interface to make the model
more efficiently. The method of modified refractive index for
Earth curvature correction included in this FDTD model reduces
the error significantly for high frequency (above 10 kHz) com-
ponents and long distance ( 200 km) propagation without any
extra computational expense.

The general accuracy requirements can be met by carefully
choosing the cell size and maximum altitude of the computa-
tional domain based on the dispersion analysis. The numerical

results of this FDTD model agree with a numerical mode theory
model very well with the agreement between the models better
than 5% over the frequency range from 0 to 30 kHz for typical
nighttime ionosphere profiles with the vertical Earth’s magnetic
field in presence. Convergence analysis of the FDTD model
shows that it has converged to approximately 1% error when

, suggesting that this difference might be caused by
the errors in the mode theory solution.

Although previous FDTD models simplify the original equa-
tion system and generate almost the same results as this model
at the ground level for typical nighttime ionosphere profiles,
those models with the simple conductor approximation intro-
duce extra energy loss (40 60 dB) at high altitudes thus result
in large errors at high altitudes. Furthermore, this FDTD model
can simulate the wave propagation correctly under some special
circumstances like the ionosphere with a sporadic layer .
The strong agreement between the FDTD simulation results and
the experimental data recorded by the ELF/VLF measurement
systems validates this model and highlights its potential in future
ionospheric remote sensing and other geophysical applications.
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